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Preface to the First 
Edition 


The purpose of this book is essentially to provide a sound second year 
course in Mathematics appropriate to studies leading to B.Sc. 
Engineering Degrees and other qualifications of a comparable level. 
The emphasis throughout is on techniques and applications, 
supported by sufficient formal proofs to warrant the methods being 
employed. 

The structure of the text and the techniques used follow closely 
those of the author's first year book, Engineering Mathematics - 
Programmes and Problems, to which this further book is a companion 
volume and a continuation of the highly successful learning strategies 
devised. As with the previous work, the text is based on a series of self- 
instructional programmes arising from extensive research and rigid 
evaluation in a variety of relevant courses and, once again, the 
individualised nature of the development makes the book eminently 
suitable both for general class use and for personal study. 

Each of the course programmes guides the student through the 
development of a particular topic, with numerous worked examples to 
demonstrate the techniques and with increased responsibility passing 
to the student as mastery is achieved. Revision exercises are provided 
where appropriate and each programme terminates with a Revision 
Summary of the main points covered, a Test Exercise based directly on 
the work of the programme and a set of Further Problems which 
provides opportunity for the additional practice that is essential for 
ensured success. The ability to work at one's own pace throughout is of 
utmost importance in maintaining motivation and in achieving 
mastery. 

In several instances, the topic of a programme is a direct extension 
of basic work covered in Engineering Mathematics and where this is so, 
the title page of the programme carries a brief reference to the relevant 
programme in the first year treatment. This clearly directs the student 
to worthwhile revision of the prerequisites assumed in the further 
development of the subject matter. 

A complete set of Answers to all problems and a detailed Index are 
provided at the end of the book. 

Grateful acknowledgement is made of the constructive suggestions 
and cooperation received from many quarters both in the develop¬ 
ment of the original programmes and in the final preparation of the 
text. Recognition must also be made of the many sources from which 
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xvi Preface to the First Edition 

examples have been gleaned over the years and which contribute in 
no small measure to the success of the work. 

Finally my sincere appreciation is due to the publishers for their 
patience, advice and ready cooperation in the preparation of the text 
for publication. 

K.A. Stroud 



Preface to the Second 
Edition 


Since the first publication of Further Engineering Mathematics as core 
material for a typical second year engineering degree course, requests 
have been received from time to time for the inclusion of further 
topics to cover the particular requirements of individual syllabuses. 

Some limit, inevitably, has to be placed on the physical size of the 
text, but it has been possible at least to include a programme on Linear 
Optimisation (Linear Programming) which was one of the subjects most 
frequently required. 

The treatment of the additional material follows the structure of the 
rest of the book and the emphasis is largely on the practical use of the 
simplex method for the solution of both maximisation and minimisa¬ 
tion problems. 

The opportunity has also been taken to amend and clarify a number 
of minor points in the existing text and my thanks are due to those 
correspondents who have undertaken to write with constructive 
comment. Such feedback is always welcome. 


K.A.S. 
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Preface to the Third 
Edition 


With the new edition of Further Engineering Mathematics, the 
opportunity has been taken to incorporate a number of minor 
revisions and amendments to the previous text. 

The format of the pages has been changed and the publishers have 
undertaken the complete resetting of the text to result in a more open 
presentation of the material and to facilitate the learning process still 
further. 

Once again, my sincere thanks are due to all those correspondents 
who have kindly written with constructive comment concerning the 
book and to the publishers for their continued support, advice and 
cooperation throughout the preparation, production and marketing of 
the work. 


K.A.S. 
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Preface to the Fourth 
Edition 


It is now nearly 20 years since Advanced Engineering Mathematics (in 
earlier editions called Further Engineering Mathematics ) by Ken Stroud 
was published and from the start it has been one of the most widely 
used and successful textbooks for science and engineering students at 
this level. I am delighted to have been asked to contribute to a new 
edition. As with the fifth edition of Engineering Mathematics I have 
endeavoured to retain the very essence of the book that has 
contributed to so many students' mathematical abilities over the 
years, particularly the time-tested Stroud format with its close 
attention to technique development throughout. In my task I have 
been greatly assisted by a first-rate team of academics who have 
worked alongside me in the development of this edition. To them I 
should like to express my sincere gratitude for all the detailed care and 
consideration they have given to all my contributions. 

Immediately noticeable is the title change from Further Engineering 
Mathematics to Advanced Engineering Mathematics which, it is felt, more 
clearly describes the contents to a world-wide audience. Because a 
substantial amount of material in the first two Programmes of the 
earlier editions is no longer taught in the detail given, the first 
significant change to the contents has been their consolidation into a 
single Programme called Numerical solutions of equations and interpola¬ 
tion . To cater for continual changes in engineering mathematics four 
new Programmes have been added: Z transforms , Introduction to the 
Fourier transform, Numerical solutions of partial differential equations and 
Complex analysis 3, the last dealing with complex integration. The two 
original Programmes dealing with the Laplace transform have been 
separated into three Programmes with the addition of new material on 
harmonic oscillators. Sturm-Liouville systems have been introduced 
into the Programme Power series solutions of ordinary differential 
equations and predictor-corrector methods have been added to the 
Programme Numerical solutions of ordinary differential equations . 

To follow the format of the fifth edition of Engineering Mathematics 
and to give as much assistance as possible in organising the student's 
study I have introduced specific Learning outcomes at the 
beginning and Can You? checklists at the end of each Programme. 
In this way the learning experience is made more explicit and the 
student is given greater confidence in what has been learnt. 
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Preface to the Fourth Edition 


It is only in working on this new edition, just as with the earlier 
book Engineering Mathematics , that the enormity of Ken Stroud's 
achievement can be really understood. The vast amount of work 
involved, the care and attention to detail and above all the complete 
understanding of his students and their learning processes are 
apparent in every page. It has been both a challenge and an honour 
to be able to work on such a book. I should like to thank the Stroud 
family again for their support in my work for this new edition. I 
should also like to thank my Editor, Helen Bugler, and her erstwhile 
assistant, Esther Thackeray, for their continued good humour, care 
and professionalism that have been invaluable in the creation of this 
new edition. 

Huddersfield Dexter J. Booth 

February 2003 



Hints on using the 
Book 


This book contains twenty-three Programmes, each of which has been 
written in such a way as to make learning more effective and more 
interesting. It is almost like having a personal tutor, for you proceed at 
your own rate of learning and any difficulties you may have are 
cleared before you have the chance to practise incorrect ideas or 
techniques. 

You will find that each Programme is divided into sections called 
frames. When you start a Programme, begin at Frame 1. Read each 
frame carefully and carry out any instructions or exercise which you 
are asked to do. In almost every frame, you are required to make a 
response of some kind, testing your understanding of the information 
in the frame, and you can immediately compare your answer with the 
correct answer given in the next frame. To obtain the greatest benefit, 
you are strongly advised to cover up the following frame, where 
necessary, until you have made your response. When a series of dots 
occurs, you are expected to supply the missing word, phrase, or 
number. At every stage, you will be guided along the right path. There 
is no need to hurry: read the frames carefully and follow the directions 
exactly. In this way, you must learn. 

At the end of each Programme, you will find a Revision summary 
and a Can You? checklist that matches the Learning outcomes 
given at the beginning of the Programme. Read these carefully to make 
sure you have not missed anything. Next you will find a short Test 
exercise. This is set directly on what you have learned in the 
Programme: the questions are straightforward and contain no tricks. 
When you have completed these, return to the Can You? checklist as 
a final reminder of the contents of the Programme. To provide you 
with the necessary practice, a set of Further problems is also 
included. Remember that in mathematics, as in many other situations, 
practice makes perfect - or more nearly so. 

Even if you feel you have done some of the topics before, work 
steadily through each Programme: it will serve as useful revision and 
fill in any gaps in your knowledge that you may have. 
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Useful background 
information 


1 Algebraic identities 

(a + b) 2 = a 2 + lab + b 2 (a + b) 3 = a 3 + 3 a 2 b + 3 ab 2 + b 3 

(i a - b) 2 = a 2 - lab + b 2 (a - b) 3 = a 3 - 3 a 2 b + 3 ab 2 — b 3 

(a + b) 4 = a 4 + 4 a 3 b + 6a 2 b 2 + 4 ab 3 + b 4 

(a - b) 4 = a 4 - 4a 3 b + 6a 2 b 2 - 4ab 3 + b 4 

a 2 -b 2 = (a - b)(a + b) 

a 3 + b 3 = (a + b)(a 2 -ab + b 2 ) 

a 3 -b 3 = (a - b)(a 2 + ab + b 2 ) 


2 Trigonometrical identities 

(1) sin 2 6 + cos 2 6 = 1; sec 2 6 = 1 + tan 2 6; 
cosec 2 6 = 1 + cot 2 6 

(2) sin(A 4 -B) = sin A cos B + cosAsinB 

sin(A - B) = sin A co sB - cos A sin B 
cos(A + B) = cos A cos B - sin A sin B 
cos(A —B) = cos A cos B + sin A sinB 


tan(A + B) = 
tan (A — B) = 


tan A + tan B 
1 — tan A tan# 
tanA - tan B 


1 + tan A tan# 

(3) Let A=B = 6 sin 10 = 2sin 6 cos 6 


cos 16 = cos 2 6 — sin 2 6 


(4) Let 0 = | 


= 1 — 2 sin 2 6 = 1 cos 2 6—1 


tan 16 = 


2 tan# 

1 — tan 2 6 


. ± * 4 * 4 > 

sm</> = 2 sm 7 -cos 7 - 
Y 11 

cos <j> = cos 2 ^ — sin 2 


1 


= 1-2 sin 2 ^ = 2 cos 2 % — 1 
2 2 
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xxiii 


tan<f) = 


2tan i 

1 - tan 2 ^ 
2 


/c\ • /^ i • n « • C + D C — D 
(5) sinC + smD = 2sm—-—cos—-— 

Zr Z 

. ^ . n 0 C + D . C-D 
sinC - srnD = 2 cos—-—sin—-— 


cosC+ cosD 
cos D — cosC 


0 C + D C-D 

2 cos —-— cos —-— 
2 2 

. . C + D . C-D 

2 sin—-—sin—-— 


( 6 ) 2 sin A cos B = sin(A + B) + sin(A - B) 

2 cos A sinU = sin(A + B) — sin(A — B) 

2 cos A cos B = cos(A + B) + cos(A — B) 

2 sin A sinB = cos(A - B) - cos(A + B) 

(7) Negative angles: sin(— 0) = — sin# 

cos(— 0) = cos 0 
tan(— 0) = — ta nO 

( 8 ) Angles having the same trigonometrical ratios: 

(a) Same sine: 0 and (180° — 0) 

(b) Same cosine: 0 and (360° — 0), i.e. (— 0) 

(c) Same tangent: 0 and (180° + e) 

(9) asin0 + bcos0 = Asin(0 + a) 

a sin 0 — b cos 0 = A sin(0 — a) 
a cos 0 + b sin 0 = A cos(0 - a) 
a cos 0 — b sin 0 = A cos(0 + a) 


where 


A = y/a 2 + b 2 

a = tan -1 — (0° < a < 90°) 

a 


3 Standard curves 


(a) Straight line 

d y 

Slope, m = ^ 


yz-yi 

X2-X1 


Angle between two lines, tan 0 = 


m 2 — mi 
1 + mim 2 


For parallel lines, m 2 — m± 


For perpendicular lines, mim 2 = — 1 
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Equation of a straight line (slope = m) 

(1) Intercept c on real y- axis: y = mx + c 

(2) Passing through (xi, yi): y-yi = m(x - x\) 

(3) Joining (x u y x ) and (x 2 , y 2 ): y yi - X Xl 


yz - yi xz~ xi 


(b) Circle 

Centre at origin, radius r: x 2 + y z = r 2 
Centre (h, k), radius r: (x — h) 2 + (y -k) 2 = r 2 
General equation: x 2 + y 2 + 2 gx + 2 fy + c = 0 


with centre (— g, —f): radius = yjg 2 + f 2 - c 


Parametric equations: x = rcos0 , y = r sin0 

(c) Parabola 

Vertex at origin, focus (a, 0): y 2 = 4 ax 
Parametric equations: x = at 2 , y = 2 at 

(d) Ellipse 

Centre at origin, foci (±\/a 2 + b 2 , 0^: ^2 + ^=1 

where a = semi-major axis, b = semi-minor axis 
Parametric equations: x = a cos 0, y = b sin 0 

(e) Hyperbola 

Centre at origin, foci {±s/a 2 + b 2 , 0^: ^2 - ^2 = 1 

Parametric equations: x = a sec 9, y = btanO 
Rectangular hyperbola: 


a 


a 


Centre at origin, vertex d= [ , ~^= ): xy 


a : 
= — = c 


where c = 


a 


V2 


i.e. xy = C 


Parametric equations: x = ct, y = c/t 


4 Laws of mathematics 

(a) Associative laws - for addition and multiplication 

a + (b -|- c) — (a + Z?) + c 
a(bc) = ( ab)c 

(b) Commutative laws - for addition and multiplication 

a + b = b + a 
ab = ba 


(c) Distributive laws - for multiplication and division 
a(b J tc)=ab + ac 
b + c b c 

-= - + - (provided a^O) 

a a a 



Numerical 
solutions of 
equations and 
interpolation 


Frames 




Learning outcomes 

When you have completed this Programme you will be able to: 

• Appreciate the Fundamental Theorem of Algebra 

• Find the two roots of a quadratic equation and recognise that for 
polynomial equations with real coefficients complex roots exist in 
complex conjugate pairs 

• Use the relationships between the coefficients and the roots of a 
polynomial equation to find the roots of the polynomial 

• Transform a cubic equation to its reduced form 

• Use Tartaglia's solution to find the real root of a cubic equation 

• Find the solution of the equation f(x) = 0 by the method of 
bisection 

• Solve equations involving a single real variable by iteration and use 
a spreadsheet for efficiency 

• Solve equations using the Newton-Raphson iterative method 

• Use the modified Newton-Raphson method to find the first 
approximation when the derivative is small 

• Understand the meaning of interpolation and use simple linear and 
graphical interpolation 

• Use the Gregory-Newton interpolation formula with forward and 
backward differences for equally spaced domain points 

• Use the Gauss interpolation formulas using central differences for 
equally spaced domain points 

• Use Lagrange interpolation when the domain points are not 
equally spaced 
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Programme 1 

Introduction 



In this Programme we shall be looking at analytic and numerical 
methods of solving the general equation in a single variable, f(x) = 0. 
In addition, a functional relationship can be exhibited in the form of a 
collection of ordered pairs rather than in the form of an algebraic 
expression. We shall be looking at interpolation methods of estimat¬ 
ing values of f(x) for intermediate values of x between those listed 
among the ordered pairs. 

First we shall look at the Fundamental Theorem of Algebra, 

which deals with the factorisation of polynomials. 


The Fundamental Theorem of 
Algebra 



The Fundamental Theorem of Algebra can be stated as follows 

Every polynomial expression f(x) = OnX n + On- ix w_1 + • • * 
+ a\x + Oo can be written as a product of n linear factors 
in the form 

f(x) = On(x - r x )(x - r 2 )( • )(* - r n ) 

As an immediate consequence of this we can see that there are n values 
of x that satisfy the polynomial equation f(x) = 0, namely x — r\ t 
x — 7*2,..., x = r n . We call these values the roots of the polynomial, but 
be aware that they may not all be distinct. Furthermore, the 
polynomial coefficients a\ and the polynomial roots r\ may be real, 
imaginary or complex. 

For example the quadratic equation 

x 2 + Sx + 6 = 0 can be written (x + 2)(x + 3) = 0 so it has the two 
distinct roots x = —2 and x = -3 

x 2 - 4x + 4 = 0 can be written as (x — 2)(x - 2) = 0 so it has the two 
coincident roots x = 2 and x — 2 

x 2 + x + 1 = 0 can be written as (x + a)(x + b) = 0 so it has the two 
roots x = -a and x — —b 

To find the numerical values of a and b we need to use the formula for 
finding the roots of a general quadratic equation. Can you recall what 
it is? If not, then refer to Frame 14 of Programme F.6 in Engineering 
Mathematics, Fifth Edition. 

The solution to the quadratic equation ax 2 + bx + c = 0 is. 

The answer is in the next frame 
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x = 


-b ± Vb 2 - 4 ac 
2 a 


So the roots of x 2 + x + 1 = 0 are 


Next frame 



Because 

T . , —b ± Vb 2 - 4 ac —1 ± y/1 - 4 

a = b = c = 1 and sox =---=--- 

2 a 2 

1 , 

2^^ 2 

This quadratic equation has two distinct complex roots. Notice that the 
two roots form a complex conjugate pair-each is the complex conjugate 
of the other. Whenever a polynomial with real coefficients a% 
has a complex root it also has the complex conjugate as 
another root. 

So given that x = -2 +/V5 is one root of a quadratic equation with 
real coefficients then 

the other root is. 


x = -2-/V5 


Because 

The complex conjugate of x = — 2 + /V5 is x = -2-/\/5 and 
complex roots of a polynomial equation with real coefficients 
always appear as conjugate pairs. 

The quadratic equation with these two roots is. 
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x 2 + 4x + 9 = 0 


Because 


If x = a and x = b are the two roots of a quadratic equation then 
(x - a)(x - b) — 0 gives the quadratic equation. That is 
(x - a)(x - b) = x z - (a + b)x + ab = 0 . 


Here, the two roots are x = —2+ jy/5 and x = -2- jy/5 so that 

(x- \-2+jVs\)(x- [- 2 -/V 5 ]) = 0 

That is x 2 - x [-2 + jy/5 - 2 - /v^sl + [-2 + jy/E] [-2 - /Vll = 0. 
So x 2 + 4x + 9 = 0. 


Notice that the coefficients are 


Real 


Relations between the coefficients and the roots of a 
polynomial equation 

Let a, 0, 7 be the roots of x 3 +px 2 + qx + r = 0. Then, writing the 
expression x 3 +px z + qx + r in terms of a, 0, 7 gives 

x 3 + px 2 + qx + r = . 


(x - a)(x - 0)(x - 1 ) 


Therefore 

x 3 + px 2 + qx + r=(x- a)(x - /3)(x - 7) 

= (x 2 - [a + 0\x + aft) (.x - 7) 

= x 3 — (n + (3)x 2 + a/3x — 7 X 2 + (a + f3)jx — a/S'y 
= x z — (a + /3 + 7 )x 2 + ( a/3 + f3j + ^a)x — 
equating coefficients 

(a) n + /3 + 7 =. 

(b) a(3 + (3j + 'ya = . 

( C ) a /? 7 = . 


(a) - p ; (b) q; (c) -r 


This, of course, applies to a cubic equation. Let us extend this to a 
more general equation. 


So on to the next frame 
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In general, if a\ f a%, as ... a n are roots of the equation 


pOX n + PlX nl + p z x n ~ 2 + ...+Pn-iX+pn 

then sum of the roots 

sum of products of the roots, two at a time 
sum of products of the roots, three at a time 
sum of products of the roots, n at a time 


0 (po 7 ^ 0 ) 

_P1 

po 

p2 

Po 

p3 



So for the equation 3x 4 + 2x 3 + 5x 2 + 7x — 4 = 0, if a, /3, 7, 8 are the 
four roots, then 

(a) a + /3 + 7 + 8 =. 

(b) a(3 + /?7 + 76 + 8a + 8/3 + ja = . 

(c) a /?7 + P'yS + 7 8 a + aj38 = . 

(d) aP'yS =. 


(a) (b) |; (c) (d) 



Now for a problem or two on the same topic. 


Example 1 

Solve the equation x 3 — Sx z + 9x + 18 = 0 given that the sum of two of 
the roots is 5. 

Using the same approach as before, if a, (3, 7 are the roots, then 

(a) a + /3 + 7 = —.. 

(b) 0 ;/? + /?7 + 70 ; =. 

( C ) afr = . 


(a) 8 ; (b) 9; (c) -18 


So we have a + 0 + 7 = 8 Let a + (3 = 5 

5 + 7 = 8 'y = 3 

Also a/?7 = —18 a( 3 ( 3) = —18 a /3 = —6 

a + /3 = 5 (3 = 5 — a a (5 — a) = —6 

a 2 — 5a — 6 = 0 (a — 6)(a + 1) = 0 a = — 1 or 6 

(3 = 6 or - 1 


Roots are * = — 1, 3, 6 
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Example 2 

Solve the equation 2x 3 + 3x 2 — llx — 6 = 0 given that the three roots 
form an arithmetic sequence. 

Let us represent the roots by (a - k), a, (a + k) 

Then the sum of the roots = 3a =. 

and the product of the roots = a(a — k)(a + k) =. 



5 1 

If k = - a = — — ; a — k = -3; a + k= 2 

Zr Z 

5 1 

Ifk = — - a = --; a-k= 2 ; a + k = - 3 
z z 

1 

required roots are -3, — —, 2 

Z 

Here is a similar one. 

Example 3 

Solve the equation x 3 + 3 * 2 — 6x - 8 = 0 given that the three roots are 
in geometric sequence. 

This time, let the roots be p a, ak 

k 

Then % = a + ak= .and 

k 



sum of roots = -3; product of roots = 8 


It then follows that the roots are 



The working rests on the relationships between the roots and the 
coefficients, i.e. if a, ( 3 , 7 are the roots of the cubic equation 

ax 3 + bx 2 + cx + d = 0 
then (a) a + /3 + 7 =. 

(b) a/3 + f3j + ja = . 

(c) ap'y = . 
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(a) (b) (c) 

a a a 


In each of the three examples reconstruct the cubic to confirm that 
they are correct. 

Now on to the next stage 


Cubic equations 


The Fundamental Theorem of Algebra tells us that every cubic 
expression 

f(x) = ax 3 + bx z + cx + d 

can be written as a product of three linear factors 
f(x) = a(x - n)(x - r 2 ){x - r 3 ) 

Consequently, every cubic equation 
f(x) = a(x - n)(x - r 2 )(x - r 3 ) = 0 

has three roots which may be distinct or coincident and which may be 
real or complex. However, because complex roots of a polynomial 
with real coefficients always appear in complex conjugate pairs we can 
say that every such cubic equation has 

at least one. 



To find the value of this real root we can employ a formula equivalent 
to the formula used to find the two roots of the general quadratic. This 
is called Tartaglia's method but before we can proceed to look at that 
we must first consider how to transform the general cubic to its 

reduced form. 

Next frame 


Transforming a cubic to reduced form 

In every case, an equation of the form 

x 3 + ax 2 + bx + c = 0 

can be converted into the reduced form y 3 +py + q = 0 by the 
substitution x = y - 

The example overleaf will demonstrate the method. 
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Example 4 

Express f(x) = x 3 + 6x 2 - Ax + 5 = 0 in reduced form. 

Substitute x = y-^, i* e * x = y ~^ = y -2. Put x = y - 2. 

The equation then becomes 

(y - 2 ) 3 + 6(y - 2 ) 2 - 4{y - 2) + 5 = 0 
(y 3 - 3f2 + 3y4 - 8) + 6{f -4y + 4) - 4(y - 2) + 5 = 0 
which simplifies to. 



Tartaglia's solution for a real root 

In the sixteenth century, Tartaglia discovered that a root of the cubic 
equation x 3 + ax + b = 0 , where a > 0 , is given by 

f b la 3 b^\ ! ( b 

* = \2 + V 27 + 4 j + {“2 

That looks pretty formidable, but it is a good deal easier than it 

b [eft 

appears. Notice that - and V 27 + occur twice and it is convenient 

to evaluate these first and then substitute the results in the main 
expression for x. 



Example 5 

Find a real root of x 3 + 2x + 5 = 0. 

Here, a = 2, b = 5 ^ = 2-5 

f_ 8 2S 

-^ + ~ = V6-5463 = 2-5586 

Then x = (-2-5 + 2-5586) 1/3 + (-2-5 - 2-5586) 1/3 

= 0-3884 - 1-7166 = -1-3282 x = -1-328 

Once we have a real root, the equation can be reduced to a quadratic 
and the remaining two roots determined. They are x = 0*664 + /1*823 
and x = 0*664 — /1-823 (see Engineering Mathematics, Fifth Edition, 
Programme F. 6 ). 



Example 6 

Determine a real root of 2x 3 + 3x - 4 = 0. 

This is first written x 3 + 1-Sx — 2 = 0 a = 1*5, b = -2 

b [eft b^ 

Now you can evaluate — and y — + — and so determine 


x = 
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0-8796 

Because 

|-| + + = {206066} 1/3 = 1-2725 and 

{-\ ~ V^+?} = {-0-6066} 1/3 = -0-3929, 

therefore x = 1-2725 - 0-3929 = 0-8796 



Note: If you wish to find the real root of a cubic using Tartaglia's 
method and a < 0 then just multiply the entire equation by -1. 

Next frame 


Numerical methods 


The methods that we have used so far to solve quadratic equations and 
to find the real root of a cubic equation are called analytic methods . 
These analytic methods used straightforward algebraic techniques to 
develop a formula for the answer. The numerical value of the answer 
can then be found by simple substitution of numbers for the variables 
in the formula. Unfortunately, general polynomial equations of order 
five or higher cannot by solved by analytic methods. Instead, we must 
resort to what are termed numerical methods. The simplest method of 
finding the solution to the equation f(x) = 0 is the bisection method. 



Bisection 

The bisection method of finding a solution to the equation f(x) = 0 
consists of 

Finding a value of x, say x = a, such that f(a) < 0 
Finding a value of x, say x = b, such that f(b) > 0 

The solution to the equation f(x) = 0 must then lie between a and b. 
Furthermore, it must lie either in the first half of the interval between 
a and b or in the second half. 
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Find the value of f([a + b\j 2) - that is halfway between a and b . 

If f([a + b]/2) > 0 then the solution lies in the first half and if 
H[a + b]/2) < 0 then it lies in the second half. This procedure is 
repeated, narrowing down the width of the interval by a half each 
time. An example should clarify all this. 


Example 7 


Find the positive value of x that satisfies the equation x 2 - 2 = 0. 

Firstly we note that if x — 1 then x 2 — 2 < 0, and that if x = 2 then 
x 2 - 2 > 0, so the solution that we seek must lie between 1 and 2. 

We look for the. 







The mid-point between 1 and 2 which is 1*5 



Now, when x = 1*5, x 2 - 2 = 0*25 > 0 

so the solution must lie between. 


IJH 


1 and 1*5 



The mid-point between 1 and 1*5 is 1*25. When x = 1*25, 

x 2 — 2 = 

-0-4375 < 0 





so the solution must lie between. 




The mid-point between 1*25 and 1*5 is 1*375. We now evaluate x 2 — 2 
at this point and determine in which half interval the solution lies. 
This process is repeated and the following table displays the results. In 
each block of six numbers the first column lists the end points of the 
interval and the mid-point. The second column contains the 
respective values f(x) =x 2 -2. Construct the table as follows. 

(a) For each block of six numbers copy the last number in the first 
column into the second place of the first column of the following 
block. This represents the centre point of the previous interval. 

(b) For each block of six numbers copy the number that represents the 
other end point of the new interval from the first column into 
the first place of the first column of the following block. Look 
at the signs in the second column of the first block to decide which 
is the appropriate number. 
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a l-OOOO^TOOOO ^4-0000 -1-0000 1-5000 0-2500 1-5000 0-2500 

b 2-0000 2-0000 1-5000-^0*2500 1*2500 —0-4375 1-3750 -01094 

(a + b)/2 1-5000 ^0*2500 1*2500-^CF4375 1-3750 -0 1094 1-4375 0-0664 

a 1-3750 -0 1094 1-4375 0 0664 1-4063 -0-0225 1-4219 0-0217 

b 1-4375 0-0664 1-4063 -0-0225 1-4219 0 0217 1-4141 -0-0004 

(a + b )/2 1-4063 -0 0225 1-4219 0 0217 1-4141 -0-0004 1-4180 0-0106 

a 1-4141 -00004 1-4141 -00004 1-4141 -0*0004 1-4141 -0-0004 

b 1-4180 0-0106 1-4160 00051 1-4150 0-0023 1-4146 0-0010 

(a + b )/2 1-4160 0-0051 1-4150 0-0023 1-4146 00010 1-4143 00003 

a 1-4141 -0-0004 1.4143 0*0003 1-4142 -0 0001 

b 1-4143 0-0003 1-4142 -0 0001 1-4142 0-0001 

(a + b )/2 1-4142 -0 0001 1-4142 0*0001 1-4142 0-0000 

The final result to four decimal places is x = 1*4142 which is the 
correct answer to that level of accuracy - but it has taken a lot of 
activity to produce it. A much faster way of solving this equation is to 
use an iteration formula that was first devised by Newton. 

Next frame 


Numerical solution of equations 
by iteration 


The process of finding the numerical solution to the equation 

m =o 

by iteration is performed by first finding an approximate solution and 
then using this approximate solution to find a more accurate solution. 
This process is repeated until a solution is found to the required level 
of accuracy. For example, Newton showed that the square root of a 
number a can be found from the iteration equation 

Xi+1 = \ (** + ' i=o ' 1 ' 2 '--- 


where Xo is the approximation that starts the iteration off. So, to find a 
succession of approximate values of V2 f each of increasing accuracy, 
we proceed as follows. Let Xo = 1-5 - found by the first stage of the 
bisection method. Then 



a 

Xo H- 

xo 


= 0-5(l-5 + 2/1-5) = 1-4166... 


This value is then used to find x 2 - 
By rounding x\ to 1*4167, the value of x% is found to be 
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x 2 = 1-4142 


Because 



= 0-5(1-4167 + 2/1-4167) = 1-4142... 


This has achieved the same level of accuracy as the bisection method 
in Just two steps. 


Using a spreadsheet 

This simple iteration procedure is more efficiently performed using a 
spreadsheet. If the use of a spreadsheet is a totally new experience for 
you then you are referred to Programme 4 of Engineering Mathematics, 
Fifth Edition where the spreadsheet is introduced as a tool for 
constructing graphs of functions. If you have a limited knowledge 
then you will be able to follow the text from here. The spreadsheet we 
shall be using here is Microsoft Excel, though all commercial 
spreadsheets possess the equivalent functionality. 

Open your spreadsheet and in cell A1 enter n and press Enter. In 
this first column we are going to enter the iteration numbers. In cell 
A2 enter the number 0 and press Enter. Place the cell highlight in cell 
A2 and highlight the block of cells A2 to A7 by holding down the 
mouse button and wiping the highlight down to cell A7. Click the 
Edit command on the Command bar and point at Fill from the drop¬ 
down menu. Select Series from the next drop-down menu and accept 
the default Step value of 1 by clicking OK in the Series window. 

The cells A3 to A 7 fill with. 




In cell B1 enter the letter x - this column is going to contain the 
successive x-values obtained by iteration. In cell B2 enter the value of 
Xq, namely 1*5. 

In cell B3 enter the formula 
= 0-5*(B2+2/B2) 

The number that appears in cell B3 is then.. 


1-416667 


Place the cell highlight in cell B3, click the command Edit on the 
Command bar and select Copy from the drop-down menu. You have 
now copied the formula in cell B3 onto the Clipboard. Highlight the 
cells B4 to B7 and then click the Edit command again but this time 
select Paste from the drop-down menu. 

The cells B4 to B7 fill with numbers to provide the display 
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n 

X 

0 

1*5 

1 

1*416667 

2 

1-414216 

3 

1-414214 

4 

1-414214 

5 

1-414214 



By using the various formatting facilities provided by the spreadsheet 
the display can be amended to provide the following 

n x 

0 1*500000000000000 

1 1*416666666666670 

2 1*414215686274510 

3 1*414213562374690 

4 1*414213562373090 

5 1*414213562373090 


The number of decimal places here is 15, which is far greater than is 
normally required but it does demonstrate how effective a spreadsheet 
can be. In future we shall restrict the displays to 6 decimal places. 

Notice that to find a value accurate to a given number of decimal places or 
significant figures it is sufficient to repeat the iterations until there is no 
change in the result from one iteration to the next 

Save your spreadsheet under some suitable name such as Newton 
because you may wish to use it again. 

Now we shall look at this spreadsheet a little more closely 

Relative addresses 



Place the cell highlight in cell B3 and the formula that it contains is 
= 0*5*(B2+2/B2). Now place the cell highlight in cell B4 and the 
formula there is = 0*5*(B3+2/B3). Why the difference? 

When you enter the cell address B2 in the formula in B3 the 
spreadsheet understands that to mean the contents of the cell 
immediately above. It is this meaning that is copied into cell B4 where 
the cell immediately above is B3. If you wish to refer to a specific cell in a 
formula then you must use an absolute address. 

Place the cell highlight in cell Cl and enter the number 2. Now 
place the cell highlight in cell B3 and re-enter the formula 


= 0*5*(B2+$C$ 1/B2) 


and copy this into cells B4 to B7. The numbers in the second column 
have not changed but the formulas have because in cells B3 to B7 the 
same reference is made to cell Cl. The use of the dollar signs has 
indicated an absolute address . So why would we do this? 

Change the number in cell Cl to 3 to obtain the display. 
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n x 

0 1-500000000000000 

1 1-750000000000000 

2 1-732142857142860 

3 1-732050810014730 

4 1*732050807568880 

5 1*732050807568880 


These are the iterated values of y/3 - the square root of the contents of 
cell Cl. We can now use the same spreadsheet to find the square root 
of any positive number. 

Newton's iterative procedure to find the square root of a positive 
number is a special case of the Newton-Raphson procedure to find 
the solution of the general equation f(x) = 0, and we shall look at this 
in the next frame. 


Newton-Raphson iterative method 



Consider the graph of y — f{x) as 
shown. Then the x-value at the 
point A, where the graph crosses 
the x-axis, gives a solution of the 
equation f{x) = 0. 

If P is a point on the curve near 
to A, then x = x$ is an approx¬ 
imate value of the root of 
f (x) = 0, the error of the approx¬ 
imation being given by AB. 



Let PQ be the tangent to the curve as P, crossing the x-axis at 
Q (xi, 0). Then x = X\ is a better approximation to the required root. 


_ PB 

From the diagram, — = 

QB 

the point P, x = xo. 

PB 


dy 

dx 


i.e. the value of the derivative of y at 


QB 


= f(x o) and PB = f(x 0 ) 


QB = 


PB 


__ fix o) 

f'(X o) f{x o) 


= h (say) 


Xl = x 0 - 


f{* o) 

f'(x o) 


xi =xo~h 





Numerical solutions of equations and interpolation 


15 


If we begin, therefore, with an approximate value (xo) of the root, we 
can determine a better approximation (xi). Naturally, the process can 
be repeated to improve the result still further. Let us see this in 
operation. 

On to the next frame 


Example 1 

The equation x 3 - 3x - 4 = 0 is of the form f(x) = 0 where ^(1) < 0 
and f( 3) > 0 so there is a solution to the equation between 1 and 3. We 
shall take this to be 2, by bisection. Find a better approximation to 
the root. 

We have f(x) = x 3 - 3x - 4 f f (x) = 3x 2 - 3 
If the first approximation is Xo = 2, then 
f(xo)=f(2) = -2 and f(x 0 )=f'( 2) = 9 
A better approximation X\ is given by 


fix o)_ *o 3 -3*0-4 

fix o) ° 3*o 2 — 3 


Xl=X °-f(Io) = Xo 
xi = 2- = 2-22 


x 0 — 2; Xi = 2-22 

If we now start from X\ we can get a better approximation still by 
repeating the process. 


X 2 = Xl _n*l= Xl 

f'(Xl) 


Xi 3 - 3xi - 4 


Here x± = 2-22 


3xi 2 - 3 

f(*i) = .; rn) = 


f(xi) = 0-281; f\x i) = 11-785 


Then X 2 = 



Because 

*2 =2-22-^§1 = 2-196 

ii'/y 

Using X 2 = 2T96 as a starter value, we can continue the process until 
successive results agree to the desired degree of accuracy. 










16 


Programme 1 



x 3 = 2196 


Because 


f(x 2 ) = f( 2-196) = 0-002026; f(x 2 ) = f( 2-196) = 11-467 

*3 = *2 - = 2-196 - = 2-196 (to 4 sig. fig.) 




11-467 


The process is simple but effective and can be repeated again and 
again. Each repetition, or iteration, usually gives a result nearer to the 
required root x = x A . 



Tabular display of results 

Open your spreadsheet and in cells A1 to D1 enter the headings n, x, 
f(x) and f(x) 

Fill cells A2 to A6 with the numbers 0 to 4 
In cell B2 enter the value for x 0 , namely 2 

In cell C2 enter the formula for f(x o), namely = B2 A 3 - 3*B2 - 4 and 
copy into cells C3 to C6 

In cell D2 enter the formula for f'(x o), namely = 3*B2 A 2 - 3 and copy 
into cells D3 to D6 

In cell B3 enter the formula for x\, namely = B2 - C2/D2 and copy into 
cells B4 to B6. 

The final display is. 



n 

X 

m 

rw 

0 

2 

-2 

9 

1 

2-222222 

0-30727 

11-81481 

2 

2-196215 

0*004492 

11-47008 

3 

2-195823 

1-01E-06 

11-46492 

4 

2-195823 

5-15E-14 

11-46492 


As soon as the number in the second column is repeated then we 
know that we have arrived at that particular level of accuracy. The 
required root is therefore x = 2-195823 to 6 dp. Save the spreadsheet so 
that it can be used as a template for other such problems. 

Now let us have another example. 

Next frame 
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Example 2 

The equation x 3 + 2x z - 5x - 1 = 0 is of the form f(x) = 0 where 
m) < 0 and f(2) > 0 so there is a solution to the equation between 1 
and 2. We shall take this to be x = 1-5. Use the Newton-Raphson 
method to find the root to six decimal places. 

Use the previous spreadsheet as a template and make the following 
amendments 

In cell B2 enter the number. 



Because 

That is the value of x 0 that is used to start the iteration 
In cell C.7. pnfpr thp formula 



Because 

That is the value of f(x 0 ) = x 0 3 + 2x 0 2 — 5xo - 1. Copy the contents 
of cell C2 into cells C3 to C5. 

In cell D2 enter the formula. 


= 3*B2 A 2 + 4*B2 - 5 


Because 


That is the value of f'(x o) = 3*o 2 + 4*o - 5. Copy the contents of 
cell D2 into cells D3 to D5. 

In cell B2 the formula remains the same as. 



The final display is then 
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n 

X 

m 

m 

0 

1*5 

-0-625 

7*75 

1 

1-580645 

0-042798 

8*817898 

2 

1*575792 

0*000159 

8*752524 

3 

1-575773 

2-21E-09 

8-75228 


We cannot be sure that the value 1*575773 is accurate to the sixth 
decimal place so we must extend the table. 

Highlight cells A5 to D5, click Edit on the Command bar and select 
Copy from the drop-down menu. 

Place the cell highlight in cell A6, click Edit and then Paste. 


The seventh row of the spreadsheet then fills to produce the display 


n x 

0 1*5 

1 1*580645 

2 1*575792 

3 1*575773 

4 1*575773 


m 

-0*625 
0*042798 
0*000159 
2-21E-09 
—8-9E-16 


7*75 

8*817898 

8*752524 

8*75228 

8*75228 


And the repetition of the x-value ensures that the solution 
x = 1*575773 is indeed accurate to 6 dp. 

Now do one completely on your own. 

Next frame 

liD Example 3 


The equation 2x 3 - 7x 2 — x + 12 = 0 has a root near to x = 1*5. Use the 
Newton-Raphson method to find the root to six decimal places. 



Because 

Fill cells A2 to A6 with the numbers 0 to 4 
In cell B2 enter the value for Xq, namely 1*5 

In cell C2 enter the formula for f(x o), namely = 2*B2 A 3 - 7*B2 A 2 - B2 
+ 12 and copy into cells C3 to C6 

In cell D2 enter the formula for f'(x o), namely =6*B2 A 2 - 14*B2 - 1 
and copy into cells D3 to D6 

In cell B3 enter the formula for x\, namely = B2 - C2/D2 and copy into 
cells B4 to B6. 

The final display is. 
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n 

X 

m 

m 

0 

1-5 

1*5 

-8*5 

1 

1*676471 

0*073275 

-7*60727 

2 

1*686103 

0*000286 

-7*54778 

3 

1*686141 

4-46E-09 

-7*54755 

4 

1*686141 

0 

-7-54755 


As soon as the number in the second column is repeated then we 
know that we have arrived at that particular level of accuracy. The 
required root is therefore x = 1-686141 to 6 dp. 


First approximations 

The whole process hinges on knowing a 'starter' value as first 
approximation. If we are not given a hint, this information can be 
found by either 

(a) applying the remainder theorem if the function is a polynomial 

(b) drawing a sketch graph of the function. 


Example 4 

Find the real root of the equation x 3 + 5x 2 - 3x - 4 = 0 correct to six 
significant figures. 


Application of the remainder theorem 
involves substituting x = 0, x = ±1, x = ±2, 
etc. until two adjacent values give a change 
in sign. 

fix) = x 3 + 5x 2 - 3x - 4 

f(0) = -4; f(l) = -1; f(- 1) = 3 

The sign changes from f( 0) to f{— 1). There 
is thus a root between x = 0 and x = — 1. 

Therefore choose x = -05 as the first 
approximation and then proceed as before. 

Complete the table and obtain the root 

x =. 


x = -0-675527 



HD 


The final spreadsheet display is 


n 

0 

1 

2 

3 

4 


x 

-0-5 

-0*689655 

-0*675597 

-0*675527 

-0*675527 


m 

-1-375 

0-11907 

0-000582 

1-43E-08 

0 


m 

-7-25 

-8-469679 

-8-386675 

-8-386262 

-8-386262 
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Example 5 

Solve the equation e K + x - 2 = 0 giving the root to 6 significant 
figures. 

It is sometimes more convenient to obtain a first approximation to 
the required root from a sketch graph of the function, or by some 
other graphical means. 

In this case, the equation can be rewritten as e* = 2 — x and we 
therefore sketch graphs of y = e* and y = 2 - x. 


X 

0-2 

0*4 

0*6 

0*8 

1 

e* 

1-22 

1*49 

1-82 

2*23 

2-72 

2 — x 

1*8 

1*6 

1*4 

1-2 

1 



It can be seen that the two curves cross over between x = 04 and 
x = 06. 

Approximate root x = 0*4 

f(x) = e*+x- 2 f(x) = e x + 1 



x = 


Finish it off 


x = 0*442854 


The final spreadsheet display is 


n x 

0 0*4 

1 0*443412 

2 0*442854 

3 0*442854 


m 

-0*10818 

0*001426 

2-42E-07 

7-11E-15 


m 

2*491825 

2*558014 

2*557146 

2*557146 


Note : There are times when the normal application of the Newton- 
Raphson method fails to converge to the required root. This is 
particularly so when f f (x o) is very small, so before we leave this section 
let us consider this difficulty. 
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Modified Newton-Raphson method 

If the slope of the curve at x = xq is small, the value of the second 
approximation x = X\ may be further from the exact root at A than the 
first approximation. 



If x — xo is an approximate solution of f(x) = 0 and x = Xq — h is the 
exact solution then f(x o - h) = 0. By Taylor's series 

fix0 -h) = fix o) - hf(x o) + - ■ ■ - = o 

(a) If we assume that h is small enough to neglect terms of the order h z 
and higher then this equation can be written as 

fix o — h)?x f(x o) - hf r (x o), that is f(x o) - hf'(x 0 ) ~ 0 and so 

t fix o) . . fix o) . 

h ^ ' giving x\ = Xo - 77 , -t as a better approximation 

r(*o) r(^o) 

to the solution of fix ) = 0 . 

This is, of course, the relationship we have been using and which 
may fail when fix) is small. 

Notice: h is positive unless the sign of fix o) is the opposite of the 
sign of f{x 0 ). 

(b) If we consider the first three terms then 

fix 0 - h) « fix o) - hf'ix o) + ^f"ix 0 ) ~ 0, that is 
(20) - Ihf'ixo) + h 2 f"(xo) « 0 

Since f'(xo) is small we shall assume that we can neglect it so 

That is h = ^ - ^f^y unless the signs of f(x o) and f f {x o) are 
different when it is h = — \ / We use this result only when 

V r'(^o) 

f r {x o) is found to be very small. Having found x\ from xq we then 
revert to the normal relationship x n+ i =x n - for subsequent 

n*o) 

iterations. 


Note this 



22 Programme 1 


54 J Example 6 

The equation x 3 - 1-3* 2 + 04* - 0*03 = 0 is known to have a root near 
* = 0-7. Determine the root to 6 significant figures. 

We start off in the usual way. 

f(x) = x 3 - 1-3* 2 + 0-4* - 0 03 
f(x) = 3* 2 - 2-6* + 0-4 

and complete the first line of the normal table. 


n 

x n 

f(Xn) 

f'( x n) 

ij f( x n) 

Xn+ 1 — %n h 

0 

0*7 







Complete just the first line of values. 


We have 


n 

x n 

f(X«) 

f(X«) 

'"Is ^ 
* 

II 

x n +1 — x n h 

0 

0*7 

-0044 

0*05 

-0*88 

1*58 


We notice at once that 

(a) The value of *i is well away from the approximate value (0*7) of 
the root. 


(b) The value of f'(x o) is small, i.e. 0*05. 

To obtain X\ we therefore make a fresh start, using the modified 
relationship *i =. 



f(x) = x 3 - 1-3* 2 + 0-4* - 0-03 = [(* - 1*3)* + 0-4]* - 0*03 
f'(x) = 3* 2 - 2*6* + 0-4 = (3* - 2*6)* + 0*4 

f"(x) = 6 * — 2*6 


n 

*0 

f(x o) 

f"(Xo) 

l-2f(x 0 ) 

V r(*o) 

*i = *o ± h 

0 

0-7 

— 0*044 





Complete the line 
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n 

*0 

f(x o) 

f"(*o) 

-2f(x 0 ) 

h - V n*>) 

Xi = Xq ±h 

0 

0*7 

-0*044 

1*6 

0-2345 

0-9345 



Note that in the expression X\ = xo ± h, we chose the positive sign 
since at xq = 0*7, f(x o) is negative and the slope f'(x o) is positive. 



-0*044 


Having established that x\ — 0*9345, we now revert to the usual 


%n +1 — %n 


f( x n) 


for the rest of the calculation. Complete the table 


therefore and obtain the required root. 


The final spreadsheet display is 


n 

X 


m 

f"{x) 

0 

0*7 

-0*044 

0*05 

1-6 

1 

0*934521 

0*024625 

0*590233 


2 

0*892801 

0*002544 

0*469997 


3 

0*887387 

402E-05 

0*45516 


4 

0*887298 

106E-08 

0*454919 


5 

0*887298 

9-16E-16 

0*454919 




Therefore to six decimal places the required root is x = 0*887298. 

Note that we only used the modified method to find x\. After that 
the normal relationship is used. 


And now ... 

To date our task has been to find a value of x that satisfies an explicit 
equation f{x) = 0. This is quite general because any equation in x can 
be written in this form. For example, the equation 

sinx = x — e 3x 

can always be written as 

sinx — x + e 3x = 0 

and then approached by one of the methods that we have discussed 
so far. 

What we want to do now is to work the other way - given a value of 
x, to find the corresponding value of f(x ). If f(x) is given explicitly 
then this is no problem, it is just a matter of substituting the value of x 
in the formula and working it out. However, many times a function 
exists but it is not given explicitly, as in the case of a set of readings 
compiled as a result of an experiment or practical test. We shall 
consider this problem in the following frames. 

Next frame 
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Interpolation 




When a function is defined by a well-understood expression such as 
f(x) = 4x 3 - 3x 2 + 7 


or 

f(x) = 5sin(exp[x]) 

the values of the dependent variable f(x) corresponding to given 
values of the independent variable x can be found by direct 
substitution. Sometimes, however, a function is not defined in this 
way but by a collection of ordered pairs of numbers. 

Example 1 

A function can be defined by the following set of data: 

Intermediate values, for example, x = 2-5, can be 
estimated by a process called interpolation. 

The value of f (2*5) will clearly lie between 14 and 
40, the function values for x = 2 and x = 3. 


X 

m 

1 

4 

2 

14 

3 

40 

4 

88 

5 

164 

6 

274 


Purely as an estimate, jf(2*5) = 


27 


What do you suggest? 


1 Linear interpolation 

If you gave the result as 27, you no doubt agreed that x = 2-5 is 
midway between x = 2 and x = 3, and that therefore f( 2*5) would be 
midway between 14 and 40, i.e. 27. This is the simplest form of 
interpolation, but there is no evidence that there is a linear relation¬ 
ship between x and f{x), and the result is therefore suspect. 

Of course, we could have estimated the function value at x = 2-5 by 
other means, such as 
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by drawing the graph of f(x) against x 



2 Graphical interpolation 


We could, indeed, plot the graph of f (x) against x and, from it, 
estimate the value of f(x) at x = 2*5. 



This method is also 
approximate and time 
consuming. 

f (2-5) « 26 


In what follows we shall look at interpolation using finite differences , 
which work well and quickly when the values of x are equally spaced. 
When the values of x are not equally spaced we need to resort to the 
more involved algebraic method called Lagmngian interpolation (which 
could also be used for equally spaced points). 

Next frame 

3 Gregory-Newton interpolation formula using forward finite 
differences 



X 

m 

* 

* 

* 

*0 

*1 

• 

• 

• 

• 

• 

f(* o) 
f(Xl) 


We assume that xq, x\, ... are 
distinct, equally spaced apart, 
Afo = f(x l) — f(* o) and x 0 <X\ < ... 


For each pair of consecutive function values, f(x 0 ) and f(x i), in the 
table, the forward difference A f 0 is calculated by subtracting f(x o) from 
f(x i). This difference is written in a third column of the table, midway 
between the lines carrying f (x 0 ) and f(x i). 



Complete the table for the data given 
in Frame 59 which then becomes 
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X 

m 

Af 

1 

4 

10 

2 

14 

26 

3 

40 

48 

4 

88 

76 

5 

164 

110 

6 

274 



We now form a fourth column, the forward differences of the values of 
A f t denoted by A 2 f, and again written midway between the lines of 
A f. These are the second forward differences of f(x). 

So the table then becomes. 


X 

m 

A f 

A z f 

1 

4 

10 


2 

14 

26 

16 

3 

40 

48 

22 

4 

88 

76 

28 

5 

164 

110 

34 

6 

274 




A further column can now be added in like manner, giving the third 
differences, denoted by A, so that we then have. 


X 

m 

A f 

A 2 f 

A Y 

1 

4 

10 



2 

14 

26 

16 

6 

3 

40 

48 

22 

6 

4 

88 

76 

28 

6 

5 

164 

110 

34 


6 

274 





Notice that the table has now been completed, for the third 
differences are constant and all subsequent differences would be zero. 

Now we shall see how to use the table . So move on 
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To find f( 2-5) 


m 

A f 

A 2 f 

4 

10 


14 


16 

* 

_ 26 


40 


22 


48 

— 

88 

76 

28 

164 

110 

34 

274 




A V 


We have to find f (2-5). Therefore denote x — 2 as Xq 


x = 2-5 as x p 


x = 3 as X\ J 

Let h = the constant range between successive values of x, 
i.e. h = xi -Xo 

Express (x p — xq) as a fraction of h, i.e. p = -^—r —, 0 < p < 1 


Therefore, in the case above, h = 1 and p = 


h ' 

2-5-20 


= 0-5. 


All we now use from the table is the set of values underlined by the 
broken line drawn diagonally from f(x o). 

So we have 


P = .; fo = . 

A 2 f 0 =.; A 3 f 0 = 


; A f 0 = 


p = 0*5 f 0 = 14; Afo = 26; A z f 0 = 22; A 3 f 0 = 6 


Now we are ready to deal with the Gregory-Newton forward difference 
interpolation formula 

f f , P(p-l)(p-2) , 

6 = /b +^2“A To + f - x 2x3 A fo + ... 

This is sometimes written in operator form 

f P = jl +M + P(P ~ ^ A 2 + p( ' P ~ l f P ~ 2 A 3 + ... j/b 

which you no doubt recognise as the binomial expansion of 

f p = (l + Afxf 0 

Substituting the values in the above example gives 

f{ 2-5) =f p = . 
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24*625 

Because 


r ,. 14 + 0.5(26, + 'a±2(22) + 0 ' 5 <-'" 5 )(- 1 ' 5 ) 


1x2 


1x2x3 



= 14 + 13-2-75 + 0*375 
= 27-375-2-75 = 24*625 


Comparing the results of the three methods we have discussed 

(a) Linear interpolation f (2-5) = 27 

(b) Graphical interpolation f(2-5) = 26 

(c) Gregory-Newton formula f(2-S) = 24-625 - the true value 


Example 2 



f(*) 

2 

14 

4 

88 

6 

274 

8 

620 

10 

1174 


It is required to determine the value of f(x) at 
x = 5*5. 

In this case 

*o =. xi = . 

h = . p = . 


Xo = 4; X\ = 6; h = 2; p = 0*75 

Because 

h = xi~Xo = 6- 4 = 2 

i-*, = 5^-4 = 1_S 

F h 2 2 

First compile the table of forward differences 


xo 

Xl 


The Gregory-Newton forward difference interpolation formula is 
6 = (1 + A ) p xfo 
i.e. f P =. 


X 

m 

Af 

A z f 

A Y 

2 

14 

74 



4 

88 

186 

112 

48 

6 

274 

346 

160 

48 

8 

620 

554 

208 


10 

1174 
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r, = {i + pa+ ah A 3 + .. j ft 

= fa +pAfa + P(P fi- A 1 fa + 2) A 3 fa + ... 


So, substituting the relevant values from the table, gives 

flS-S) =f P = . 


214-4 


Because 





f (5*5) =f p = 


f(5-5) = 


Finally, one more. 

Example 3 

Determine the value of f(- 1) from the set of function values. 


X 

-4 

-2 

0 

2 

4 

6 

8 

m 

541 

55 

i 

-53 

-155 

31 

1225 


Complete the working and then check with the next frame. 


88 + 0-75(186) + 




1x2 
0-75(-0-25)(-l-25) 


(160) 


1x2x3 
88 + 139-5 - 15 + 1-875 = 214-375 

214-4 
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Here is the working; method as before. 


m 

541 

55 

1 

-53 

-155 

31 

1225 


A f 

A 2 f 

A 3 f 

A 4 f 

-486 

432 



-~54 


-432 



0 


384 

-54~ 

~~ - ^ 




-48 


. 384 

-102 


336' 

— 


288 


384 

186 

1008 

720 


1194 





x 0 = -2; Xi = 0; x p = -1; h = 2; p = \ 

f _ f . ,P(P- 1) A2* , P(p-l)(p-2) ,3r 

f p - f 0 +pAf 0 + - T ^-A f 0 + lx2x3 A f 0 

| p(p-l)(p-2)(p-3) ^ 4 
1x2x3x4 /0 

= 55 + i (-54) + it|(°) + (- 4 8) 

+ lx 2x3x4 (384) 

= 55 — 27+0 — 3 — 15 — 10 

fp = f(—l) = 10 

This table of data does have its restrictions. For example, if we had 
wanted to find f(2-5) from the table we would have run out of data 
because there is no A 4 f entry available. In such a case we can resort to 
a zig-zag path through the table using central differences. 

Next frame 
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Central differences 


The central difference operator 6 is defined by its action on the 
expression f(x) as 

8f(x) = f(x + h/2) - fix - hi 2) 


and using this operator the interpolated value of f(x) near to the given 
value of fo is defined by the Gauss forward formula as 

f P =fo+psfo+i+ p -^r- sZ f °+ —-fr ~ 1} 

{p + Vjpip — l)ip - 2) 4 
H-- 8 fo + ... 

or by the Gauss backward formula as 


fp — fo +P$fo-l + 


(P + l)Pc2s , (P + 1)P(P - 1) c3 


8 % + 




(p + 2)(p + l)pip - 1) 4 

H-- d fo + --- 


There are no tabulated values at the half-interval values Xq + h/2 and 
Xo - h/2 and so these are taken to be the differences evaluated at mid¬ 
interval as given in the forward difference table. This means that the 
tables for the Gregory-Newton forward differences and the central 
differences are identical (apart, that is, from the column headings); the 
method of tracing through the table, however, is different. For 
example, to find f(2-5) for the example given in Frame 59 



Here x 0 = 2, f 0 = 14, 8f 0 ^ = 26, 8 2 f 0 = 16, 8 3 f 0+ 1 = 6, 8 4 f 0 = 0 and 
p = 0-5. Thus 


f P = 14 + (0-5)26 + 


(0-5)(—0-5) 
2 


16 + 


(0-5)(—0-5)(—1-5) 
6 


= 14 + 13 - 2 - 0-375 = 24-625 


which agrees with the value found using the Gregory-Newton forward 
difference formula. 
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Try one for yourself. The given tabulated values are 



Using the Gauss forward 
difference formula, the 
interpolated value of 

f (2*2) =. 

Next frame 


10-576 


Because 


Using f p =f Q + pSfo + i + 6% + — ) S 3 f 0+i +... 

following the solid line through the table where 
*o = 2, f 0 = 7, 6f 0+ i = 27, S 2 f 0 = 18, 8 3 f n a = 12 and p = 


and 


*o = 2, f 0 = 7, 6f 0 .i = 27, 8 fo = 18, 8%^ = 12 and p = 0-2, 

^ (0-2)(—0-8) (0-2)(—0-8)(1-2) 

then f p = 7 + (0-2)27 + -—--18 + - - A -i 12 

r 2 6 

= 7 + 5-4 - 1-44 - 0-384 
= 10-576 

Using the Gauss backward difference formula (following the broken 
line) 

f P = fo + pSfo-i + 6% + PiP ~ ^ + 1} S 3 f b_j +... 

where here <5/o_i = 9 and £ 3 /o_i = 12 and so 

2 2 - 

r , = 7 + (0-2)9 + « 18 + (9 : 2)(l-2)(-0-8) 12 

Zr O 

= 7 + 1-8 + 2-16 - 0*384 = 10*576 


as found with the Gauss forward difference formula. 


Next frame 
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Gregory-Newton backward 
differences 


We have seen that the Gregory-Newton forward difference procedure 
loses terms if the interpolation is for points sufficiently forward in the 
table. We have also seen how this difficulty can be avoided by using 
central differences. However, even with central differences we can run 
out of data before completing a full traverse of the table. In such a 
situation we resort to the Gregory-Newton backward difference 
formula 



fp — fo +P&f-i + 


P(P + 1) A 2-e , p(p+l)(p + 2) 

A 3 


2 ! 


AY-2 + 


3! 


AY-3 + ... 


As an example, consider the table of Frame 74. 


X 

m 

A f 

A 2 f 

A 3 f 

1 

4 

10 



2 

14 

26 

16 

6 

3 

40 

48 

22 

6 

4 

88 


28 

^ " 



76 


6 

5 

164 


'""34 



-" 

"no 



6 

274 





Using this table we can calculate f(S-S) by tracing back through the 
table (see broken line) as 


f (5-5) =f 0 + (0-5) A f-i + 
= 164 + (0-5)76 + 


(0-5)(l-5) 


A z f- z + 


(0'5)(l'5)(2-5) 

6 


(0-5) (1-5)28 (0-5) (1-5) (2-5)6 

- 2 - + - 6 - 



= 214-375 
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In each of the examples that we have looked at so far the tabular 
display of differences eventually results in a column of zeros and this 
determines the number of terms in an interpolation calculation. The 
zeros have arisen because all the examples have been derived from 
polynomials. The following example deals with a tabular display of 
differences which does not result in a column of zeros. In this case the 
number of terms used in the interpolation calculation determines 
confidence in the accuracy of the result. 

Example 

Use the Gregory-Newton forward difference method to find f(0-15) to 
4 decimal places from the following finite difference table 


X 

m 

A f 

A 2 f 

A 3 f 

0 

0-000000 

0099833 



0*1 

0*099833 

0-098836 

-0000998 

-0*000988 

0*2 

0-198669 


-0-001985 




0-096851 

‘--- 

-0-000968 

0*3 

0-295520 


-0-002953 

~~ " — — _ 



0*093898 


-0*000938 

0*4 

0-389418 

0-090007 

-0003891 


0*5 

0-479426 





Here xq = 0-1, X\ = 0*2, x p = 0-15 and therefore p = 0*5, and 


fp — fo + pAfo + 


P(P~0 A 2jr , P(P-1)(P~2) a3 


A ft + 


A fo + ... 


= 0 099833 +1 (0 098836) + U) (- \) (-0 001985)/2 


+ © (-1) (“§) (-0-000969)/6 


+ - - 


= 0 099833 + 0*049418 + 0-000248 - 0*000061 + ... 
= 0-1494 to 4 dp 


As you can see, the calculation can continue indefinitely and 
termination is dictated by the number of decimal places required in 
the final answer. 
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Lagrange interpolation 


If the straight line p(x) = ao + a\x passes through the two points 
(x 0 , f(*o)) and (xi, f(x i)), where uq and a\ are constants, then the 
equation for this line can also be written as 




X-Xi 
Xo — X\ 


f{*>) + 


X- Xp 

XI- Xo 


f(* l) 


For example, the straight line p(x) = 3 + 2x passes through the two 
points (1, 5) and (2, 7). Substituting the values for the variables in the 
above equation demonstrates this alternative form for the equation 

p(x) = +|tt 7 = 10 - 5a + 7x - 1 = 3 + 2x 

So, given the two data points from Frame 59, (2, 14) and (3, 40), using 
linear interpolation 

f (2-5) « p{ 2-5) =. 


27 



Because 

x - 3 „ , x - 2 ^ 

= 2 ^ 3 14 + 3 ^ 2 40 = 2fe - 38 

and so 

f (2-5) « p(x) = 26(2-5) - 38 = 27 



The principle of Lagrange interpolation is that a function f(x) whose 
values are given at a collection of points is assumed to be 
approximately represented by a polynomial p(x) that passes through 
each and every point. The polynomial is called the interpolation 
polynomial and it is of degree one less than the number of points 
given. For two data points the interpolating polynomial is taken to be 
a linear polynomial, as you have just seen in the last example. For 
three data points the interpolating polynomial is taken to be a 
quadratic, for four data points the interpolation polynomial is taken to 
be a cubic, and so on. 
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In the same manner as before it can be shown that the quadratic 
p(x) = cio + d\x + a 2 x 2 


that passes through the three points (. xq , f(x o)), {x\ t f(x i)) and 
(x 2 , f(x 2 )) can be written as 



(*-*l)(*~ *2) f( . (X-Xq)(X-X 2 ) 

(Xo -x 1 )(x 0 -x 2 )' (X0> + (Xi - Jto)(^i -X 2 ) n i; 


+ 


(JC — JC 0 )(^ — JCl) 

(x 2 - x 0 )(x 2 - X!) 


fix 2 ) 


So let's try one. Given the collection of values 



by Lagrangian interpolation, f{ 1*8) «.to 2 decimal places 



Because 

, + (»-%)(»-%) fM 
(x 0 - X!)(x 0 - X 2 ) (*x - x 0 )(x 1 - J£ 2 ) 

U-Xo^c-Xi^ 

(X 2 - X 0 )(X 2 - Xl ) nX2) 

= (x-2-l)(x-3) (x-l-S)(x-3) 

(1-5 - 2-l)(l-5 - 3) U U + (2-1 - l-5)(2-l - 3) 
(*-l-5)(x-2-l) 

(3-l-5)(3-2-l) 

= (^-S ( U + 6.3) 0 ,4o 5 + (^ 

4- <■* ~ 3 3 15) 1 099 

l*o5 

= -01 lx 2 + 0-958* - 0-784 


So that 

f( 1-8) « p(l-8) = 0-58 to 2 decimal places. 

By carefully considering the interpolating polynomials for two and 
three data points you should be able to see a pattern. Write down what 
you think the interpolating polynomial should be for four data points: 
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_ (x-xi)(x-x 2 )(x-x 3 ) ^ (x-xq)(x-x 2 )(x-x 3 ) f 

p[ ' (x 0 - Xi)(x 0 - x 2 )(x 0 -x 3 )' [ 0> + (xi - X 0 )(Xi - X 2 )(Xi — X3) 

(x - Xp)(X - Xi)(X - X 3 ) f( (X - Xq)(X - Xi)(X - x 2 ) f( . 

+ (*2 - Xo)(X 2 - Xi)(x 2 - X 3 ) ( 2 (*3 - *o)(*3 ~ *l)(*3 ~ X 2 ) ( 3 



Use this interpolating polynomial for the data points 



To 2 decimal places, f(T4) « 


0-25 


Because p(x) 

= {X~x{){x-x 2 ){x-x 3 ) (x-Xq)(x-X 2 )(x-X 3 ) 

(X0-*l)(*0-*2)(*0-*3) a (^1 -^o)(^1-^2)(^1-AC3) U 1 

(X-*b)(X-Xl)(X-X 3 ) (x-x 0 )(x-x 1 )(x-x 2 ) 

(X 2 -X 0 )(X2-X 1 )(X2-X3) 1 ( 2> (X 3 -Xo)(X3-Xi)(X3-X 2 ) / ^ * 

= (x—l‘2)(x—l-3)(x —1-5) (x-l)(x-l-3)(x-l-5) 

(1 -1-2)(1 -1-3)(1 -1-5) (1-2- l)(l-2— T3)(l-2-1-5) 

(x-l)(x-l-2)(x-l-5) (*-!)(*-1'2)(*-T3) 

(1-3 - l)(l-3 - T2)(l-3 -1-5) (1-5 - l)(l-5 - l-2)(l-5 -1-3) 

(x 3 -4x 2 + 5-31x-2-34) n _ Q (x 3 -3-8x 2 + 4-75x-l-95)_ 

= - (~om) - 0368+ -owe- 0301 


(x 3 - 3-7x 2 + 4-5x - 1-8) (x 3 - 3-5x 2 + 4 06x-1-56) 

+ -(=0006)- 0273 + -003- 

- 0167x 3 + 0-767X 2 - l-415x + 1183 


0-223 


So that 

f{ 1*4) « p{ 1-4) = 0*25 to 2 decimal places 

The general Lagrange interpolation polynomial for n +1 data points at 
xq, X \,..., x n is 


P(X) 


(x - xi)(x - x 2 )(- ■ -)(x - x„) 


f(*o) 


(Xo Xi)(Xo x 2 )(- ■ *)(Xo Xn) ’ 

(x x 0 )(x x 2 )(* • *)(x Xn) 

(Xi-x 0 )(xi-x 2 )(---)(xx -x n y ( 1J 
(x-x 0 )(x-xi)(---)(x-x„_ 1 ) 

(x„ - Xo)(x„ - Xi)(- • -)(x„ - x„_i)' ^ n) 
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This now completes the work of this Programme. What follows is a 
Revision summary and a Can You? checklist. Read the summary 
carefully and respond to the questions in the checklist. When you feel 
sure that you are happy with the content of this Programme, try the 
Test exercise. Take your time, there is no need to hurry. Finally, a 
collection of Further problems provides valuable additional practice. 



Revision summary 1 

1 The Fundamental Theorem of Algebra can be stated as follows: 

Every polynomial expression f(x) = a n x n + a n -\X n ~ l H-h a\x + ao 

can be written as a product of n linear factors in the form 


f(x) = a n (x - n)(x - r 2 )(- ••)(*- r n ) 


2 Relations between the coefficients and the roots of a polynomial equation 
Whenever a polynomial with real coefficients at has a complex root 
it also has the complex conjugate as another root. 

If a, {3, 7 ,... are the roots of the equation 

pQX n + p\X n 1 + p2X n 2 + • * * + pn-1% + pn — 0 


3 


then, provided po ± 0 

. Pi 

sum of roots = —— 

Po 

sum of the product of the roots, 
sum of the product of the roots, 
sum of the product of the roots, 


taken two at a time = — 

po 

taken three at a time = - 
taken n at a time = (— 1 )" 


p3 

Po 

Pn 

Po ’ 


Cubic equations 

Every cubic equation with real coefficients has at least one real 
root that can be found by Tartaglia's solution. The real root of 
x 3 + ax + b = 0 , a > 0 is 



^ j b 

27 + ¥l + 1 2 


a 3 b 2 
27 + T 


1/3 


Reduced form 

Every cubic equation of the form x 3 + ax 2 + bx + c = 0 can 
be written in reduced form y 3 + py + q = 0 by using the 

transformation x—y-~. 

4 Numerical methods 
Bisection 

The bisection method of finding a solution to the equation 
f{x) = 0 consists of 

Finding a value of x such that f(x) < 0, say x = a 
Finding a value of x such that f(x) > 0, say x = b. 

The solution to the equation f(x) = 0 must then lie between a and 
b. Furthermore, it must lie either in the first half of the interval 
between a and b or in the second half. 
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5 Numerical solution of equations by iteration 

The process of finding the numerical solution to the equation 

m=o 

by iteration is performed by first finding an approximate solution 
and then using this approximate solution to find a more accurate 
solution. This process is repeated until a solution is found to the 
required level of accuracy. 

6 Using a spreadsheet 

Iteration procedures are more efficiently performed using a 
spreadsheet. 

7 Newton-Raphson iteration method 

If x = xo is an approximate solution to the equation f{x) = 0, a 
better approximation x = x\ is given by 

*i = *o - jjrfri and in general x n+1 =x n - WA 
t l*o) t K x n) 

8 Modified Newton-Raphson iteration method 

If, in the Newton-Raphson procedure f'(x o) is sufficiently small 
enough to cause the value of x\ to be a worse approximation to 
the solution than x$, then x\ is obtained from the relationship 


X\ = Xq± 


~2f(x o) 
f"(x o) 


9 

10 


Subsequent iterations then use x n+ i = x n 

Interpolation 

Linear 

Graphical 


f(Xn) 

f’(*«)' 


Gregory-Newton interpolation formulas using central finite differences 


fp — fo + pAfo + 


pip- 1 ) 
2 ! 


A 2 f 0 + 


PiP ~ 1)(P ~ 2) 

3! 


A % + • 


11 Gauss interpolation formulas using central finite differences 
Gauss forward formula 

fp = fo +/*%+! + P(P oT X) Pfo + (P+ i y ~ 1) g 3 /tnj 


, ip + P)PiP - ViP - 2) , 

H-- o fo H- 

Gauss backward formula 

f„= fo +pifo- i + il ±P s -i?fo + <p+1) ^- 1) f‘ro- i 


+ 


ip + 2)(p + l)p(p - 1) c4 


4! 


6*fo + 
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12 Gregory-Newton interpolation formula using backward finite 
differences 

r ,= fo+PAU aY- 2+ P(P+1)(P +2 ) A 3 f _ a+ ... 


Lagrange interpolation 

If the straight line p(x) = ao + a\x passes through the two points 
(*o, f(x o)) and (. x\, f(x i)), where ao and a\ are constants, then the 
interpolation polynomial (straight line) for this line can be 
written as 

p(x) = (x 0 ) + ±^-f(xx) 

The quadratic interpolating polynomial that passes through the 
three points (x 0/ f(x o)), (*i, f(x 1 )) and (x 2t f&z)) can be written as 

_ (,-*)(*-*> 

(xo-ai)(a 0 -x 2 )' (*1 -Xo)(*l -x 2 )' K 

, (X-Xo^x-Xi) \ 


■f(x o) + 


(*1 -x 0 )(xi-x 2 ) 


f(x i) 




The cubic interpolating polynomial that passes through the four 
data points (x 0 , f(x 0 )), (x lf f(x i)), (x 2t f(x 2 )) and (x 3f f(x 3 )) can be 
written as 


p(*) 


(x - Xi)(x - x 2 )(x - x 3 ) 


f(x o) 


(JC — JC 0 )(^ — — X 3 ) , 

(*1 - * 0 )(*1 - x 2 ){xi -x 3 ) n v 
(x - x 0 ){x - x x ){x - X-i) 

(x 2 - xo)(x 2 - Xl)(x 2 -x 3 )' { 2) 

(x - x 0 )(x - x 3 )(x - x 2 ) 

(x 3 -x 0 )(x 3 - xi)(x 3 -x 2 ) n 31 

The interpolating polynomial that passes through n + 1 data 
points is 

_ (* - *l)(* - *2)(- • ■)(* - X„) ^ s 

(X-* 0 )(X-* 2 ) (•••)(*-*„) f , ..... 

(*i — xo)(JCi -x 2 )(---)(*i -x„y ^ x) 

(x - Xo)(x - x{){-■-){x - X n -x) 

(x n - x 0 )(x„ - Xi)(- • -){x„ - x„_i)' ^ n) 
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Can You? 



to I 3 


Checklist 1 

Check this list before and after you try the end of Programme test. 

On a scale of 1 to 5 how confident are you that Frames 

you can: 

• Appreciate the Fundamental Theorem of Algebra? 

Yes □ □ □ □ □ No 

• Find the two roots of a quadratic equation and 
recognise that for polynomial equations with real 
coefficients complex roots exist in complex 
conjugate pairs? 

Yes □ □ □ □ □ No 




4 ltol 6 



Use the relationships between the coefficients and the 
roots of a polynomial equation to find the roots of 
the polynomial? 

Yes □ □ □ □ □ No 

Transform a cubic equation to reduced form? 

Yes □ □ □ □ □ No 

Use Tartaglia's solution to find the real root of a cubic 
equation? 

Yes □ □ □ □ □ No 

Find the solution of the equation f(x) = 0 by the 
method of bisection? 

□ □ □ □ □ 


Yes 


No 


Solve equations involving a single real variable by 
iteration and use a spreadsheet for efficiency? 

Yes □ □ □ □ □ No 

Solve equations using the Newton-Raphson iterative 
method? 


Yes 


□ □ □ □ 


□ 


No 


Use the modified Newton-Raphson method to find the 
first approximation when the derivative is small? 

Yes □ □ □ □ □ No 

Understand the meaning of interpolation and use 
simple linear and graphical interpolation? 

Yes □ □ □ □ □ No 


■19tofl7 



18 |tol 20 




1 i 

and 




to [ 26 1 





cm to do 



to 
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• Use the Gregory-Newton interpolation formula using 
forward and backward differences for equally spaced 
domain points? 

Yes □ □ □ □ □ No 



• Use the Gauss interpolation formulas using central 
differences for equally spaced domain points? 

Yes □ □ □ □ □ No 



• Use Lagrange interpolation when the domain points 
are not equally spaced? 

Yes □ □ □ □ □ No 




Test exercise 1 



1 Given that x = —1 + /V3 is one root of a quadratic equation with real 
coefficients, find the other root and hence the quadratic equation. 

2 Solve the cubic equation 2x 3 — lx 2 - 42x + 72 = 0. 

3 Write the cubic 3x 3 + 5x 2 + 3x + 5 in reduced form and use Tartaglia's 
method to find the real root. 


4 Use the method of bisection to find a solution to x 3 - 5 = 0 correct to 4 
significant figures. 

5 Use the Newton-Raphson method to find a positive solution of the 
following equation, correct to 6 decimal places: 

cos 3x = x 2 


6 Use the modified Newton-Raphson method to find the solution correct 
to 6 decimal places near to x = 2 of the equation 

x 3 - 6x 2 + 13x -9 = 0 

7 Given the table of values 


X 

m 

1 

0 

2 

19 

3 

70 

4 

171 

5 

340 

6 

595 


estimate 

(a) f{ 2-5) using the Gregory-Newton forward difference formula 

(b) f{ 3*4) using the Gauss central difference formula 

(c) f( 5-6) using the Gregory-Newton backward difference formula. ► 
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8 Given the table of values 


X 

m 

1 

4 

2 

-9 

5 

-108 


use Lagrangian interpolation to estimate the value of f( 2*2). 


Further problems 1 


1 


2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 


UlI 


Given that x 


-1-/V3 


and x 


-1+7 


are two roots of a quartic 


2 \/2 
equation with real coefficients, find the other two roots and hence the 
quartic equation. 


Solve the equation x 3 - 5x 2 - Sx + 12 = 0, given that the sum of two of 
the roots is 7. 


Find the values of the constants p and q such that the function 
f(x) = 2x 3 + px 2 + qx + 6 may be exactly divisible by (x — 2)(x 4- 1 ). 

If f(x) = 4x 4 +px 3 —23x 2 + qx+ll and when f(x) is divided by 
2X 2 + lx + 3 the remainder is 3x + 2, determine the values of p and q. 

If one root of the equation x 3 — 2x 2 — 9x + 18 = 0 is the negative of 
another, determine the three roots. 

Solve the equation x 3 - lx 2 - 2\x + 27 = 0, given that the roots form a 
geometric sequence. 

Form the equation whose roots are those of the equation 
x 3 + x z + 9x + 9 = 0 each increased by 2. 

Form the equation whose roots exceed by 3 the roots of the equation 
x 3 - 4x 2 + x + 6 = 0 . 

If the equation 4x 3 — 4x 2 — Sx + 3 = 0 is known to have two roots 
whose sum is 2 , solve the equation. 

Solve the equation x 3 — 10x 2 + Sx + 64 = 0, given that the product of 
two of the roots is the negative of the third. 

Form the equation whose roots exceed those of the equation 
2x 3 - 3x 2 - llx + 6 = 0 by 2. 

If a, (3, 7 are the roots of the equation x 3 + px 2 + qx + r = 0, prove that 
a 2 + ft 2 + 7 2 = p 2 - 2q. 
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13 Using Tartaglia's solution, find the real root of the equation 
2 x 3 + 4x - 5 = 0 giving the result to 4 significant figures. 

14 Solve the equation x 3 - 6x - 4 = 0. 

15 Rewrite the equation x 3 + 6x 2 + 9x + 4 = 0 in reduced form and hence 
determine the three roots. 

16 Show that the equation x 3 + 3x 2 - Ax-6 = 0 has a root between x = 1 
and x = 2, and use the Newton-Raphson iterative method to evaluate 
this root to 4 significant figures. 

17 Find the real root of the equations: 

(a) x 3 + 4x + 3 = 0 (b) 5x 3 + 2x - 1 = 0. 

18 Solve the following equations: 

(a) x 3 - Sx + 1 = 0 (b) x 3 + 2x - 3 = 0 

(c) x 3 - 4x + 1 = 0. 

19 Express the following in reduced form and determine the roots: 

(a) x 3 + 6x 2 + 9x + 5 = 0 

(b) Sx 3 + 20x 2 + 6x - 9 = 0 

(c) 4x 3 - 9x 2 + 42x - 10 = 0. 

20 Use the Newton-Raphson iterative method to solve the following. 

(a) Show that a root of the equation x 3 + 3x 2 + Sx + 9 = 0 occurs 
between x = -2 and x = -3. Evaluate the root to four significant 
figures. 

(b) Show graphically that the equation e 2 * = 2Sx — 10 has two real 
roots and find the larger root correct to four significant figures. 

(c) Verify that the equation x — cos x = 0 has a root near to x = 0-8 and 
determine the root correct to three significant figures. 

(d) Obtain graphically an approximate root of the equation 
2\nx = 3 -x. Evaluate the root correct to four significant figures. 

(e) Verify that the equation x 4 + 5x - 20 = 0 has a root at approxi¬ 
mately x = 1-8. Determine the root correct to five significant 
figures. 

(f) Show that the equation x + 3 sinx = 2 has a root between x = 0-4 
and x = 0-6. Evaluate the root correct to five significant figures. 

(g) The equation 2cosx = e* — 1 has a real root between x = 0*8 and 
x = 0-9. Evaluate the root correct to four significant figures. 

(h) The equation 20x 3 — 22x 2 + 5x - 1 = 0 has a root at approximately 
x = 0-6. Determine the value of the root correct to four significant 
figures. 
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21 A polynomial function is defined by the following set of function 
values 


X 

2 

4 

6 

8 

10 

II 

-7-00 

9-00 

97*0 

305 

681 


Find 

(a) f( 4-8) using the Gregory-Newton forward difference formula 

(b) f(7-2 ) using the Gauss central difference formula 

(c) f{ 8-5) using the Gregory-Newton backward difference formula. 

22 For the function f(x) 


X 

4 

5 

6 

7 

8 

9 

10 

m 

-10 

12 

56 

128 

234 

380 

572 


Find 

(a) f(4-5) and f(6A) using the Gregory-Newton forward difference 
formula 

(b) f(7- 1) and f( 8*9) using the Gregory-Newton backward difference 
formula. 


X 

2 

4 

6 

8 

10 

12 

m 

-9 

35 

231 

675 

1463 

2691 


For the function defined in the table above, evaluate (a) f( 2-6) and 
(b) f(7-2 ). 


24 A function f{x) is defined by the following table 


X 

-4 

-2 

0 

2 

4 

6 

8 

m 

277 

51 

1 

-17 

-147 

-533 

-1319 


Find 

(a) f(- 3) and f(l-6) using the Gregory-Newton forward difference 
formula 

(b) f{ 0-2) and f(3-l) using the Gauss central difference formula 

(c) f( 4*4) and f{7) using the Gregory-Newton backward difference 
formula. 
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25 Given the table of values 


X 

m 

-1 

-2-71828 

3 

-0*04979 

5 

-0*00674 


use Lagrangian interpolation to find the value of f( 3-4). 
26 Given the table of values 


X 

m 

6 

0-801153 

7*2 

-0*82236 

9 

-0-73922 

13 

0*994808 


use Lagrangian interpolation to find the value of f(8 ). 
27 Given the table of values 


X 

m 

-2 

-2*63906 

0 

-2-48491 

5 

-1*94591 

6 

-1*79176 


use Lagrangian interpolation to find the values of 

(a) f{-0 -8) 

(b) f (0-8) 

(c) f{ 5-5). 
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Learning outcomes 

When you have completed this Programme you will be able to: 

• Obtain the Laplace transforms of simple standard expressions 

• Use the first shift theorem to find the Laplace transform of a simple 
expression multiplied by an exponential 

• Find the Laplace transform of a simple expression multiplied or 
divided by a variable 

• Use partial fractions to find the inverse Laplace transform 

• Use the 'cover up' rule 

• Use the Laplace transforms of derivatives to solve differential 
equations 

• Use the Laplace transform to solve simultaneous differential 
equations 


Prerequisite: Engineering Mathematics (Fifth Edition) 

Programme 26 Introduction to Laplace transforms 
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Introduction 


The solution of a linear, ordinary differential equation with constant 
coefficients such as the second-order equation 

af"{t) + bf(t) + cf(t ) = g(t) 

can be solved by first obtaining the general form for the expression 
f (t). This general form will contain a number of integration constants 
whose values can be found by applying the appropriate boundary 
conditions (see Engineering Mathematics, Fifth Edition, Programme 25). 
A more systematic way of solving such equations is to use the Laplace 
transform which converts the differential equation into an algebraic 
equation and has the added advantage of incorporating the boundary 
conditions from the beginning. Furthermore, in situations where f(t) 
represents a function with discontinuities, the Laplace transform 
method can succeed where other methods fail. 

Laplace transform techniques also provide powerful tools in 
numerous fields of technology such as Control Theory where a 
knowledge of the system transfer function is essential and where the 
Laplace transform comes into its own. Let us see what it is all about. 
(For a more detailed introduction see Engineering Mathematics, Fifth 
Edition, Programme 26.) 


Laplace transforms 

The Laplace transform of an expression f(t) is denoted by L{f{t)} and 
is defined as the semi-infinite integral 

POO 

mt)}=\ f(t)e~ st dt (1) 

Jt=o 

The parameter s is assumed to be positive and large enough to ensure 
that the integral converges. In more advanced applications s may be 
complex and in such cases the real part of s must be positive and large 
enough to ensure convergence. 

In determining the transform of an expression, you will appreciate 
that the limits of the integral are substituted for t, so that the result 
will be an expression in s. Therefore 

POO 

L{f (f)} = f(t)e~ st dt = F(s) 

Jt=0 

Make a note of this general definition: then we can apply it 
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POO 

So we have L{f(t)} = f (t)e~ st dt = F(s) 

Jo 


Example 1 

To find the Laplace transform of f(t) = a (constant). 


L{a} = 

Jo 


■ -stl 00 

£ ^ r — sti 00 

-r = - 7 [ e To 

L ^Jo A 


= ae st dt = a 


= _« { 0_1 } = « 
s s 


L{a} = - 
s 


(s>0) 


Example 2 

To find the Laplace transform of f (t) = ef* (a constant). As with all 
cases, we multiply f(t) by e~ st and integrate between t = 0 and t = 00. 

fOO POO 

.*. L{<? t }=\ ^e~ st dt=\ e-^dt 
Jo Jo 


Finish it off. 


L{4*} = 


s — a 


Because 


PO 

L{e at } = 

Jo 


w pOC 

= I e at e~ st d t = dt = 

. 0 


e -(s-a)t I 01 

-(s-a)Jo 


-{0-1} = — 
s- a s- a 


L{&*} = 


s — a 


(s > a) 


So we already have two standard transforms 
L{a} = % and L{4*} = -L- 


s — a 


••• W = 
L{- 5}= 


L{e 4t } = 
L{e~ 2t } - 
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Note that, as we said earlier, the Laplace transform is always an 
expression in s. 

Now for some more examples 


Example 3 

To find the Laplace transform of f(t) = sin at. We could, of course, 
apply the definition and evaluate 

J oo 

sin at • e~ st d t 
o 

using integration by parts. 

However, it is much shorter if we use the fact that 

ei e = cos Q+j sin 0 

so that sin# is the imaginary part of el 6 , written <f(ei 9 ). 

The function sin at can therefore be written J{ei at ) so that 

poo poo 

L{sin at} = L{J(e^ at )} — d at e~ st d t = J r \ e~^ d)t d t 

Jo Jo 



We can rationalise the denominator by multiplying top and bottom 

by. 





We can use the same method to determine L{cos at} since cos at is the 
real part of e ; ' at , written 

Then L{cos at} = . 
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L{cos at} = 




s 2 + a 2 


Because 


I{co S «f} = #{^}= ? ^ s 


Recapping then: L{ 1} = 

L{sin2t} = 


L{sin2t} =^ 4 ; 


M?*} = • 

L{cos 4t} 


i{e " } - ih 
L(cos4t > ~whe 



Example 4 

To find the transform of f(t) = t n where n is a positive integer. 

TOO 

By the definition L{t n } = t"e _st dt. 

Jo 


Integrating by parts 


L{t n }= t n 


-st\ 1 00 


nr 

H— 

0 s Jo 


e-sifi-i dt 


= -- t n e- st + 


" r ^ 

5 Jo 


— 1 si~st 


e~ sl d t 


We said earlier that in a product such as t n e~ st the numerical value of s 
is large enough to make the product converge to zero as t —> 00 

\f 1 e~ st \ =0-0 = 0 


n r°° 

L{t"} = - f-'e-^dt (6) 

s Jo 

poo poo 

You will notice that t n ~ l e~ st dt is identical to t n e~ st dt except that 

Jo Jo 


n is replaced by (n - 1). 


poo poo 

If 4 = I f"e _st dt, then 4_i = t" _1 e _st dt 
Jo Jo 

n 

and the result (6) becomes I n = - .I n -i (7) 

s 

This is a reduction formula, and if we now replace n by (n — 1) we get 

In -1 =. 
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So finally, we have 


But 


r n n — 1 n — 2 n — 3 

In — “ • • • 

S S S S 

Iq = L{t 0 } = L{1} = 


n - (n - 1) 


In = 


n(n - 1 )(n - 2)(n — 3). 




.(3)(2)(1) = n! 

s" +1 


L{t n } = 


s n+1 



.M{t}= A; I{t 2 } = |; = ^ 

1 

and with n — 0, since 0! = 1, the general result includes L{ 1} = - 

*s 

which we have already established. 


Example 5 

Laplace transforms of f(t) = sinh at and f(t) = cosh at. 

Starting from the exponential definitions of sinh at and coshat, i.e. 

sinh at = \ (i e at - e ~ at ) and cosh at = \ (e at + e~ at ) 
we proceed as follows. 

TOO 

(a) f(t) = sinh at. L{sinh at} = sinh at e~ st dt 

Jo 

- e~ at )e~ st dt 



Complete it 
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L{sinh at} = 


s 2 - a 2 


Because 


^ ~ e ( 5+fl ) f |dt = 


1 r e~^ s ~ a ^ e -(s+d)t i 00 
2[-(s-a) — (s + a)J 0 

1 r_1_11 a 

2\s- a s + a J s 2 - a 2 


L{sinhat} = 


s 2 - a 2 


(b) f(t) = cosh at. Proceeding in the same way 

L{ cosh at} = . 


L{cosh at} = 


s 2 - a 2 


1 f°° 1 f 00 r 

L{cosh at} = - I (ef* + e~ at )e~ st dt = - I je 

1 [ e-( 5 -*) f e ~(s+a)t 1 00 W 

2 [-($ - a) + -(s + a)J o 2 \s 

4 / A N 


£ ♦- 




-( s+a)t 


hi- 2 —+- 2 — 

2 | s — a s + a > 


-1—1 = 

2\s 2 - a 2 J 


s 2 - a 2 


•• Mcoshflt}*^^ 

* 

So we have accumulated several standard results: 

Ha} = f; L{*»} = ^ MH = ^ 

Lisin at} = ~; L{cos at} = -=-~ 

1 J s 2 + a 2 J s 2 + a 2 

L{sinh at} = Mcosh = ^ZT^z 

Make a note of this list if you have not already done 
basis of much that is to follow. 
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The Laplace transform is a linear transform, by which is meant that: 

(1) The transform of a sum (or difference) of expressions is the sum (or 
difference) of the individual transforms. That is 

W(t)±g(t)} = L{f(t)}±L{g(t)} 

(2) The transform of an expression that is multiplied by a constant is the 
constant multiplied by the transform of the expression . That is 

L{kf(t)} = kL{f(t)} 

Note: Two transforms must not be multiplied together to form the 
transform of a product of expressions - we shall see later that the 
product of two transforms is the transform of the convolution of two 
expressions. 


Example 6 

(a) L{2e-‘ +t} = L{2e~ 1 } + L{t} 

= 2L{e _f } +L{t} 

2 1 2s 2 + 5 + 1 

s + l + s 2 s 2 (s +1) 

(b) L{2 sin 3 1 + cos 3t} = 2L{sin 3t} + L{cos 3 1} 

_ ? 3 s _ s + 6 

* s 2 + 9 + s 2 + 9 s 2 + 9 

(c) L{4e zt + 3 cosh4 1} = 4Z,{e 2t } + 3L{cosh 4 1} 

_ . 1 „ 5 4 3s 

s-2 + s 2 - 16 _ s-2 s 2 -16 

_ 7s 2 - 6s - 64 
= (s - 2)(s 2 - 16) 

So 1. L{ 2 sin 31 + 4 sinh 31} =. 

2. L{5e 4t + cosh 21} =. 

3. I{l 3 + 2l z -4t+l} =. 


, 18 (s 2 + 3) _ 6s 2 - 4s - 20 _ 1 r 3 . 2 . ,, 

1- s 4 -81 ' 2 ‘ 3 ‘ c4( S 45 + 4S + 6} 


(s - 4)(s 2 - 4) 


The working is straightforward. 

1. L{ 2sin 3t + 4sinh3t} = 2. ^ + 4. - 

5 "f - 7 S^ — 7 

6 12 _ 18(s 2 + 3) 
_ s 2 + 9 + s 2 -9~ s 4 — 81 

r> T rr 4t 5 s 6s 2 - 4s - 20 

2. L{5e 4 * + cosh 2t\ =-- + -= —- = -—- 3 —— 

1 J s —4 s 2 -4 (s —4)(s 2 -4) 
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. Tf j o 2 , ,, 3! 0 2! 1! 1 

3. Lit 3 + 2t — 4t + l| — — j + 2. —7 — 4. —j H — 

l j 5 4 s 5 5 z $ 

= ^ {s 3 - 4s 2 + 4s + 6 } 

We have been building up a list of standard transforms of simple 
expressions. Before we leave this part of the work, there are three 
important and useful theorems which enable us to deal with rather 
more complicated expressions. 


Theorem 1 The first shift theorem 

The first shift theorem states that if L{f(t)} = F(s) then 
L{e~ at f{t)}=F(s + a) 

poo poo 

Because L{e~ at f(t)} = e~ at f(t)e~ st d t = f(t)e~^ s+a ^ d t = F(s + a) 

Jt=o Jt=o 

That is 

L{e~ at f(t)} = F(s + a) 

The transform L{e~ at f(t)} is thus the same as L{f(t)} with s everywhere 
in the result replaced by (s + a). 

2 

For example L{sin2t} = —- 


then L{e 3 t sin2f} = 


(s + 3 ) 2 + 4 5 2 + 6 s + 13 


Similarly, L{t 2 } = L{t 2 e 4t } = 



Because L{t 2 } 


.*. L{t 2 e 4t } 


- 3 . .*. L{t 2 e 4t } is the same with s replaced by (s — 4). 

iS 

2 

(s - 4 ) 3 


Here is a short exercise by way of practice. 


Exercise 

Determine the following. 

1 . L{er 2t cosh3t} 4. Lj^cost} 

2. L{2e 3t sin3f} 5. L{e 3 f sinh2t} 

3. L{4te- f } 6 . L{t 3 e~ 4t } 

Complete all six and then check with the results in the next frame 
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Here they are. 

1 . L{cosh3t} = 


s 2 — 9 


L{e 2t cosh3t} = 


s -b 2 

(s + 2) z -9 
s -b 2 

s 2 + 4s - 5 


2 . L{sin3f} = 


s 2 + 9 


L{2e 3 t sin3t} = 


3. L{4t} = 4.-= 


4. L{cost} = 


s 2 +1 


L{4fe-*} = 
L{e 2 t cost} = 


5. L{sinh2f} = 


s 2 — 4 


L{e 3t sinh2t} = 


6. L{* 3 }=5 


L{fV 4t } = 


(s-3f + 9 
6 

s 2 - 6 s + 18 
4 

+1) 2 

s-2 

(s - 2f + 1 
s-2 

s 2 — 4s + 5 
2 

( 5 — 3) 2 — 4 
2 

s 2 — 6 s + 5 
6 

(s + 4) 4 


Now fct us deal with the next theorem 


Theorem 2 Multiplying by t and t n 

If L{f(t)} = F(s ) then L{tf(t)} = -F'(s ) 

POO eOO / 

Because L{ff (t)} = tf(t)e~ st dt = f{t) ( - 

Jt=0 Jf=0 V 

=-$L r(t)e '“ dt=_J ' (s) 


That is 

L{tf(t )} = ~F'(s) 


For example, 


L{sin 2 f} = 


s 2 + 4 


L{t sin 2t} = — 2 - 2 - ^ 2 

dsV 5 2 + 4/ (s 2 + 4) 2 


and similarly, L{t cosh 3t} = 
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s 2 + 9 
(s 2 - 9) 2 


Because t{fcosh3t) = -If * ) = _ (s z -9) -s(2s) = _S + 9 
1 J ds \s z - 9) ( S 2 _ 9)2 ( S 2 _ 9) 2 

We could, if necessary, take this a stage further and find L{t 2 cosh3f} 


L{t z cosh3tj =L{t(tcosh3t)} = —— 


d [ s 2 + 9 


Likewise, starting with L{sin 4f} = 


ds [ (s 2 - 9) 2 
2s (s 2 + 27) 

(s 2 - 9) 3 

4 

s 2 +16 


L{tsin4t} =. and L{f 2 sin4f} = 


(s 2 +16)' 


8 (3s 2 - 16) 
(s 2 +16) 3 


applying L{tf(t)} = — -^{^(s)} in eac ^ case. 

Theorem 2 obviously extends the range of functions that we can 
deal with. 

So, in general, if L{f(t)} = F(s), then 

Make a note of this in your record hook 
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Theorem 3 


Dividing by t 



If L{f(t)} = F(s) then L 


m - j > 


d a 


provided Lim 

t-> o 


t 


exists. To demonstrate this we start from the 


right-hand side of the result 

|*00 1*00 r 1*00 >1 Notice the dummy vari- 

F(a)da= < f(t)e~ at dt > d<7 able <j. The end result is 
CT=S (T= ‘ S ^ t=0 ^ an expression in s which 

POO POO 

= f(t)e~ at da dt 

J t=0 J <j=s 


= r m{ f° e-^daldt 

Jt—O f J (7=5 ) 

-l 


oo p -st 

m-j- 

t =o 1 


comes from the lower limit 
of the integral so the vari¬ 
able of integration, which 
is absorbed during the pro¬ 
cess of integration, is 
changed to a . Notice also 
that we interchange the 
order of integration. 


This rule is somewhat restricted in use, since it is applicable only if 
Lim () exists. In indeterminate cases, we use L'Hopital's rule to 

t-o V t J 

find out. Let's try a couple of examples. 

Example 1 

Determine 

First we test Lim = |^| = ? By L'Hopital's rule, we differentiate 

top and bottom separately and substitute t = 0 in the result to 
ascertain the limit of the new expression. 

Lim | S ^ -| = Lim j ^ C( ^ Sfl -j = a, that is, the limit exists and the 

theorem can therefore be applied. 

a fsinat | r~ a 

—^, therefore L< —- 


So L{sina£} = 


s z + #' 


: )-r 


d<7 


5 <r z + a L 

=[“ ctan ©^ 


OO 


7r 


= - - arctan (- 

Zr 


© 


= arctan 


© 


Notice that arctan + arctan (^j = as can be 

seen from the figure 
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the limit exists 


Urn j-— C ° S ^ j _ _ 2 = ? • Apply l'Hopital's rule. 

= ° 0 limit exists. 

M l t / m, l 1 / 1 


Lim 

t—>o 


L{1 - cos 2t} = — — t -—7 
L J s s 2 + 4 


Then, by Theorem 3 


T f 1 - cos 2 1\ _[°° \1 

l i jLt 


= c 1 <J <J 2 + 4 


r i i°° i r 

= lna--ln(a 2 + 4) = 9 ln 

^ J cr=5 " - 


a 2 \ 1 °° 
c 2 + 4y 


When <t—>oo, Inf ^ l n 1 = 0 


Therefore 




Complete it 



Let us pause here for a while and take stock, for we have met a 
number of results important in the future work. 
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1 Standard transforms 


m 


L{f(t)} =F(s) 


sin at 


cos at 


sinh at 


cosh at 


s — a 


s 2 + a 2 
s 

s 2 + a 2 


s 2 - a 2 


s 2 - a 2 


(n a positive integer) 


Theorem 1 The first shift theorem 
If L{f(t)} = F(s) f then L{e~ at f(t)} = F(s + a) 

Theorem 2 Multiplying by t 

If L {f(t)}=F(s), then L{tf(t)} = -^{F(s)} 

Theorem 3 Dividing by t 

If L{f(t)} = F(s), then ij^j = f H*) ** 

provided Lim { ^-^-1 exists. 
t -0 l t J 

Now let us work through a short revision exercise, so move on 


Exercise 


Determine the Laplace transforms of the following expressions. 

1 sin3f 6 tcosh4f 

2 cos2t 7 f 2 -3t + 4 


3 

4 6 1 2 

5 sinh3t 


9 c? 1 cos At 
10 t z sin t 


Complete the whole set and then check results with the next frame 
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Here are the results. 


1 


3 

s 2 + 9 


2 

3 

4 

5 


s 

s 2 + 4 

1 


s - 4 
12 


3 

s 2 — 9 


s 2 +16 
(s 2 - 16) 2 

7 1 ( 4 s 2 — 3s + 2) 


8 

9 

10 


s - 3 

s 2 - 6s + 25 
6 s 2 -2 

(s 2 +1) 3 



It is just a case of applying the standard tranforms and the three 
theorems. 

Now on to the next piece of work 


Inverse transforms 


CizD 

Here we have the reverse process, i.e. given a Laplace transform, we 
have to find the function of t to which it belongs. 

For example, we know that + ^ 2 is the Laplace transform of sin at, 

so we can now write IT 1 j^ 2 ^-^ 2 j = sin at, the symbol L _1 indicating 
the inverse transform and not a reciprocal. 

••• ' '{> ‘ :•] . : {!} . 

' ‘{ s -.■ 1 ; !.,. 12 -4 . 



Therefore, given a transform, we can write down the corresponding 
expression in t, provided we can recognise it from our table of 
transforms. 
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But what about L 


1 f 3s + l ) 
\s 2 - s — 6J ' 


? This certainly did not appear in 


our list of standard transforms. 


r 3s j ^ 

In considering L -1 < it happens that we can write 

3s 4-1 12 

-- as the sum of two simpler functions-- H-- which, of 

s 2 — s — 6 * s + 2 s — 3 

course, makes all the difference, since we can now proceed 

which we immediately recognise as. 


e -2t + 2 ,^ 


1 2 

The two simpler expressions -- and -—- are called the partial 

S H - 2 


s - 3 


3s +1 

fractions of —-—-, and the ability to represent a complicated 

algebraic fraction in terms of its partial fractions is the key to much of 
this work. Let us take a closer look at the rules. 

Rules of partial fractions 

1 The numerator must be of lower degree than the denominator. 
This is usually the case in Laplace transforms. If it is not, then we 
first divide out. 

2 Factorise the denominator into its prime factors. These determine 
the shapes of the partial fractions. 

3 A linear factor (s + a) gives a partial fraction s where A is a 
constant to be determined. 


A repeated factor (s + a) 2 gives 


(s + a) (5 + a) 2 


Similarly {s-ha) 2 gives 


A quadratic factor (s 2 + ps + q) gives -j 


(s -ha) ( 5 - 1 - a) 2 (s + a ) 3 

-ftt-H,) gives /l + l 


Repeated quadratic factors (s 2 -hps + q) give 


Ps + Q 


Rs-hT 


s 2 -hps-hq ( s 2 +ps + q f 

s - 19 

So t --ITT has partial fractions of the form 

(s + 2)(s —5) ^ 
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A B 
s + 2 s — 5 


and 


3s 2 -4s+ 11 


(s + 3)(s - 2) 2 
Be careful of the repeated factor. 


has partial fractions of the form 


ABC 
s + 3 + (s-2) + (s _2) 2 




Let us work through the various steps with an example. 


Example 1 


To determine L 1 


f Ss + l ) 
\s 2 — s — 12) 


(a) First we check that the numerator is of lower degree than the 
denominator. In fact, this is so. 



Factorise the denominator 


5s + 1 5s + 1 

s 2 -s- 12 = (s-4)(s + 3)* 


(c) Then the partial fractions are of the form 


A B 
s^4 + s+3 



We therefore have the identity 

5s +1 _ A B 

s 2 -s-12~"s-4 + s + 3 

If we multiply through both sides by the denominator s 2 — s - 12 = 
(s — 4)(s + 3) we have 

5s + 1 = A(s + 3) + B(s - 4) 

This is also an identity and true for any value of s we care to substitute 
- our job is now to find the values of A and B. 

We now substitute convenient values for s 

(a) Let (s - 4) = 0, i.e. s = 4 21 =A(7) +B( 0) A = 3 

(b) Let (s + 3) = 0, i.e. s = -3 and we get. 
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B = 2 


5s + l 

5 2 - 5 - 12 _ 

£~lf 5S+1 | - 

ts 2 -s-12J 


3 2 

s—4^5+3 


3e 4t + 2e~ 3t 


Example 2 


Determine L 


9s - 8 1 

s2^2sr 


Working as before, f (f) = 


Because 




9s-8 
s 2 — 2s' 


4 + 5e 2t 


(a) Numerator of first degree; denonominator of second degree. 
Therefore rule satisfied. 

9s - 8 _ A B 
s(s - 2) — s + s - 2* 

(c) Multiply by s(s - 2). 9s - 8 = A(s - 2) + £s. 

(d) Put s = 0. -8 = A{- 2) + B(0) A = 4. 

(e) Put s - 2 = 0, i.e. s = 2. 10 = A(0) + B(2) B = 5. 


'•«') = 1_, {l + ^2}= 4 + 5e2 * 


Example 3 


s 2 - 15s + 41 . 


Express F(s) = -~ in partial fractions and hence 

(s + 2)(5-3) 2 

determine its inverse transform. 
s 2 — 15s + 41 

--~ has partial fractions of the form. 

(s + 2)(s - 3) 2 
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A B C 
s 4- 2 + s - 3 + ( 5 — 3) 2 


Now we multiply throughout by (5 4- 2 )(5 — 3) 2 and get 
s 2 - 15s 4- 41 =A(s - 3) 2 + B(s 4- 2)(s - 3) 4- C(s 4- 2) 
Putting (s - 3) = 0 and then (s + 2) = 0 we obtain. 


A = 3 and C = 1 


Now that we have run out of 'crafty' substitutions, we equate 
coefficients of the highest power of s on each side, i.e. the coefficients 
of s 2 . This gives. 


1=A+B 1 = 3 + J3 B =-2 


(J£j 


s 2 - 15s 4- 41 


Now! 


(s 4- 2)(s — 3) 


3 

s -T 2 


5-3 (s - 3) 2 

• md ^‘{733} 


3e _2t and 2e 3t 


But what about L 


We remember that L 


(s - 3) 2 



and that by Theorem 1, if L{f(t)} = F(s) then = 

1 1 

- 2 * s like with s replaced by (s - 3) i.e. a = -3. 


F(s + fl). 


(5 - 3)‘ 


L 


(s - 3) : 


. x j s 2 - 155 + 41 


L 


(s + 2)(s — 3)" 


= te 


= 3e zt 4- 2e 3t 4- te u 
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Example 4 




4s 2 - 5s + 6 




Determine L X/ 9 

(S+l)($ 2 + 4) 

Notice that this time we have a quadratic factor in the denominator 


4s 2 - 5s + 6 _ A Bs + C 
(s + l)(s 2 + 4)~s + l + s 2 + 4 

/. 4s 2 - 5s + 6 = i4(s 2 + 4) + (Bs + C)(s + 1). 


(a) Putting (s + 1) = 0, i.e. s = -1, 15 = SA A = 3 

(b) Equate coefficients of highest power, i.e. s 2 

4 =A+B 4 = 3 +B B= 1 

(c) We now equate the lowest power on each side, i.e. the constant 
term 

6 = 4A + C 6 = 12 + C C =-6 
Now you can finish it off. f(t) = . 


f(t) = 3e -f + cos 2t - 3 sin 2 1 


Because 

r r_cr<\ 1 3 s 6 

{f( )} — s _j_ i + s 2 + 4 s 2 + 4 
f(t) = 3e _t + cos 2t — 3 sin 2 1 


The J cover up r rule 



While we can always find A, B, C, etc., there are many cases where we 
can use the 'cover up' methods and write down the values of the 
constant coefficients almost on sight. However, this method only 
works when the denominator of the original fraction has non- 
repeated, linear factors. The following examples illustrate the method. 
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Example 1 

95 — 8 A B 

We know that F(s) = — -— has partial fractions of the form — H- 

S(S S S Zj 

1 

By the 'cover up' rule, the constant A, that is the coefficient of is 

*s 

found by temporarily covering up the factor s in the denominator of 
jF(s) and finding the limiting value of what remains when s (the factor 
covered up) tends to zero. 


Therefore A — coefficient of - 


- = Lint < 

S s —>0 t 


95-8 

5-2 


= 4. That is A = 4. 


Similarly, B, the coefficient of--, is obtained by covering up the 

5 Z 

factor (5 - 2) in the denominator of F(s) and finding the limiting value 
of what remains when (5 - 2) —► 0, that is 5 —> 2. 

1 r 95 — 8i 

Therefore B = coefficient of-- = Lim <-> = 5. That is B = 5. 

5-2 2 l 5 J 

So that 

95-8 4 5 

5(5-2) 5 + 5 - 2 

Another example 


4 5 

5 5 — 2 


Example 2 

r(0 , *+17 - A B C 

K } (5- 1)(5 + 2 )(5 — 3) “5 — 15 + 2 5 — 3’ 


A: cover up (5 - 1) in F(s) and find 

Lim = 18 • A 

S\(s + 2)(s-3)J -6 •• 

Similarly 

B: . /. B = . 

C: . C = . 


. ^ = -3 



1 2 3 

.. F(s) —-— H-—- — 

5+2 5-3 5-1 

So f{t) = e~ 2t + 2e 3f - 3^ 


Every entry in our table of standard transforms gives rise to a 
corresponding entry in a similar table of inverse transforms. Let us 
tabulate such a list. 
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Table of inverse transforms 



(n a positive integer) 
(n a positive integer) 


Theorem 1 

The first shift theorem can be stated as follows. 

If F(s) is the Laplace transform of f(t) then F(s + d) is the Laplace 
transform of e~ at f(£). 

Here is a short revision exercise. 
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Solution of differential equations 
by Laplace transforms 


To solve a differential equation by Laplace transforms, we go through 
four distinct stages 


(a) Rewrite the equation in terms of Laplace transforms. 

(b) Insert the given initial conditions. 

(c) Rearrange the equation algebraically to give the transform of the 
solution. 

(d) Determine the inverse transform to obtain the particular solution. 


We have spent some time finding the transforms of a variety of 
functions of t and the inverse transforms of functions of s, i.e. we have 
largely covered steps (a) and (d) of the above list. However, to write a 
differential equation in Laplace transforms, we must obtain the 

dx d^x 

transforms of the derivatives — and 

d t d t 2 


Transforms of derivatives 


Let f(t) denote the first derivative of f(t) with respect to t, 

f"(t) denote the second derivative of f{t) with respect to f, etc. 


Then L{f f (t)} = 


•oo 


0 


e st f f (t) d t by definition. 


Integrating by parts 


L{fm = 


,-st 


m 


' OO |»oo 

- f{f){-se~ st }dt 
- o Jo 


When t — > oo, e~ st f(t) - 
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0 




Because s is positive and large enough to ensure that e st decays faster 
than any possible growth of f (t). 

••• W(t)} = -f( 0) + sL{f(t)} 

Replacing f{t) by f'(t) gives 

L{f"(t)} =. 


L{f"(t)}=s 2 F(s)-sf(0)-f'(0) 


Because 

0) + sL{f(t)} 

so L{f"(t)} = -r(0)+sL{f(t)} 

= -HO) + s(-f (0) + sL{f(i)}) 
Writing =^( 5 ) as usual, we have 

L{f(t)} = F(s) 

= sf ( s ) - m 

L{f{t)} = s 2 F(s) - sf{ 0) - f'(0) 

We can see a pattern emerging 

= . 


L{f m {t)} = s 3 F(s) - s 2 f(0) - sf 0) - f"(0) 


Alternative notation 

We make the working neater by adopting the following notation. 
Let x = f(£) and at t — 0, we write 


x 
dx 
d t 
d 2 x 
dt 2 
d n x 

dF 


*0 

= *i 
= *2 


= X 


n 


i.e. f( 0) = x 0 
i.e. f'( 0) = Xi 

i.e. f"(0) = etc. 
i.e. f n (0)=x n 


Also we denote the Laplace transform of x by x, 
i.e. x — L{x} = L{f(t)} = F(s). 

So, using the 'dot' notation for derivatives, the previous results can be 
written. 
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In each case, the subscript indicates the order of the derivative, 

i.e. x n = the value of -r— at t = 0. 

d t n 

Notice the pattern of the results. 

L{x} =. 


L{x} = S 4 X - S 3 X 0 - S L X 1 - SX 2 x 3 


Now, at long last, we can start solving differential equations. 


Solution of first-order differential equations 

Example 1 

dx 

Solve the equation — - 2x = 4 given that at t = 0, x = 1. 

We go through the four stages. 

(a) Rewrite the equation in Laplace transforms, using the last notation 

L{x} = x; L{x} =. 

m= . 


L{x} = sx — xo; L{ 4} = - 

*s 


Then the equation becomes (sx - xo) — 2x = - 

5 

(b) Insert the initial condition that at t = 0, x = 1, i.e. xo = 


sx — 1 - 2x = - 

s 


(c) Now we rearrange this to give an expression for x 


x = 
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x = 


5 + 4 
5(5 - 2) 


(d) Finally, we take inverse transforms to obtain x. 


5 + 4 . 


5(5 - 2) 


in partial fractions gives 


3 2 

s — 2 5 


Because 

s + 4 _A B 
5(5 - 2) — 5 + 5 - 2 

(1) Put (5 - 2) = 0, i.e. 5 = 2 

(2) Put 5 = 0 

.'. x = 


.. 5 + 4 — ^4(5 — 2) + Bs 

.*. 6=B{ 2) B 

.'. 4 =A(—2) A 


5 + 4 


5(5-2) 5 — 2 5 

Therefore, taking inverse transforms 


3 

-2 


x = 3e zt - 2 

This solution should now be substituted back into the differential 
equation to verify that it is, indeed, correct. 

Example 2 

dx 

Solve the equation — + 2x = 10e 3t given that at t = 0, x = 6. 

(a) Convert the equations to Laplace transforms, i.e. 



(b) Insert the initial condition, xq = 6 


sx - 6 + 2x = 


5-3 


(c) Rearrange to obtain x 
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65-8 

(5 -{- 2 ) (s — 3 ) 


(d) Taking inverse transforms to obtain * 

_ T -if 6s-8 ) 

* 1 \(5 + 2 )( 5 - 3 )J 


Complete the solution 



Because 

6 s - 8 _ A B 

(s + 2 )(s - 3) — s + 2 + s - 3 

6 s — 8 == A(s — 3) 4“ B(s H- 2) 

(1) Put (s — 3) = 0, i.e. s = 3 10 = B( 5) B = 2 

(2) Put (s + 2) = 0, i.e. s = -2. - 20 = A(-5) A = 4 

6 s-8 _ 4 2 

•' *~(s + 2)(s-3) ~5+2 + 5^3 

x = L- 1 i-A— + -2 \ =4e-2t + 2 e 3t 
1.5 + 2 5 — 3 J 

Example 3 

djc 

Solve the equation — - = 2e zt + e 4t , given that at t = 0, x = 0. 

Work this through the four steps in the same way as before and 
complete it on your own. 



x 
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x = e 4t — e 11 + te 


The working is quite standard. 


$ - 4x = 2e* + e 4t 
dr 


2 1 

(a) (sx - * 0 ) - 4x = — - + 

2 1 

(b) x 0 = 0 sx - 4x = j —2 + 

(C) J£ = (5-2)(s-4) + (7Ti)^ 

< d > (,l4- ' 4r A + A 2=A( S -4) + B( S -2) 

Putting (s - 2) = 0, i.e. s = 2 2 = A(-2) A = -1 

Putting (s - 4) = 0, i.e. s = 4 2 = £(2) J3 = 1 

111 
s-4 s-2 (s — 4) 2 

x - e 2 * + te 4t 

Now on to the next frame 


Solution of second-order differential equations 

The method is, in effect, the same as before, going through the same 
four distinct stages. 

Example 1 

d^x dx 

Solve the equation - 3 — + 2x = 2e 3t , given that at t = 0, x = 5 

and ^ = 7. 
dt 

(a) We rewrite the equation in terms of its transforms, remembering 
that 

L{x} = x 
L{x} = sx- x o 
L{x} = s 2 x — s^o - x\ 

The equation becomes .. 
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(s 2 x - sxq - x{) - 3(sx - xq) + 2x 


5-3 


(b) Insert the initial conditions. In this case Xo = 5 and X\ = 7 


(s 2 x -5s - 7) - 3(sx - 5) + 2x 


(c) Rearrange to obtain x = 


s - 3 


5s 2 - 235 + 26 
(5-l)(5-2)(5-3) 


Because 


s 2 x - 55- 7 - 35X + 15 + 2x = 


5-3 


(5 2 - 3s + 2)x - 5s + 8 = 


5-3 


/ / 0 \ — 2 2 + 55 2 — 23s + 24 

(5 - 1) (5 - 2)x =-- + 55 - 8 =- 5 -■ 

5-3 5-3 


__ 55 2 — 235 + 26 

•• * - (s - 1 )(s - 2)(s - 3) 

(d) Now for partial fractions 

5s 2 -23s+ 26 ABC 
(s-l)(s-2)(s-3) _ s-l + s-2 + s-3 

5s 2 - 23s + 26 = >4(s - 2)(s - 3) +B(s - l)(s - 3) + C(s 
So that A =. ; B = .; C =_ 


-l)(5-2) 


-4 = 4; B = 0; C = 1 


4 1 

.. x —-— H-— 

5-1 5-3 


X — 


x = 4^ f + e 3t 


As you see, the Laplace transform method can be considerably shorter 
than the classical method which requires 

(a) determination of the complementary function 

(b) determination of a particular integral 

(c) obtaining the general solution, before 

(d) arriving at the particular solution by substitution of the initial 
conditions in the general solution. 
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Here is another example. 

Example 2 

d 2 x dx 

Solve —=- - 4x = 24 cos 2 1 given that at t = 0, x = 3 and — = 4. 
dr z dr 



(b) Insert initial condition, i.e. Xo = 3; = 4 

24s 


s 2 x - 3s - 4 - 4x 


s 2 + 4 


(s 2 - 4)x = 3s + 4 + 


24s 
s 2 + 4 


3s 3 + 4s 2 + 36s + 16 


s 2 + 4 


(c) X 


3s 3 + 4s 2 + 36s + 16 


(s 2 + 4)(s - 2)(s + 2) 

Expressed in partial fractions, this becomes 



3s 3 + 4s 2 + 36s + 16 _ As + B C D 
(s 2 + 4)(s — 2)(s + 2)~ s 2 + 4 + s-2 + s + 2 


3s 3 + 4s 2 + 36s + 16 = (As + B)(s - 2)(s + 2) + C(s 2 + 4)(s + 2) 

+ D(s 2 + 4)(s — 2) 

Putting (s - 2) = 0, i.e. s = 2, gives C = 4 
Putting (s + 2) = 0, i.e. s = -2, gives D = 2 

Equating coefficients of s 3 and also the constant terms gives A = -3 
and 5 = 0. 

_ _ 3s 3 + 4s 2 + 36s + 16 _ 4 2 3s 

(s 2 + 4)(s-2)(s + 2) s-2 + s + 2 s 2 + 4 

x =. 
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x = 4e zt + 2e 2t - 3 cos 2 1 


Now let us solve another equation, this time using the 'cover up' rule. 

Example 3 

Solve x + Sx + 6x = 4 1, given that at t = 0, x = 0 and x = 0. 

4 

As usual we begin ( s 2 x -sx o -*i) + 5(sx - xo) 4- 6x = 

s 

4 

x 0 = 0; Xi = 0 (s 2 + 5s + 6)x = 


x = 


s 2 (s + 2)(s + 3) 

The s 2 in the denominator can be awkward, so we introduce a useful 
trick and detach one factor s outside the main expression, thus 


-H 


1 1 M. B C 

J~s \s + s+2 + s+3 


s [s(s + 2)(s + 3)J s [s s + 2 s + 3J 
Appling the 'cover up' rule to the expressions within the brackets 


s {6 s 


2 4 

(s + 2) + 3 


■ih) 


Now we bring the external - back into the fold 

*s 

_ _ 2 12 4 1 

X_ 3‘s z_ s(s + 2) + 3's(s + 3) 

and the second and third terms can be expressed in simple partial 
fractions so that 


x = 


_ 2 1 1 1 4141 

*~3’s 2 s + s + 2 + 9s 9s + 3 


which can now be simplified into 


_ _ 2 15 1 1 4 1 

*~3's 2_ 9's + s + 2 _ 9sT3 


/. x = 
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2 5 _ a 4 . 

*-5'-9 + e 9 e 


There are times when a quadratic coefficient of x cannot be expressed 
in simple linear factors. In that case, we merely complete the square 
converting the expression into (s ± k) 2 ± a 2 . Let us see such an 
example. 

Example 4 

Solve x - 2x + lOx = e 2t , given that at t = 0, x = 0 and x = 1. 

We find the expression for x as before. 

x = . 


x = 


s - 1 

(s - 2)(s 2 - 2s + 10) 


Because 


(s 2 x - sx 0 - x\) - 2(sx - x 0 ) + 10x = 


s — 2 


x 0 = 0; Xi = 1 s 2 x - 1 - 2sx + lOx = 


s — 2 


(s 2 — 2s +10)^ = 1 + —^2 


x = 


s -1 


(s - 2)(s 2 - 2s + 10) 
Expressing this in partial fractions 
x =. Evaluate the coefficients. 
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Now we have to find the inverse transforms to obtain x. The first 

1 s 1 ^) 

term-- is easy enough, but what of — -—? The denominator 

S Z S “l - lU 

will not factorise into simple linear factors; therefore we complete the 
square in the denominator and write it as 
s - 10 _ s - 10 

s 2 - 2s + 10 “ ( 5 _ i) 2 + 9 

and then we improve this still further and write it in the form 

--4-. We are quite happy with this, for- 5 -is merely 

(s-lf + 9 ™ (s-lf + 9 

—- with 5 replaced by (s - 1), which indicates an extra factor e l in 
s —i - y 

the final function of t (Theorem 1). 

__ 1 f 1 5-1 9 1 

° * _ 101 5 — 2 ( 5 _i) 2 + 9 + (5-l) 2 + 9j 


x = 


x = {e 2 * - & cos 3 1 + sin 3t} 


fust try one more like this one 


Example 5 

Solve x + x 4- x = e~ f given that at t 
expression for x as before. 


= o, x = 0 and x = 1. We find the 


x — 


5 4“ 2 

(s4- l)(s 2 + 5+ 1) 


Because (s 2 x - s*o - *i) + {sx - xo) + x 
so that 


s+ 1 


where x 0 = 0 and X\ = 


7 — -t — — r 

s*x - 1 + SX + X =-- 

S+ 1 

therefore 

_/o i\ 1- 5 + 2 

x(s> + 5 + l) = 1+—— = —— 
v 7 5+15+1 

giving 

_ 5 + 2 

* = (s + l)(s 2 + s + l) 

Expressing this in partial fractions 


x = 


Evaluate the coefficients 
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Because 

_ s + 2 A Bs + C 

X (s + l)(s 2 + S + 1) s + l + s 2 + s+l 

so that 

s + 2 = A (s 2 + s + l) + (Bs + C) (s + 1) 

Put s + 1 = 0, that is s = -1 then 

1 = A(1 -1 + 1) so that A = 1 
[s 2 ] 0 = A +B so that B = -1 

[CT] 2 =A + C so that C = 1 

Therefore 

_ 1 s -1 

X s+1 s 2 + s+ l 

Completing the squares in the second term gives 

s — 1 _ 

s 2 + s + 1 


V3x| 


<*+j) 2 +(f) 



2 
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Before we leave this topic, the same general approach can be employed 
for solving simultaneous differential equations. 

Let us see an example in the next frame 



Simultaneous differential equations 

Example 1 

Solve the pair of simultaneous equations 

y-x = e t 
x + y = e~ l 

given that at t — 0, x — 0 and y — 0. 

(a) We first express both equations in Laplace transforms. 


(sy -yo)-x = 
(sx -xo ) + y = 


s - 1 

1 

5+1 


(b) Then we insert the initial conditions, Xo = 0 and yo = 0. 


sy-x = 


sx + y = 


s - 1 

1 

5+1 


(c) We now solve these for x and y by the normal algebraic method. 
Eliminating y we have 


sy - x = 7^T 

2 - 5 
sy + sx = -- 

' 5 + 1 


.*. (s 2 + l)x = 


5 2 - 2s - 1 


‘‘ V y 5+1 5-1 (5+l)(s-l) 

_ _ 5 2 - 2s - 1 

* - (s-l)(s+l)(s 2 + l) 

Representing this in partial fractions gives .. 
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__ 1 1 1 1 s 1 

x ~ 2’s^l 2'sTl + 52TT + i2Tl 

Because 

s 2 — 2s -1 A B Cs + D 

X (s - l)(s + l)(s 2 + 1) — s — l + s + l + s 2 +1 

.*. s 2 - 2s - 1 =A(s + l)(s 2 + l) + B(s — l)(s 2 + l) 

+ (s — l)(s + l)(Cs + D) 

Putting s = 1 and s = -1 gives A = - \ and B — -\. 

Comparing coefficients of s 3 and the constant terms gives C = 1 and 
D= 1. 

,_1 111 s+1 

•' X ~2's-\ 2 s + 1 + 5 2 + 1 

x =. 


x = -— \e 1 + cos t + sin t 



We now revert to equations (1) and eliminate x to obtain y and hence 
y, in the same way. Do this on your own. 

y = . 


y = + \e~ l - cos t + sint 


Here is the working. 


s 2 y — sx 


y + sx 


s -1 
1 


1 


s +1 
(s 2 +1 )y 


+ 


s 2 + 2 s - 1 


s — 1 s + 1 (s — l)(s + 1 ) 


y 


s 2 + 2 s — 1 


A 


+ 


B 


+ 


Cs+D 


(s — l)(s + l)(s 2 + 1) s —1 s + 1 s 2 + l 
.*. s 2 + 2s - 1 = i4(s + 1) (s 2 + l) +B(s - l)(s 2 + 1) 

+ (s — l)(s + l)(Cs + D) 


Putting s = 1 and s = -1 gives A = \ and B = 

Equating coefficients of s 3 and the constant terms gives C = — 1 and 


D= 1. 


. __1 111 s 1 

" y ~ 2's-l + 2's + l s z + l + s 2 + l 
1 1 

y = -e 1 + -e _f - cos f + sin f 

Zj & 


► 
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So the results are 
\ 

x = - - + e -t ) + sin t + cos t = sin t + cos £ - cosh t 

l 

y = ^ (e* + + sin £ - cos £ = sin f - cos £ + cosh £ 

x = sin £ + cos £ - cosh £; y = sin £ — cos £ + cosh £ 

Simultaneous equations are all solved in much the same way. Here 
is another. 

Example 2 

Solve the equations 
2y - 6y + 3x = 0 
3x - 3x - 2y = 0 

given that at £ = 0, x = 1 and y = 3. 

Expressing these in Laplace transforms, we have 


2(sy - y 0 ) - 6y + 3x = 0 
3(sx - xq) - 3x — 2y = 0 


Then we insert the initial conditions and simplify, obtaining 


3x + (2s - 6)y = 6 
(3s - 3)x -2y = 3 


(a) To find x 

( 1 ) 

(2) x (s - 3) 
Adding, 


x 


s — 1 


3x + (2s - 6)y = 6 

(s - 3)(3s - 3)x - (2s - 6)y = 3(s - 3) 

[(s - 3)(3s - 3) + 3]x = 3s - 9 + 6 
(3s 2 - 12s + 12)^ = 3s - 3 
(s 2 - 4s + 4)x = s - 1 

4 B A(s-2)+B 


(s - 2) 2 s - 2 ( S - 2) ; 


(s - 2)' 


s — 1 = j4(s — 2)+B giving >1 = 1 and B = 1 

x = ~y~-\ -1—^ x = e u + te u 

s-2 (s- 2) 2 

(b) Going back to equations (1) and (2), we can find y. 
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y = \ {6e 2t + 3 fe 2 *} 



Because, eliminating x we get 

6s - 9 _ 1 f 4 .8 ) lf ^(s-2)+B l 

> ’"2(s-2) 2 "2[s-2 + (j-2) 2 J“2| (s-2 ) 2 J 

/. 6s-9 =A(s-2)+B A = 6; B = 3 

Simultaneous second-order equations are solved in like manner. 
Again, with all these solutions it is a worthwhile exercise to substitute 
the solution back into the differential equation to verify that the 
solution is correct. 

Example 3 

If x and y are functions of t, solve the equations 

x + 2x - y = 0 
y + 2y - x = 0 

given that at t = 0, Xo = 4; yo = 2; X\ = 0; yi = 0. 

We start off as usual with (. s 2 x - sxo - X\) + 2x - y = 0 
and (s 2 y - sy 0 - yi) + 2y - x = 0 

Inserting the initial conditions, we have 

s 2 x - 4s + 2x - y = 0 
s 2 y - 2s + 2y - x = 0 

Simplifying these we can eliminate y to obtain x and hence x. 


x = 
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x = 3 cos t + cos 




Because 

(s 2 + 2)x-y = 4s (1) 

-x + (s 2 + 2 )y = 2s (2) 

Eliminating y and simplifying gives 

_ _ 4s 3 + 10s 

* ~ (s 2 + l)(s 2 + 3) 

_ 4s 3 + 10s _ As + B Cs + D 

(s 2 + l)(s 2 + 3) = s 2+T + s 2 + 3 

4s 3 + 10s = (s 2 + 3) (As + B) + (s 2 + 1) (Cs + D) 

Equating coefficients of like powers of s 

[s 3 ] 4=A + C A + C = 4 

[CT] 0 = 3B+D 3B + D = 0 

Putting s = 1, 14 = 44 + 4B + 2C = 2D 2A + 2B + C + D=7 

Putting s = -l -14 =-44 + 4B-2C + 2D 2A-2B+ C - D =7 

Putting C = 4 — A and D = —3 B in the last two leads to 

-4 =.; B = .; 

C =.; D =. 


71 = 3; B = 0; C = 1; D = 0 



x = 


3s 


+ 


s 2 + 1 s 2 + 3 


x = 
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x = 


3 


cos t + cos 



To find y we could return to equations (1) and (2) and repeat the 
process, eliminating x so as to obtain y and hence y . 

But always keep an eye on the original equations, the first of which is 

x + 2x - y = 0 

Therefore, in this particular case, y = x + 2x. 

So all we have to do is to differentiate x twice and substitute 



3cost + cos(V3tj 
-3 sin t- V3 sin O'*) 

—3 cos t — 3 cos (V3 t ) 

—3 cos t - 3 cos (V3f) + 6 cos t + 2 cos 
3 cos t — cos 0*) 



which is a good deal quicker. 

So, as we have seen, the method of solving differential equations by 
Laplace transforms follows a general routine. 


(a) Express the equation in Laplace transforms 

(b) Insert the initial conditions 

(c) Simplify to obtain the transform of the solution 

(d) Rewrite the final transform in partial fractions 

(e) Determine the inverse transforms 


and, by now, you are fully aware of the importance of partial fractionsl 


That brings us to the end of this particular Programme. We shall 
continue our study of Laplace transforms in the next Programme. 
Meanwhile, be sure you are familiar with the items listed in the 
Revision summary that follows, and respond to the questions in the 
Can You? checklist. You will then have no difficulty with the Test 
Exercise and the Further problems provide additional practice. 
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Revision summary 2 


roo 

1 Laplace transform L{f{t)} = f{t)e~ st d t = F(s). 

Jo 

2 Table of transforms 


fit) 

K 

ii 


a 

a 

— 


s 


i 


s — a 

sin at 

a 

s 2 + a 2 

cos at 

s 

s 2 + a 2 

sinh at 

a 

s 2 — a 2 

cosh at 

s 

s 2 - a 2 

t n 

n\ 

s n+1 


(n a positive integer) 



3 Linearity of the Laplace transform 

(a) The transform of a sum (or difference) of expressions is the 
sum (or difference) of the individual transforms. That is 

L{f(t)±g<t)}=L{f(t)}±L{g(t)} 

(b) The transform of an expression that is multiplied by a 
constant is the constant multiplied by the transform of the 
expression. That is 

L{kf(t)} = kL{f(t)} 

4 Theorem 1 First shift theorem 


If L{f(t)} = F(s), then L{e~ at f (t)} = F(s + a), 
Theorem 2 Multiplying by t 

If L{f(f)} = F(s), then L{tf(t)} = -^{F(s)}. 
Theorem 3 Dividing by t 

If L{f{t)} = F{s), then ij^ j = F(a) da 

provided that Lim ^ 1 exists. 

t->0 l t J 

Inverse transform 

If = F(s), then L~ 1 {F(s)} = f(t). 
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Rules of partial fractions 

(a) The numerator must be of lower degree than the denomi¬ 
nator. If not, divide out. 

(b) Factorise the denominator into its prime factors. 

A 

(c) A linear factor (s + a) gives a partial fraction where A is a 
constant to be determined. 


(d) A repeated factor (s + a) 2 gives 


A B 

- 1 - o. 

s + a (s + a) 2 


(e) Similarly (s + a) 3 gives- 1 - 

s + a (s + a) 

(f) A quadratic factor (s 2 +ps + q) gives 


C 

2 + (s + a) 3 
Ps + Q 
s z +ps + q 


2 

(g) A repeated quadratic factor (s 2 + ps + q) gives 


Ps + Q Rs + T 

s 2 +ps + q ( S 2 + ps + q f * 


9 The 'cover up' rule 

The 'cover up' rule often enables the values of the constant 
coefficients to be written down almost on sight. However, this 
method only works when the denominator of the original 
fraction has non-repeated, linear factors. 

10 Table of inverse transforms 


F(s) 

m 

a 


— 

a 

s 


1 

e~ at 

s + a 

n\ 

t n 

s ”+ 1 


1 

t n-l 

s" 

(n -1 )! 

a 

sin at 

s 2 + a 2 


s 

cos at 

s 2 + a 2 

a 

s 2 - a 2 

sinh at 

s 

s 2 a 2 

cosh at 


(n a positive integer) 


By the first shift theorem 

If F(s) is the Laplace transform of f(t) 

then F(s + a) is the Laplace transform of e~ at f(t). ► 
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11 Laplace transforms of derivatives 
L{x} = x 

L {^} = L ^ { = s *~ x ° 


drx. 
d t 2 


= L{x} = sx- sx o - Xi etc. 


where xo = value of x at t = 0 

. r dx 

X\ = value of -tt at t = 0, etc. 

df 


12 Solution of differential equations 

(a) Rewrite the equation in terms of Laplace transforms. 

(b) Insert the given initial conditions. 

(c) Rearrange the equation algebraically to give the transform of 
the solution. 

(d) Express the transform in standard forms by partial fractions. 

(e) Determine the inverse transforms to obtain the particular 
solution. 

13 Simultaneous differential equations 

Convert the simultaneous differential equations into simulta¬ 
neous algebraic equations by taking the Laplace transform of each 
equation in turn. Insert the initial values. Solve the simultaneous 
algebraic equations in the usual manner and take the inverse 
Laplace transform of the algebraic solutions to find the solutions 
to the simultaneous differential equations. 



Can You? 


Checklist 2 f 91 J 

Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that 

you can: Frames 

• Obtain the Laplace transforms of simple standard 
expressions? [ i J to 

Yes □ □ □ □ □ No 



• Use the first shift theorem to find the Laplace transform 
of a simple expression multiplied by an exponential? 

Yes □ □ □ □ □ No 

• Find the Laplace transform of a simple expression 
multiplied or divided by a variable? 

Yes □ □ □ □ □ No 
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• Use partial fractions to find the inverse Laplace 
transform? 


Yes 

□ 

□ 

□ 

□ 

□ No 

• Use the 'cover up' 

rule? 



Yes 

□ 

□ 

□ 

□ 

□ No 


• Use the Laplace transforms of derivatives to solve 
differential equations? 

Yes □ □ □ □ □ No 

• Use the Laplace transform to solve simultaneous 
differential equations? 

Yes □ □ □ □ □ No 



Test exercise 2 


Determine the Laplace transforms of the following functions, 
(a) 3e~ 4t - Se 4t (b) sin 4 1 + cos 4t (c) £ 3 + It 2 - t + 4 


(d) e~ 2t cos St (e) £sin3£ 


e * — e 2 * 


Determine the inverse transforms of the following. 

s - 5 s 2 + 3s - 7 

W (s - 3)(s — 4) W (s — l)(s 2 + 2) 

s 2 - 3s - 4 2s 2 - 6s - 1 

C (s - 3)(s - l) 2 (s-3)(s 2 -2s + 5)' 

Solve the following equations by Laplace transforms. 


dx 

(a) — + 3x = e~ zr given that x = 2 when t = 0 
d£ 

(b) 3x- 6x = sin 2£ given that x = 1 when t = 0 

(c) x - lx + 12* = 2 given that at t = 0, x = 1 and x = 5 

(d) x - 2x + x = te* given that at t = 0, x = 1 and x = 0. 

Solve the following pair of simultaneous equations where x and y are 
functions of t and given that at t = 0, x = 4 and y = -1. 

x + y + x + 2y = e~ 3t 
x + 3x + Sy = Se~ 2t 



Further problems 2 


1 Determine the Laplace transforms of the following functions, 
(a) e 4t cos21 (b) £sin2£ (c) £ 3 + 4 £ 2 + 5 

(d) e 3 * (t 2 + 4) (e) t 2 cos t (f) ^ 


► 
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Determine the inverse transforms of the following. 


2s-6 

(s - 2)(s - 4) 

2-11s 

(s — 2) (s 2 -f- 2s -f- 2) 


5s-8 
s(s - 4) 


(s 2 4- l)(s 2 4- 4) 


s 2 - 2s 4- 3 
(S - 2) 3 
s — 5 

s 2 + 4s + 20 


In Questions 3 to 11, solve the equations by Laplace transforms. 


3 

00 

II 

$ 

1 

•H 

at t = 

= 0 , x 

= 2 . 


4 

3x — 4x = sin 2t 

at t = 

= 0 , x 

_ l 
— 3* 


5 

x - 2 x 4 - x = 2(t 4 - sin t) 

at t = 

= 0 , x 

= 6 , x = 

5. 

6 

x - 6 x 4 - 8 x = e 3 * 

at t = 

= 0 , x 

= 0 , x = 

2 . 

7 

x + 9 * = cos 2 t 

at t = 

= 0 , x 

II 

'X 

•s. 

rH 

II 

3. 

8 

x - 2x 4 - 5x = 

at t - 

= 0 , x 

= 0 , x = 

1 . 

9 

x 4- 4x 4- 4x = f 2 4- e _2f 

at t- 

= 0 , x 

— — x — 

0 . 

10 

x 4 - 8 x 4 - 32x = 32 sin 4f 

at £ = 

= 0 , x 

= x = 0 . 


11 

x 4- 25x = 10(cos St —2 sin 5£) 

at £ = 

= 0 , x 

II 

i-^ 

II 

2 . 


In Questions 12 to 17, solve the pairs of simultaneous equations by Laplace 
transforms. 


12 

13 

14 

15 

16 

17 


i- 3 _v = 0 — 2 * I 

- 3 y-<* ) att- 0 ,x-y- 0 . 

:-2r + l(*-5, = 0 | , 

y - 18* + 15y = 10 J r 

-2v-3* + 6 y = 121 

^ 7 > at t = 0 , x = 12 , y = 8 . 

3y + 5* + 2y = 16 / " 

2* + 3y + 7* = 14t + 7 1 _ ft _ 


/ ✓ 

-2*-y-3y = -21^ 
y + x-y = 5«“\ , 


- ar* | 

at t = 0, x - 

- 7e~ f J 


t = 0, x - 

= 1, y = 2, * 


18 Find an expression for x in terms of t, given that 
y - x + 2x = 10 sin 2 t 

y 4 - 2 y 4 - x = 0 and when t = 0 , x = y = 0 . 

19 If x 4 - 8 x 4 - 2y = 24 cos 4t 
and y4-2x4-5y = 0 

and at t = 0 , x = y = 0 , x = 1 , y = 2 , determine an expression for y in 
terms of t. 

20 Solve completely, the pair of simultaneous equations 

5x + 12y 4- 6x = 0 
5x4-16y + 6 y = 0 

given that, at t = 0, x = f, y = 1 , x = 0 , y = 0 . 
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Laplace 
transforms 2 


Frames 



Learning outcomes 

When you have completed this Programme you will be able to: 

• Use the Heaviside unit step function to 'switch' expressions on 
and off 

• Obtain the Laplace transform of expressions involving the Heavi¬ 
side unit step function 
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In the previous Programme, we dealt with the Laplace transforms of 
continuous functions of t. In practical applications, it is convenient to 
have a function which, in effect, 'switches on' or 'switches off a given 
term at pre-described values of t. This we can do with the Heaviside unit 
step function . 


Heaviside unit step function 


Consider a function that maintains a zero value for all values of t up to 
t = c and a unit value for t = c and all values of t > c. 



f(t) — 0 for t < c 
f(t) = 1 for t > c 


This function is the Heaviside unit step function and is denoted by 
f(t) = u(t - c) 

where the c indicates the value of t at which the function changes 
from a value of 0 to a value of 1. 

Thus, the function 



is denoted by f(t) = 



Similarly, the graph of f(t) = 2 u(t - 3) is 
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2 

m 




CO 

o 


So u[t - c) has just two values 

for t < c, u(t — c) — . 

for t > c, u(t - c) = . 



Unit step at the origin 

U(t) 

1 ■ ■ — ■ ■■ - 


0 t 

i.e. u(t) = 0 for t < 0 
u(t) = 1 for t > 0. 


If the unit step occurs at 
the origin, then c — 0 and 
f(t) = u(t - c) becomes 

m =u(t) 


Effect of the unit step function 



The graph of f (t) = t 2 is, 
of course, as shown. 


Remembering the definition of u(t — c), the graph of 
f(t) =u(t-2)-t 2 is 
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For t < 2, u(t - 2) = 0 u(t - 2) * t 2 = 0 ■ t 2 = 0 
t>2,u(t-2) = l /. u(t — 2 ) • t 2 = 1 ■ t 2 = t 2 

So the function u(t — 2) suppresses the function t 2 for all values of t up 
to t = 2 and 'switches on' the function t 2 at t = 2 . 

Now we can sketch the graphs of the following functions. 

(a) f(t) = sin t for 0 < t < 2 tt 

(b) f(t) = u(t - 7r/4) • sint for 0 < t < 2w. 

These give . 

and. 



That is, the graph of f(t) = u(t - 7 r/ 4 ) • sin t is the graph of f(t) = sin t 
but suppressed for all values prior to t — w/4. 

If we sketch the graph of f(t) = sin(t - 7 r/ 4 ) we have 



Since u(t — c) has the effect of suppressing a function for t <c, then 
the graph of f(t) = u(t - ir/4) ■ sin(t - tt/ 4 ) is 
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That is, the graph of f(t) = u(t - ir/4) ■ sin(f - 7 r/ 4 ) is the graph of 
f(t) = sinf (t > 0), shifted 7r/4 units along the f-axis. 

In general, the graph of f(t) = u(t - c) ■ sin(f - c) is the graph of 
f(t) = sin t (t > 0 ), shifted along the f-axis through an interval of 
c units. 

Similarly, for t > 0, sketch the graphs of 

(a) f{t) = 

(b) fit) = w(t - c) ■ e~ l 

(c) fit) = u(t — c) • 

(d) fit) = e -t {u(f - 1 ) - u(t - 2 )}. 

Arrange the graphs under each other to show the important 
differences. 



In (a), we have the graph of f(t ) = e~ l 

In (b), the same graph is suppressed prior to t = c 

In (c), the graph of f(t) = e~ l is shifted c units along the t-axis 

In (d), the graph of f(t) = e~ l is turned on at t = 1 and off at t = 2 . 
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Laplace transform of u (t - c) 

L{u(t - c)} = ^ 

Because 

*00 

L{u(t - c)} = e~ st u(t - c) d t 

Jo 
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but 


► ,, x f 0 for 0 < t < c 

u (t-c) = { e - st fort > c 


so that 


*00 no 

L{u(t — c)} = e~ st u[t — c) dt = 

* 0 t c 


= e~ st dt 


e~ st ] 00 e~ sc 


-«J C s 


Therefore, the Laplace transform of the unit step at the origin is 

*-{«(*)} =. 



Because c = 0. 

_^ 

So L{u(t - c)} = ^- 

1 

and L{u(t)}=~. 

iS 

Also from the definition of u(t ): 

L(l)=L{l-u(f)} 

L(t) = L{t ■ u(t)} 

L{f(t)} = L{f(t) ■ u(t)} 

Make a note of these results: we shall be using them 
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As we have seen, the unit step function u(t - c) is often combined with 
other functions of t, so we now consider the Laplace transform of 
u(t- c) -f(t-c). 


Laplace transform of u(t- c )■ f(t- c) 
(the second shift theorem) 


L{u(t - c) • (f(t — c)} = e cs iL{/ 7 (t)} = e cs F(s) 
Because 

|*00 

L{u(t - c) • f(t - c)} = e~ st u(t - c) • f(t - c) 

Jo 


but e 


so that 


st u(t - c) = | ° e _ 


) for 0 < t < c 
~ st for t > c 


i*00 

L{u(t - c) • f(t — c)} = J e~ st f(t - c) d t 

We now make the substitution t — c = v so that t = c + v and dt = dv. 
Also for the limits, when t = c, v = 0 and when t —► oo, v —» oo. 
Therefore 

L{u(t - c) ■ f(t - c)} = r e S ( c+V ^f(v) dv 

TOO 

= e~ cs (v) dv 

Jo 

1*00 /*oo 

Now e~ sv f{v) dv has exactly the same value as e~ st f(t) dt which 
Jo Jo 

is, of course, the Laplace transform of f(t). Therefore 

L{u(t - c) • f(t - c)} = e~ cs L{f(t)} = e~ cs F(s) 


L{u(t - c) • f(t - c)} = e C5 • F(s) where F(s) = L{f(t) 
So — 4) - (t - 4) 2 | = e~ 4s • F(s) where F(s) = L{t 2 } 




Note that F(s) is the transform of t 2 and not of ( t - 4) 2 . 
In the same way: 

L{u(t - 3) • sin(t - 3)} =. 
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Because L{u(t - 3) • sin(t - 3)} — e 3s - F(s) where F(s) = L{sin t} 


L i u (t - 3 )' sin (t “ 3)} = c 3s (^Ti) 


s 2 +1 


So now do these in the same way. 

(a) L{u(t - 2) ■ (t - 2f\ 

(b) L{u(t - 1) • sin 3(£ - 1)} = .. 

(c) L{u(t - 5) • = .. 

(d) L{u(t - tt/ 2) • cos 2(t - 7r/2)} = .. 



(d) L{u(t - 7 r/ 2 ) • cos 2(t - 7 r/ 2 )} = e vs / 2 • jF(s) where F(s) = L{c os 2t} 

Vs 2 + A) s 2 + 4 

So L{m(£ - c) • f(t - c)} = e~ cs • T(s) where F(s) = L{f(t)}. 

Written in reverse, this becomes 

If F(s) = L{f{t)}, then e~ cs • F(s) = L{u(t - c) * f(t - c )} 
where c is real and positive. 

This is known as the second shift theorem . 

Make a note of it: then we will use it 
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If F(s) = L{f(t)}, then e-° • F(s) = L{u(t - c) • f(t - c)} 


This is useful in finding inverse transforms, as we shall now see. 


Example 1 


. e 


Find the function whose transform is — 

s 2 

The numerator corresponds to e~ cs where c = 4 and therefore indicates 
u(t — 4). 

Then \ = F(s ) = L{t} f(t) = t. 


l 


| = u(t - 4) • (f - 4) 


Remember that in writing the final result, f(t) is replaced by 


f(t - c) 


Example 2 


Determine L 1 < -z —- >. 

\s 2 + 4 J 

The numerator contains e -2s and therefore indicates 


u(t — 2) 


6 (2 

The remainder of the transform, i.e. — 7 , can be written as 3 -z —7 

s 2 + 4' Vs 2 + 4 


2^J = Hs)=L{ .} 


•• s 2 + 4 
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3u(t-2) -sin2(t —2) 


Because 


6e 2s 
s 2 + 4 


= u(t - 2) • f(t - 2) where f (f) = L 1 j 
= u(t - 2) * 3 sin 2(£ - 2) 


6 

s 2 + 4 


Example 3 


Determine L 


s • e' 


ls 2 + 9J* 

This, in similar manner, is 


u(t - 1) • cos 3 (t - 1) 


Because the numerator contains e s which indicates u(t - 1) 
Also s2 S +g = F( s ) = Li™ 3 1} 


f(t) = cos3t f(t-l) = cos3(t — l). 


L 


i [ s • g 5 1 = 

\s z + 9 J 


= u(t- 1) • cos 3 (t— 1) 


Remember that, having obtained f{t), the result contains f(t 
Here is a short exercise by way of practice. 


Exercise 

Determine the inverse transforms of the following. 


(c) 3 


s 6 

3e~ 2s 
s 2 — 1 
Se~ 4s 
s 2 + 4 


2 S' e 35 
s 2 - 16 
Se~ s 
s 

s • e~ s ! 2 
s 2 + 2 


Results - all very straightforward. 

(a) u(t - 5) • (t - 5) 2 

(b) 3u(t - 2) • sinh(f - 2) 

(c) 4u(t - 4) • sin 2(t - 4) 

(d) 2u(t — 3) ■ cosh 4(t - 3) 

(e) Su(t - 1) 

(f) u(t - 1/2) • cos \/2(t - 1/2). 

Before looking at a more interesting example, let us collect our results 
together as far as we have gone. 
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The main points are 

(a) u(t — c) = 0 0 < f < c 1 

= 1 t>c } 

(b) L{u(t - c)} = ' 

1 

LW(t)}=- J 

(c) L{u(t - c) -f(t - c)} = e~ cs • F(s) where F(s) = L{f(t)} 

(d) If F(s) = L{f(t)}, then e~ cs • F(s) = L{u(t - c)} ■ f(t — c)} 

Now let us apply these to some further examples. 

Example 1 

Determine the expression f(t) for which 

3 4e~ s Se -2s 
L{f(t)}=±-? w + -r r - 

We take each term in turn and find its inverse transform. 


I- 1 |||=3I- 1 {|} = 3 i.e.3u(f) 


(b) L 


| = u (t - 


1) ‘ 4(t — 1) 


(c) L 


( 1 ) 

( 2 ) 

(3) 

(4) 



m - 3 

Because in this interval, u(t) = 1, but u(t - 1) = 0 and u(t - 2) = 0. In 
the same way, between t = 1 and t = 2, f(t) =. 
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Because between t—1 and t — 2, u(t) = 1, u(t — 1) = 1, but 
u(t - 2) = 0. 

/. f(t) = 3 — 4(£ — l) + 0 = 3 — 4t + 4= 7 — 4f 
Similarly, for t > 2, f(t) = . 


m = t- 3 



Because for t > 2, u(t) = 1, u(t - 1) = 1 and u(t — 2) = 1 

f(t) = 3 - 4(t - 1) + S(t - 2) 

= 3-4f + 4 + 5f-10 = f- 3 

So, collecting the results together, we have 
for 0 < t < 1, f(t) = 3 

1 < t < 2, f(t) = 7 — At (t=l,f(t) = 3;t = 2,f(t) = -l) 
2<t, f(t) = t- 3 (t = 2, f(t) 1; t = 3, f(t) = 0) 

Using these facts we can sketch the graph of f(t), which is 



Here is another. 


Example 2 

f2 3e~ s 3e~^ s> \ 

Determine the expression f(t ) = L _1 <1 - + -? and sketch the 

graph of f(t). 

First we express the inverse transform of each term in terms of the unit 
step function. 

This gives . 
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= u(t - 1) • 3(f - 1) 
= u(t — 3) • 3(t — 3) 



f(t ) = 2 u(t) + u(t - 1) • 3(f - 1) - «(f - 3) • 3 (f - 3) 

So there are 'break points', i.e. changes of function, at t = 1 and t = 3, 
and we investigate f(t) within the three intervals. 

0 < t < 1 f(t) = . 

1 < t < 3 f(t) =. 

3 < t f(t) = . 


0 < t < 1, f(t) = 2; 1 < t < 3, f(t) = 3t - 1; 3 < f, f(t) = 8 


Because with 

0 < t < 1, u(t) = 1 , but u(t - 1) = u(t - 3) = 0 
1 < f < 3, u(t) = 1 , u(t - 1) = 1, but i/(£ - 3) = 0 
/. f(t)=2 + 3(t-l) = 3t-l 
3 < t, i/(t) = 1, «(f — 1) = 1, i/(t - 3) = 1 

f(t) = 2 + 3t-3-3t + 9 

Therefore, the graph of f(t) is. 



••• m =2 

f(t) = 3f — 1 

••• m =s 



Between the break points, f(f) = 3f - 1 


f t = 1 , f (f) = 2 
\t = 3, f(t) = 8 


Now move on for the next example 


Example 3 


* m-L- 

graph of the function. 


determine f(t) and sketch the 


Although at first sight this looks more complicated, we simply 
multiply out the numerator and proceed as before. 
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We now write down the inverse transform of each term in terms of the 
unit function, so that 


m = 


f(t) = u(t) • t — u(t — 2) • (t — 2) + u(t - 4) ■ (t - 4) — u(t - 6) • (t — 6) 



and we can see 

For 0 < t < 2, 
2 < t < 4, 
4 <t <6, 
6 < t, 


there are break points at t = 2, t = 4, t = 6 . 
f(t) = f — 0 + 0 —0 f(t) = f 

f(t) = t-(t- 2) + 0 — 0 f(f) = 2 

f(f) = t — (f — 2) + (f — 4) — 0 m = t- 2 

f (t) = t-(t-2) + (t-4)-(t-6) f{t) = 4 


The second and fourth components are constant, but before 
sketching the graph of the function, we check the values of f(t) = t 
and f(t) = t - 2 at the relevant break points. 

/ r (t) = t. At t = 0, f(t) = 0; at f = 2, f(t) = 2 

f(t) = t - 2. At f = 4, ^(f) = 2; at f = 6, jT(t) = 4. 


So the graph of the function is 




It is always wise to calculate the function values at break points, since 
discontinuities, or jumps, sometimes occur. 

On to the next frame 

Now for one in reverse. 



Example 4 

A function f(t) is defined by 

f{t) — 4 for 0 < f < 2 
= 2t - 3 for 2 < t. 

Sketch the graph of the function and determine its Laplace transform. 
We see that for t = 0 to t = 2, f(t) = 4. 
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Notice the discontinuity at t = 2. 

Expressing the function in unit step form: 

f(t) = 4u(t) - 4u(t - 2) + u(t — 2) • (2 1 — 3) 

Note that the second term cancels f(t) = 4 at t = 2 and that the third 
switches on f(t) = 2t - 3 at t = 2. 

Before we can express this in Laplace transforms, (2 1 - 3) in the 
third term must be written as a function of (t - 2) to correspond to 
u(t - 2). Therefore, we write 2t - 3 as 2(f - 2) + 1. 

Then f(t) = 4u(t) - 4i#(f — 2) + w(t - 2) • {2(f - 2) + 1} 

= 4 u(t) — 4 u(t — 2) + u(t — 2) • 2(t - 2) + u(t - 2) 

= 4w(f) — 3i/(t - 2) + u(t - 2) • 2(f - 2) 

we*)} =. 


= | 



Here is one for you to work through in much the same way. 


Example 5 

A function is defined by f(t) = 6 0 < t < 1 

= 8-2 1 1<t <3 
= 4 3 < t. 

Sketch the graph and find the Laplace transform of the function. 
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*T 


Expressing this in unit step form we have 

f(t) = 6u(t) - 6u(t - 1) + u(t - 1) • (8 — 21) 
— u(t - 3) • (8 - 2 1) + u(t - 3) • 4 


where the second term switches off the first function f(t) = 6 at t = 1 
and the third term switches on the second function f(t) = 8 - 2t, 
which in turn is switched off by the fourth term at t = 3 and replaced 
by f(t) = 4 in the fifth term. 

Before we can write down the transforms of the third and fourth 
terms, we must express f(t) = 8 - 2t in terms of ( t - 1) and ( t - 3) 
respectively. 

8 — 2t = 6 + 2 — 2t = 6 — 2(t - 1) 

8 —2t = 2 + 6 —2t = 2 — 2(t — 3) 
f(t) = 6u(f) - 6u(t - 1) + u(t - 1) • {6 - 2(t - 1)} 

- u(t - 3) • {2 - 2(t — 3)} + 4 u(t — 3) 

= 6u(t) — 6u(t — 1) + 6u(t - 1) 

- u(t — 1) • 2(t — 1) - 2 u(t — 3) 

+ u(t — 3) • 2 (t — 3) + 4 u(t - 3) 


which simplifies finally to f(t) = 


f(t) = 6u(t) - u(t - 1) • 2 (t - 1) + u(t - 3) • 2 (t - 3) + 2 u(t - 3) 



from which L{f(t)} = 


mt)}= | 


2e s 2e 3s 
s 2 ^2 




Note that, in building up the function in unit step form 

(a) to 'switch on' a function f(t) at t = c, we add the term 
u(t - c) • f(t - c) 

(b) to 'switch off' a function f(t) at t = c, we subtract u(t - c) • f(t — c). 

You have now reached the end of this Programme and this brings you 
to the Revision summary and the Can Yon? checklist. Following 
that is the Test exercise. Work through this at your own pace . A set of 
Further problems provides additional valuable practice. 
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Revision summary 3 

1 Heaviside unit step function: u(t - c) 



o c t 


3 Laplace transform ofu(t - c) 

L{u(t-c)} = ^j -; L{u(t)}=j. 

4 Laplace transform ofu(t - c) • f(t - c) 

L{u(t - c) • f(t - c)} = e~ cs • F(s) where F(s) = L{f(t)}. 

5 Second shift theorem 

If F(s) = L{/ r (t)} / then e -cs • j^s) = L{i/(f - c) • f(t — c)} where c is 
real and positive. 
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n Can You? 


Checklist 3 


Check this list before and after you try the end of Programme test. 

On a scale of 1 to 5 how confident are you that Frames 

you can: 


• Use the Heaviside unit step function to 'switch' 
expressions on and off? 

Yes □ □ □ □ □ No 




• Obtain the Laplace transform of expressions involving 
the Heaviside unit step function? 

Yes □ □ □ □ □ No 





Test exercise 3 


In each of the following cases, sketch the graph of the function and find 
its Laplace transform. 

(a) f(t) =3 1 0<t<2 

= 6 2 <t 


s; 


= 6 

(b) f(t) = e- 2f 

(c) f(t) = i 2 

= 2 
= 4 

(d) f{t) = sin 21 

= 0 


0 < t < 3 
3 < t 

0<t<2 

2 < t < 3 

3 < t 

0 < t < 7T 
7r < t. 


Determine the function f(t) whose transform F(s) is 
F(s) = j |2 — 5e~ s + 8e _3s |. 

Sketch the graph of the function between t = 0 and t = 4. 

If f(t) = L~ x | — Jll —f—1 j ; determine f(t) and sketch the 

graph of the function. 

Determine the function f(t) for which 

Sketch the waveform and express the function in analytical form. 
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Further problems 3 



1 

2 


IfM/W}=^{3s + 2e-* 


-2e 


-55 




if 

function. ^ 


} 


j, determine f(t). 

, find f(t) in terms of the unit step 


3 A function f(t) is defined by 

f(t) = 4 0 < t < 3 

= 2t +1 3 < t. 

Sketch the graph of the function and determine its Laplace transform. 

4 Express in terms of the Heaviside unit step function 

(a) f(t) =t 2 0 < t < 3 

= St 3 < t. 

(b) f(t) = COS t 0 < t < 7T 

= COS 2 1 7T < t <2n 

= cos 3t 2ir < t. 

5 A function f(t) is defined by 

f(t) =0 0 < t < 2 

= t+ l 2 < t < 3 
= 0 3 < f. 

Determine L{f(t)}. 

6 A function f(t) is defined by 

f (t) = t 2 0<t <2 
= 4 2 <t < 5 

= 0 5 < t. 

Determine (a) the function in terms of the unit step function 
(b) the Laplace transform of f (t). 





mm 

WSlm 

mmm 


HSUS 







Laplace 
transforms 3 


Frames 



Learning outcomes 

When you have completed this Programme you will be able to: 

• Find the Laplace transforms of periodic functions 

• Obtain the inverse Laplace transforms of transforms of periodic 
functions 

• Describe and use the unit impulse to evaluate integrals 

• Obtain the Laplace transform of the unit impulse 

• Use the Laplace transform to solve differential equations involving 
the unit impulse 

• Solve the equation and describe the behaviour of an harmonic 
oscillator 
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Laplace transforms of periodic 
functions 



Periodic functions 

Let f(t) represent a periodic function with period T so that 
fit + nT) = fit) with a graph of the following form 




If we describe the first cycle by f(t) then 

f (t ) = f f(t) for 0 < t < T 
' ^ \ 0 otherwise 

The second cycle is identical to the first cycle except that it is shifted 
by T units of time along the t-axis. Therefore the second cycle can be 
described in terms of the Heaviside unit step function as 
f{t - T)u(t - T). That is 

'° t Le T r^ <2T 

By this reasoning the periodic function fit) is represented by 

fit) = fit)uit) +. 


fit) = f(t)u(t) + fit - T)u(t - T) + fit - 2T)u(t -2 T) + • • ■ 


Because 

uit) switches on fit) at time t = 0, u(t - T) switches on fit - T) at 
time t = T and u(t - 2T) switches on fit - 2T) at time t = 2T, etc. 
Consider now the Laplace transform of fit). By definition 

J oo _ rT 

e~ st f(t) df = e~ st f(t) At = F(s) 

0 Jo 

because for t>T, fit) = 0 and so the semi-infinite integral becomes an 
integral just over the period of fit). Using the second shift theorem 
(see Frame 10 of Programme 3), the Laplace transform of fit) is 

L{f(t)} = L{f(t)u(t)} +L{f(t - T)u(t - T)} 

+ L{f(t — 2T)u(t — 2T)} H- 

That is 

mm =. 
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L{f{t)} = F(s) + e~ sT F(s) + e~ 2sT F(s) + ■ ■ • 



Because 

L{f(t)u(t - c)} = e~ sc L{f(t)} by the second shift theorem. 

We can factor out F(s) and write L{f(t)} as 

L{f(t)} = (1 + e~ sT + e~ 2sT +.. .)F(s) 

Now, do you remember the series 1+x + x 2 + x z + ...1 This can be 
written in closed form as 

l+x + x 2 +x 3 + ... = . 


1 + X + X 2 + X 3 + . .. 


1 

1-x 



Because 

--= (1 - xY 1 = l+ x + x 2 +x 3 + ... 

1-x 

either by the binomial theorem or by performing the long division. 
So, if we let x = e~ sT then 

1 + e~ sT + e~ 2sT +... =. 


1 + e sT + e 2sT + ... = T 

1 - e~ sl 




And so the Laplace transform of f{t) is given as 
L{f (t)} = (1 + e~ sT + e~ 2sT +.. .)F(s) =.where F(s) = 



Note that we integrate e~ st f(t) over one cycle, that is from t = 0 to 
t=T, and not from t = 0 to t = oo as we did previously. 

This is an important result Make a note of it - then we shall apply it 
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Example 1 

Find the Laplace transform of the function f(t) defined by 

m =l iVtil] f(t+4)=m 



0 2 4 6 8 t 

The expression for L{f (t)} is 


(do not evaluate it yet) 


mm= \ 4 Q e- st ■ m <u 


Because the period = 4, i.e. T = 4. 

The function f(t) = 3 for 0 < t < 2 and f(t) = 0 for 2 < t < 4. 

L{m}- r ^\y st -3dt= . 


mm = 


s(l + e _2s ) 


Because 


mm = 


y-Stl 2 


— P ~45 — 


-I- 

r 4s 1 


3 

1 - e~ 4s 


— e 


s J s( l-he~ 2s ) 

That is all there is to it Now for another ; so move on 
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Example 2 

Find the Laplace transform of the periodic function defined by 
f(t) = t/2 0 < t < 3 

nt + 3 )=m 





Because 
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Example 4 

Determine the Laplace transform of the half-wave rectifier output 
waveform defined by 

f(f) = 8sinf 0<f<7r 1 

n ^9 f(t + **) = f(t) 

= 0 7T <t < Z7T J 

m 

8 

0 7T 2ir 3ir t 

Here the period is 27r i.e. T = 2w. 

In general, for a periodic function of period T 

= . 




So, for this example 


1 r 2?r 

MAO} = I e_st • AO dt 

J u 

. (1 _ e~ 27rs )L{f(t)} = f e~ st • 8 sin tdt 

Jo 

Writing sin t as the imaginary part of i.e. sin t = , 

(1 - e~ 2 * s )L{f(t)} = 8^^ e~ st ■ e^dt 


J 7T 

0 


e ( s ^dt 


and this you can finish off in the usual manner, giving 

mm = . 
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mm = 


(s 2 + 1)(1 - e _?rs ) 


Because 


(1 - e 27rs )L{f(t)} = 8 • J [ e ( s & d t 

Jo 


= 8 • */ 


(s-j)t 


L—( s —/) J o 

= ^ j [ e -(■'-'> -1] | 

= 8 • t 1 ~ e~ CT e ,v ] j 

But e ;V = cos7r + /sin7r = —1. 

(1 - e- 2 * s )L{f(t)} = 8 • (1 + e ~ s *)j 

= 8 ^{^j( 1+e ~mj 

1 fl + e”™) 

••• mm- T^xsj-J^} 


l S2 + 1 ) 


(1 - e~ 7rs )(s 2 + 1) 

Now let us consider the corresponding inverse transforms when 
periodic functions are involved. 


Inverse transforms 

Finding inverse transforms of functions of s which are transforms of 
periodic functions is not as straightforward as in earlier examples, for 
the transforms result from integration over one cycle and not from 
t = 0 to t = oo. Hence we have no simple table of inverse transforms 
upon which to draw. 

However, all difficulties can be surmounted and an example will 
show how we deal with this particular problem. 

Example 1 

Determine the inverse transform 

f 2 + e~ Zs -3e~ s ) 

\ s(l - e- 25 ) J 

The first thing we see is the factor (1 - e~ 2s ) in the denominator, 

1 

which suggests a periodic function of period 2 units, i.e. --^ where 

-1. ^ 

T = 2. 

The key to the solution is to write (l — e~ 2s ) in the denominator as 
(1 - e -2s ) _1 in the numerator and to expand this as a binomial series. 

We remember that (1 - x)~ l =. 



Laplace transforms 3 


119 



(1-*) 1 = l + x + x 2 + * 3 + ... 


(1 - e~ 2s ) -1 = 1 + (e- 25 ) + (e -2s ) 2 +(e -2s ) 3 +... 

= 1 + e~ 2s + e~ 4s + e~ 6s +... 

= ^ 2+e ~ 2s - 3e_s ) 

= i (2 + e -2s - 3e~ s ) (1 + e~ 2s + e~ 4s + e~ 6s + e~ Ss +...) 

We now multiply the second series by each term of the first in turn 
and collect up like terms, giving 


L{f(t)}= - 


+2e~ 

+ e 


+2e 
+ e~ 


+2e~ 
+ e 


—3e 


-3e 


—3e~ 


L{f(t)} = -{2- 3e~ s + Ze- 25 - 3e~ 3s + 3e~** - 3e~ 5s + ...} 




Each term is of the form-, so, expressing f(t) in unit step form, 

s 

we have 

m =. 


f(t) = 2u(t) - 3u(t - 1) + 3u(t -2) - 3u(t - 3) + 3 u(t - 4)... 


and from this we can sketch the waveform, which is therefore 



We can finally define this periodic function in analytical terms. 

m = . 
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m = 2 

= -i 


0 < t< 1 





The key to the whole process is thus to 


express (l — e ~ Ts ) in the denominator 
as (1 - e -r5 ) -1 in the numerator and 
to expand this as a binomial series. 


We do this by making use of the basic series 

(i-*) -1 =. 



(1-x) 1 = l+ x + x 2 +x 3 +x 4 + ... 



Example 2 

{ 3(1 — e~ s ) 1 

I and sketch the resulting waveform of f(t). 


-3s\ -1 


L{f(t)}=^( l-e- s )(l-e~* s ) 


(next step) 



which multiplied out gives 


3 3e 


-s 


+ 


,-35 

3e~ 3s 


L{f{t)} =-(l-e s -\-e 3s - e 45 + e 6s — e 7s + 
s 




s s s s 
And in unit step form, this gives 

m = 


3e _4s 3e~ 6s 

+ - 




The waveform is thus 














Laplace transforms 3 


121 




fit) = 3 0 < t < 1 
f(t) = 0 1 < t < 3 


f(f + 3)=f(t) 


Arad now, one more. They are all done in the same way 


Example 3 

1 2e~ 4s 

If L{f(t)} = 7^2 - determine f(t ) and sketch the waveform. 

The first term is easy enough. In unit step form L -1 j—^ j — ^ ‘ u (t) 
From the second term 


s(l - e~ 4s 


) = |{ e 4s ( 1 ~ e te ) -1 } 


= | { e -4s (1 + e -4s + g-Ss + e -12s + 


2e~ 4s 2e~ 8s 2e~ 12s 2e~ 16s 

- 1 - 1 - 1 - 1 - .. 

s s s s 


••• m = 


(in unit step form) 


f(t) = — • u(t) — 2u(t - 4) — 2u(t - 8 ) - 2u(t - 12) - ... 

Zr 


Now we have to draw the waveform. Consider the function terms up 
to each break point in turn. 


0<f<4 f(t)= ^ 

4<t<8 f{t) =1-2 


f{0)=0; f(4) =2 
f (4) = 0; fi 8) = 2 


8 < £ < 12 f(t) = — — 2 — 2 f( 8 )= 0 ; f ( 12 ) = 2 etc. 

So the waveform is. 
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Expressed analytically, we finally have 

m=z 0 <t <4, f(t + 4)=f(t) 


The Dirac delta - the unit impulse 




So far we have dealt with a number of standard Laplace transforms and 
then the Heaviside unit step function with some of its applications. 
We now come to consider an entity that is different from any of the 
functions we have used before because it is not a proper function. 
Rather than being defined by its inputs and corresponding outputs it is 
defined by its effect on other functions. If f (t) represents a function 
then the Dirac delta 6(t) is defined by the integral 

poo 

amt -«) dt =m 

J — oo 


0(f) is often referred to as the Dirac delta function even though it is 
not a function in the conventional sense of being completely defined 
in terms of its outputs for the corresponding inputs. The nearest that 
can be achieved in defining it in function terms is 



0 

undefined 


t 7^ 0 
t = 0 


From the definition, if f (t) = 1 then 




Because 


f 

f 


f(t)6(t - a) dt = f(a) and f(t) = 1 so f(a) = 1, therefore 


6(t - a) dt = 1 hence the name unit impulse. 
Also, if p < a < q then 
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Because 


1*00 pp pq 

6(t — a)dt= 6(t - a) dt + 6(t — a) dt + 

J — oo J — oo J p 


'OO 


<5(t - a) dt 


since 6(t — a) = 0 


rs smi 

0 + ^ - <0 dt + 0 for _ QO < t<p 

and q<t< oo 


So that 


P «(t -«) 


dt 


Graphical representation 

Graphically the Dirac delta or unit impulse 6(t — a) is represented by 
the horizontal axis with a vertical line of infinite length at t = a. 


f(t)i 


4 


a 


—► 

t 


So far, then, we have 

(a) [ 6(t - a) dt = 1 
ip 

(b) [ fit) • 6{t -a)dt = f(a) 

J P 

provided, in each case, that p < a <q. 



Example 1 

f 3 

To evaluate J (t 2 + 4) -6(t - 2) dt. 

The factor 6(t - 2) shows that the impulse occurs at t = 2, i.e. a = 2. 
fit) = t z + 4 fia) = fi 2) =4 + 4 = 8 

J (^ + 4)-<5(t-2)d£ = f(2) =8 
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f(q) 

Now let us consider the Laplace transform of 6(t - a). 

On then to the next frame 


Laplace transform of 6(t-a) 

We have already shown that 

[ f(t) • 6(t - a) dt = f(a) p <a<q 

Jp 

Therefore, if p = 0 and q = oo 

TOO 

f(t) ■ S(t -a)dt = f(a) 

Jo 

Hence, if f(t) = e~ st , this becomes 

poo 

e~ st • 6(t - a) dt = L{6(t - a)} 

Jo 
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i.e. the value of f(t), i.e. e st , at t = a. 

L{8(t - a)} = e~ as 

It follows from this that the Laplace transform of the impulse function 
at the origin is. 



Because, for a = 0, L{8(t - a)} = L{8(t)} = e° = 1 

L{8(t)} = 1 

Finally, let us deal with the more general case of L{f(t) • 8 (£ — a)}. 

»oo 

We have L{f(t) -8(t -a)} = e~ st • f(t) • 8(t — a) At. Now the integrand 

Jo 

e~ st ■ f(t) • 8(t - a) = 0 for all values of t except at t = a at which point 
e~ st = e~ as , and f(t) = f(a). 

POO 

L{f(t) • 8(t - a)} = f(a) • 8(t - a) At 

Jo 

= f(a)-e~ as ( 1) 

L{f(t)-8(t-a)}=f(a)e~ as 

Another important result to note. Then let us deal with some examples 

We have L{f(t ) • 8(t - a)} — f(a) ■ e _as 
Therefore 

(a) L{6 • 6(t - 4)} a = 4, L{6 • <5(t - 4)} = 6e" 4s 

(b) L{t 3 • tf(t - 2)} a = 2, L{t 3 ■ - 2)} = Se~ 2s 

Similarly 

(c) L{sin3t -£(f —7 t/2)} =. 



Because 

L{sin3t • 6(f - 7r/2)} = [sin 3t] t=7r / 2 • e -7rs / 2 = -e _7rS//2 

and 

(d) L{cosh2t ■ 6(t)} =. 
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1 

Because 

L{cosh2t • 8(t)} = [cosh2t] f=0 • e° = coshO • (1) = 1 
So our main conclusions so far are as follows. 

( q 

(1) 8(t — a)dt = . provided . 

Jp 

(2) [ f(t) • 8(t - a) dt =.provided. 

Jp 

(3) L{8(t-a)} = . 

(4) L{8(t)} =. 

(5) L{f{t) ■6(t-a)} = . 


(1) [ 8(t — a)dt=l provided p <a <q 
Jp 

(2) [ f(t) • 6{t — a)dt = f(a) provided p <a <q 

Jp 

(3) L{8(t - a)} = e-* 

(4) L{6(t)} = 1 

(5) L{f(t) ■ 6(t - a)} = f(a) • 


Just check that you have noted this important list - the basis of all 
work on the Dirac delta function. 

Now for one further example on this section 


Example 

Impulses of 1, 4, 7 units occur at t = 1, t = 3 and t = 4 respectively, in 
the directions shown. 



Write down an expression for f(t) and determine its Laplace 
transform. 

We have f(t) = 1 • 8(t — 1) - 4 • 8(t - 3) + 7 • 6(t - 4). 

Then L{f(t)} = . 
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The derivative of the unit step function 

One further consideration is interesting. 

Consider some function f(t) that is zero outside some finite interval 
[a, b] of the real line. That is, f(t) = 0 for t < a and t > b, then 

fOO 

Ht)f(t)}' d t = [u(f) Af)]-»= o 

J —oo 

where u(t) is the unit step function and f(t) is zero at the limits. 
Now 

fOO fOO poo 

[u(t)f(t)}'dt=\ uWCt) df+ U(t)f\t)dt 

J—oo J— oo J—oo 

and so 


POO 

xi ( t)f(t ) df = 

J— OO 

poo 

- mm 

J— oo 

This means that 


poo 

w' dt = 

J— oo 

poo 

- mm 

J— oo 

— 

poo 

- f(t)dt 

Jo 

— 

-wr 

— 

-r (oo) + m 


d t 


d t 


Because the unit step 
is zero for negative t 



Because f (oo) = 0 by 
definition 

By the definition of 
the Dirac delta 


and so u!{t) = S(t) - the unit impulse is equal to the derivative of the unit 
step function. 
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Differential equations involving 
the unit impulse 

Example 1 

A system has the equation of motion 
x + 6x + 8x = g{t) 

where g(t) is an impulse of 4 units applied at t = 5. At t = 0, x = 0 and 
x = 3. Determine an expression for the displacement x in terms of t. 

The impulse of 4 units is applied at t — 5. g(t) = 4 • 6(t- 5). 

x 4- 6x + Sx = 4 -6(t - 5) At t = 0, x = 0, x. = 3. 

Taking Laplace transforms this differential equation becomes 


( s z x - sx o - x\) + 6(sx - xq) + Sx = 4e 


Now Xq = 0; X\ — 3 

s 2 x - 3 + 6sx + 8x = 4e~ Ss 
(s 2 + 6s + 8)x = 3 + 4e~ Ss 

x = (3 + 4e~ Ss ) 


(s + 2)(s + 4) 


Writing 2^ 5 + ^ ^ P art ial fractions, we get 



• i = 3M_Ilf e -5s e -5* ' 

2\s + 2 s + 4J \s + 2 s + 4J 
Taking inverse transforms 

x = ^ {e~ 2t - e ~ 4t } + 2{e“ 2(t_5) • u(t - 5) - e _4(f “ 5) • u(t - 5) j 
= ^ {e~ zt - e ~ 4t } + 2{e~ zt • e 10 • u(t - 5) - e _4t • e 20 • u(t — 5)} 
which simplifies to x =. 
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Example 2 

Solve the equation x + 4x + 13* = 2 • S(t) where, at t = 0, x = 2 and 

x = 0. 

x + 4x + 13* = 2 • S(t) Xo = 2; = 0 

Expressing in Laplace transforms, we have 


( s 2 x - sx o - X\) + 4(sx - x 0 ) + 13x = 2 ■ (1) 


Inserting the initial conditions and simplifying, 


x = 



Rearranging the denominator by completing the square, this can be 
written 



x = 2e 2t {cos 3 1 + sin 3 1} 


Because 

_ ^ 2(s + 2) j_ 6 

(s + 2) 2 + 9 (s + 2) 2 + 9 
x = 2e~ 2t cos3t-\-2e~ 2t sin3t 
x= 2e _2t {cos3t + sin3t} 

Now for one further example for you to work through on your own. 

So move on 
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Example 3 

The equation of motion of a system is 

x + Sx + 4x = g(t) where g(t) = 3-6(t-2). 

At t — 0, x = 2 and x = —2. Determine an expression for the 
displacement x in terms of t. 

We have x. + 5x + 4x = 3 • 6(t - 2) with x 0 = 2 and x\ = -2. 

As before, you can express this in Laplace transforms, substitute the 
initial conditions, simplify to obtain an expression for x and finally 
take inverse transforms to determine the required expression for x. 

Work right through it carefully. It is good revision and there are 
no snags. 

x — . 


x = e f {2 + e 2 • u(t - 2)} - e s • e 4t -u(t-2) 


Here is the working for you to check. 

x + 5x + 4x = 3 ■ S(t — 2) with Xq = 2 and X\ = —2 
(s 2 x - sx o - X\) + S(sx - x 0 ) + 4x = 3e~ Zs 

s z x - 2s + 2 + Ssx - 10 + 4x = 3e~ Zs 
(s z + 5s + 4)x - 2s — 8 = 3e~ Zs 

(s + l)(s + 4)x = 2s + 3 + 3e~ Zs 

. y = 2 ( s + 4 ) , e -2s _ 3 

(s+l)(s + 4)~ h (s + l)(s + 4) 

s+1 \s+l s + 4J 

2 e~ Zs e~ 2s 
X s+l + s + l s + 4 

x = 2e~ l + u(t - 2) • - u(t - 2) • e~ 4 ^~ 2 ^ 

= 2e~ l + u(t -2)-e z -e~ t — u(t — 2) • e s • e~ 4t 
x = e~ l {2 + e 2 • u(t - 2)} - e s ■ e~ 4t • u(t — 2) 
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If the position of a system at time t is described by the expression f(t) 
where f(t) satisfies the differential equation 

af"(t) + bf(t) = 0, f( 0) = a and f{ 0) = f3 
(and where a and b have the same sign) 

then, taking Laplace transforms of both sides gives 
L{af"(t) + bf(t)} = L{0} 

That is 

a[s z F(s) — sa — 0\+ b[F(s)] = 0 
Collecting like terms gives 
(as 2 + b)F(s) = sol + (3 


giving 
F(s) = 


Sol -b (3 
as 2 + b 


Therefore F(s) = N + 2 . and so 

w s 2 + (b/a) s 2 + (b/a) 

a fb Q . lb 
fit) = - cos \ I ~t n— sm \ I ~t 
a V a a V a 

The system executes simple harmonic, oscillatory motion with frequency 

\ - radians per unit of time and with period = 2tt\ It is called 
Va F F y/b/a 

an harmonic oscillator. Let's try some examples. 

Example 1 

Find the solution to the harmonic oscillator 
f'(t) + 1 6f(t) = 0 where f( 0) — 1 and f( 0) = 0 
Taking Laplace transforms gives 

m = . 


F(s) = 


s 2 +16 


Because 


Taking Laplace transforms L{f"(t) + 16f(t)} 

That is s 2 F(s) — s + 16f’(.s') = 0 and so 

F(s) = 7 5 ir 
w s 2 +16 

This means that 

f(t) = . 


= L{ 0}. 
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f(t) = cos4f 


Because 


F(s) = 


so f(t) cos At from the Table of Laplace 


w s 2 +16 s 2 + 4 2 ' w ^ 

transforms on page 68. 

The motion of this system is then periodic with frequency 4 radians 
per unit of time and with period 27r/4 = 7r/2 units of time. 

Example 2 

The frequency and period of the harmonic oscillator whose position 
f(t) satisfies the differential equation 

5f"(t) + 10 f(t) = 0 where f{ 0) = 0 and f( 0) = 4 


is given as 


frequency.radians per unit of time 

and period .units of time 


frequency \/2 and period V2n 


Because 


Taking Laplace transforms gives 

L{5f"(t) + 10 f(t)} = L{0} that is 5s 2 F(s) - 4 + lQF(s) = 0 so that 

rM _ 4 _ 4 / s 
w 5s 2 + 10 s 3 + 2 

and from the Table of Laplace transforms on page 68 
f{t) sin a/2 t 

This is periodic with frequency V2 radians per unit of time and 
period 27r/\/2 = V2tt units of time. 

2s/2 

Notice that the amplitude of the motion is ——. 

O 


Damped motion 

Consider the equation 

Sf"(t) + Sf'(t) + 10 f(t) = 0 where f{ 0) = 0 and /^(O) = 4 

This is the same as the last equation in Frame 54 with an extra term 
added, namely Sf'(t). This term describes a particular effect on the 
system as you will see from the solution. 

Solving the differential equation gives 

m = . 
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Because 

Taking Laplace transforms gives 

L{Sf"{t) + 5 fit) + 10 f(t)} = L{0} that is 
5(s 2 F(s) - 4) + 5 sF(s) + 10F(s) = 0 

so that 

, 20 4 4 

P(s) = -—-=- 

5s 2 + 5s+ 10 s 2 + s + 2 (s +1/2) 2 + (-v/7/2) 2 

and from the Table of Laplace transforms on page 68 

This is periodic with frequency 1 radian per unit of time and period 
2i r units of time but with an amplitude that is decreasing with time. 
The graph of this function is as follows 

2 
1*5 

m i 

0*5 
0 

-0-5 
-1 

The effect of the 5f'(t) in the differential equation is to introduce 
damping into the oscillatory motion so causing the oscillations to 
decay. Let's try another example. 

Example 3 

Consider the equation 

5 f{t) +f'(t) 4-10 f(t) = 0 where f( 0) = 0 and f'( 0) = 4 

This equation is again similar to the previous equation but with a 
smaller damping term of f'(t) instead of 5f'(t). Then here 

m = . 
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Because 

Taking Laplace transforms gives 

L{5f"(t) + f(t) + 10 f(t)} = L{0} that is 
5 (s 2 F(s) - 4) + sF(s) + 10F(s) = 0 

so that 

F()= 20 = 4 = 4 

S 5s 2 + Is+10 s 2 + 0*2s + 2 (s + Ol) 2 + 1-99 

and from the Table of Laplace transforms on page 68 

fit) = sin Vl991 

' v ; VT99 

This is periodic with frequency a/ 1*99 radians per unit of time and 
period 27r/\/l*99 units of time and with an amplitude that is 
decreasing with time. The graph of this function is as follows 



Again, the effect of the f{t) in the differential equation is to introduce 
damping into the oscillatory motion so causing it to decay. Also 
because the coefficient of f'(t) is smaller in this example, the damping 
is less severe. 


Laplace transforms 3 

Forced harmonic motion with 
damping 


The equation 

f"(t) + f{t) + f(t) = e l where f (0) = 0 and f{ 0) = 0 

we know would represent damped harmonic motion were it not for 
the exponential on the right-hand side. To see the effect of the 
exponential we solve the equation. 

Taking Laplace transforms we see that 

m =. 



Because 

L{f"(t) + f'(t) + f(t)} = L{e ?} that is (s 2 + s + l)F(s) = —L- so 

iS X 

F(s) = (s-l)(s 2 + s+l) 

Separating into partial fractions gives 

m = . 



(s- l)(s 2 + s+ 1) 

Equating numerators and then comparing coefficients of powers of s 
gives 

1 =A(s 2 + s + 1) + (Bs + C)(s - 1) 

[s 2 ]: 0 =A+B (1) So (2) + (3): 1 = 2 A-B 

[s]: 0=A-B + C (2) 2 x (1): 0 = 2A + 2B 

[CT]: 1 =A-C (3) Therefore: -1 = 3 B 
so B = -1/3 = —A and C = -2/3 

Thus F(<:\ =_ - _= 1 _ 5 + 2 

u (s - l)(s 2 + s + 1) 3(s - 1) 3(s 2 + s + l) 

Consequently 


Thus F(s) = 


m = 










136 


Programme 4 


f( f)=y-^e t/2 (cos^-t + V3sin~-t 


Because 


F(s) = 


1 s + 2 

3(s - 1) 3(s 2 + s + 1) 

1 s + 2 


3&-1) 3(( S + « Z +J) 3((s + J) 2 +|) 


f(t) = ^ - f / z (cos^t + V3sin^tj 
from the Table of Laplace transforms on page 68. 


8000 

7000 

6000 

5000 

4000 

3000 

2000 

1000 



Notice that the term -e -t / 2 ^cos ^t + \/3sin ^tj represents damped 
harmonic motion and is called the transient term whereas the term 

e£ 

— represents a steady-state term, so called because as the transient 

term decays the steady-state term remains the dominant part of the 
solution. The steady-state solution is a direct consequence of the term 
on the right-hand side of the differential equation. 

Try another one for yourself. The transient and steady-state terms of 
the system described by the differential equation 

f"(t) + 2 f(t) + 5 f(t) = e 21 where f{ 0) = 0 and f'{ 0) = 1 

. Steady-state term. 


are Transient term 
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-J 5 e f cos 2t + ^re 1 sin 2t, ~e 2t 


Because 


Taking Laplace transforms, L{f"(t) + 2f'(t) + 5 f(t)} = I{e 2r }. That is 
[s 2 F(s) - 1] + 2 sF(s) + 5 F(s) = , that is 


s — 2 
s - 1 


( S * + 2 S + 5)i W = l +J - I = J -2 

c +u *■ v/ \ s — 1 A Bs + C „ 

w (s-2)(s 2 + 2s + 5) s - 2 s 2 + 2s + 5 

s - 1 = A (s 2 + 2s + 5) + (Bs + C) (s - 2). Equating powers of s gives 

[s 2 ]: 0 =A + B 

[s]: 1 = 2A-2B + C 

[CT]: -1 = 5A - 2C 

Solving these three equations gives A = 1/13, B = —1/13 and 
C = 9/13 so that 

1 s - 9 

^ 5 — 13(s - 2) 13(s 2 + 2s + 5) 

1 s-9 . 


!3(s — 2) 13 (( s + 1) 2 + 2 2 ) 


. That is 


F(s) = 


s+ 1 


13(s — 2) 13 f( 5 + l) 2 + 2 2 ) 13((s+l) 2 + 2 2 ) 


Therefore 

f{t) = e~ l cos It + e~ f sin It 

'13 13 13 



Next frame 
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Resonance 

These differential equations with a function on the right-hand side are 
called inhomogeneous differential equations. They represent 
systems whose behaviour f (t) is dictated by the structure of the left- 
hand side and the forcing function on the right-hand side. If an 
undamped and unforced system which exhibits periodic behaviour 
has a periodic forcing function applied that has the same period then 
resonance will occur and the system will undergo periodic behaviour 
with an increasing amplitude. An example will illustrate this. 

The differential equation 


f\t) + f(t) = 0 where f( 0) = 0 and f( 0) = 1 


represents an undamped, unforced system with behaviour 

m = . 



f (t) = sin t 


Because 

Taking the Laplace transform of both sides of the equation gives 
L{f"(t) + f(t)} = L{0} that is s z F(s) - 1 +F(s) = 0 so that 

p( s ) = S ivin 8 f(t ) = sint 

If the forcing term -2 sin t is applied to the right-hand side of the 
equation it has the same period as the natural frequency of the system 
being forced and so resonance will set in. The differential equation to 
solve is then 

f\t) + f(t) = -2 sint where f( 0) = 0 and f'( 0) = 1 
This has the solution f(t) = . 
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Because 

Taking the Laplace transform of both sides of the equation gives 

2 


L{f"(t) + f(t)} = L{-2sin t} that is s z F(s) - 1 + F(s) = - 


s 2 + 1 


so that F(s) = 


s 2 +1 ( 5 2 + iy 


Laplace transform of cos t is 
Therefore f{t) = t cos t 


giving F(s) 


and 


s 2 -1 


. Now, the 


(.s 2 + 1 )' 
s Y s 2 - 1 


s 2 + l 


5 2 + l 


(s 2 + 1) 


2 * 




The system undergoes periodic behaviour with an increasing 
amplitude. 


You have now reached the end of this Programme and this brings you 
to the Revision summary and the Can You? checklist. Following 
that is the Test exercise. Work through this at your own pace. A set of 
Further problems provides additional valuable practice. 



Period = T. 


Revision summary 4 

1 Periodic functions 

f(t) = f(t + nT) n = 1 , 2, 3,.. . 

2 Laplace transform of a periodic function with period T 

T 

= 1 ^-rs J Q e ~ St ■ dt 

3 Inverse transforms involving periodic functions 

+ 2e~ 3s - 3e~ 2s 


6.g. L 




s(l - e~ 3s ) 


Expand (1 — e~ Zs )~ l as a binomial series, like 
(1 - x)- 1 = l + x + x 2 + x 3 + ... 

Multiply out and take inverse transforms of each term in turn. 
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4 Dirac delta function or unit impulse function 


8 


m 


A 


8(t - a) 


0 a 

5 Delta function at the origin 



6 Area of pulse=1 


m 


A 


S(t-a) 


0 


a 


Integration of the impulse function 
[ f(t)-6(t-a)dt = f(a) 

ip 

Laplace transform of 8{t - a) 

L{S(t - a)} = e~ as 
L{8(t)} = 1 because a = 0 
L{f(t) ■ 6(t - a)} = f(a) ■ e 


p <a<q 


-as 


8(t - a) = 0 t^a 
= oc t = a. 


a = 0 8(t) = 0 t ^ 0 

= oo t — 0. 


f 8(t - a) dt = 1 

Jp 

p <a<q 


Harmonic oscillators 

The equation of af"(t) + bf(t) = 0, f( 0) = a and f{ 0) = (3, where a 
and b are of the same sign, represents a system undergoing simple 
harmonic motion and is referred to as an harmonic oscillator. The 



system oscillates with a frequency of y ^ radians per unit of time 

2tt fa 

and with period - - - = 2ir\ T units of time. If a first derivative 
P yjbja Mb 

term is added to the left-hand side of the equation then, provided 
all three coefficients have the same sign, the system will undergo 
damped harmonic motion. 
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10 Forced harmonic motion 

Forced harmonic motion is achieved by the existence of a term on 
the right-hand side of the equation giving rise to transient and 
steady-state parts of the solution. 

11 Resonance 

Resonance is exhibited by a system undergoing periodic beha¬ 
viour with a growing amplitude of vibration. Resonance occurs 
when a system, whose unforced behaviour is periodic, is forced 
with the same period. 



Can You? 


Checklist 4 



Check this list before and after you try the end of Programme test 


On a scale of 1 to S, how confident are you that 
you can: 

• Find the Laplace transforms of periodic functions? 

Yes □ □ □ □ □ No 


Frames 



• Obtain the inverse Laplace transforms of transforms of 
periodic functions? 

Yes □ □ □ □ □ No 


I 15II to 



• Describe and use the unit impulse to evaluate integrals? 
Yes □ □ □ □ □ No 



• Obtain the Laplace transform of the unit impulse? 

Yes □ □ □ □ □ No 



• Use the Laplace transform to solve differential 
equations involving the unit impulse? 

Yes □ □ □ □ □ No 



• Solve the equation and describe the behaviour of an 
harmonic oscillator? 

Yes □ □ □ □ □ No 
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Test exercise 4 


1 Determine the Laplace transform of the periodic function shown. 

m I 


Evaluate 


6(t - 2) df 


eOO 

(b) sin3£-6(£-7r)d£ 

Jo 

r 3 

(c) J (It 2 + 3) • 6(t - 2) d£. 

Determine (a) L{4 • <5(£ - 3)}, (b) L{e~ 3t -6(t — 2)}. 

Sketch the graph of f (£) = 3 • S(t) + 4 • S(t - 2) - 3 • 6(t - 4) and 
determine its Laplace transform. 

Solve the equation x + 6x + lOx = 7 • S(t) given that, at £ = 0, x = —1 
and x = 0. 

The equation of motion of a system is 
x + 3x + 2x = 3 ■ 8(t - 4). 

At £ = 0, x = 2 and x = -4. Determine an expression for the 
displacement x in terms of £. 

Find the frequency, periodic time and solution for each of the following 
harmonic oscillators. 

(a) f"(t) + f(t) = 0 given that f( 0) = 0 and f f (0) = 1 

(b) 6f"(t) + 2f(t) + 9 f(t) = 0 given that f( 0) = 0 and f(0) = 3. 

Find the transient and steady-state solutions of the forced harmonic 
oscillator 

f"(t) + 2 f{t) + 3 f{t) = 4e st given that f( 0) = -2 and f( 0) = 6. 
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Further problems 4 


If f(t) = a sin t 
= 0 


0 < t < 7T 
7r < t < 2ir 


f{t + 2tt) = fit), 


, 


prove that L{f(t)} = —— --. 

* u WJ (s 2 + 1)(1 - e~™) 

If fit) = a sin t 0 < t < n f(t + n) = fit), determine /.{/(f)}. 
Find the Laplace transforms of the following periodic functions. 


(a ) fit)=t 0 <t <T fit+T)=fit) 

(b) fit) = e* 0 < f < 2 tt fit + 2tt) = fit) 

<c)m :o 

4 A mass M is attached to a spring of stiffness uj 2 M and is set in motion at 
t = 0 by an impulsive force P. The equation of motion is 

Mx + Mu 2 x = P-8(t). 

Obtain an expression for x in terms of t. 

5 An impulsive voltage E is applied at t = 0 to a series circuit containing 
inductance L and capacitance C. Initially, the current and charge are 
zero. The current i at time t is given by 

*§+?=*■*<*) 

where q is the instantaneous value of the charge on the capacitor. Since 
i = determine an expression for the current i in the circuit at time £. 

6 A system has the equation of motion 

x + 5x + 6x = F(t) 

where, at t = 0, x = 0 and x = 2. If F(t) is an impulse of 20 units applied 
at t = 4, determine an expression for x in terms of t. 

7 Find the frequency, periodic time and solution for each of the following 
harmonic oscillators. 

(a) 12 f"(t) + f(t) = 0 given that f( 0) = -1 and f(0) = 2 

(b) f"(t) + 12 f{t) = 0 given that f( 0) = 2 and f'( 0) = -1. 

8 Solve for each of the following harmonic oscillators. 

(a) 4 -6f{t) + 2 -2f{t) = 0 given that f (0) = 16 and f (0) = -31 

(b) V2,f"(t) + V3f(t) = 0 given that f( 0) = 0 and f'( 0) = 7 r. 

9 Find the transient and steady-state solutions of the forced harmonic 
oscillator 

4 f(t) + 3 f\t) + 2 f(t) = (f 
given that f{ 0) = 0 and ^'(0) = 6. 


0<f< 1| 

0<t<2 1 
2 < t < 3 J 


fit + T) = fit) 

fit + 2n) = fit) 
fit + 2) = fit) 

fit + 3) = fit) 






Z transforms 



Frames 

1 ItopB 




Learning outcomes 

When you have completed this Programme you will be able to: 

• Define the Z transform of a sequence and derive transforms of 
specified sequences 

• Make reference to a table of standard Z transforms 

• Recognise the Z transform as being a linear transform and so obtain 
the transform of linear combinations of standard sequences 

• Apply the first and second shift theorems, the translation theorem, 
the initial and final value theorems and the derivative theorem 

• Use partial fractions to derive the inverse transforms 

• Solve linear, first-order, constant coefficient recurrence relations 

• Demonstrate the relationship between the Laplace transform and 
the Z transform 
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Introduction 


The Laplace transform deals with continuous functions and can be 
used to solve many differential equations that arise in science and 
engineering. There are occasions, however, when we have to deal with 
discrete functions - sequences - and their associated difference 
equations. For example, the central processing unit of your 
computer can only handle information in the form of pulses of 
electricity. This information transmission is called digital transmis¬ 
sion. There are, however, times when information is fed into the 
computer in the form of a continuously varying signal called an 
analogue signal. For instance, a mouse can be moved about the flat 
surface of your desk in a continuous manner but the central processing 
unit will only recognise position on the screen to the nearest pixel. 
The analogue signal coming from the mouse needs to be converted 
into a digital signal for recognition by the computer's central 
processing unit. This conversion of a signal from analogue to digital 
is achieved by a device called a demodulator that samples the 
analogue signal at regular intervals of time and outputs the sampled 
values as the digital signal - as a sequence of values. The Z transform, 
which is allied to the Laplace transform, deals with such sequences 
and the recurrence relations - or difference equations - that arise. 



Sequences 


The sequence ..., 3 -2 , 3 _1 , 3°, 3, 3 2 , 3 3 ,... has a general term of the 
form 3 k and as a shorthand notation we use {3*}^° to represent this 
sequence and to indicate that the powers range from -oo to oo. 
The sum 




is called the Z transform of the sequence, Z{ 3*}^° , and is denoted 
by F(z), where the complex number z is chosen to ensure that the sum 
is finite. We say that 

°o /?\ k 

{3*}^ and Z{3 k }°^ oo = F(z) = (-) form a Z transform pair. 

k=—oc ^ ' 
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For our purposes we shall consider only causal sequences of the form 
i x k} < o where x k = 0 for k < 0 which for brevity we shall denote by {x k } 
with corresponding Z transform 

00 y j. 

z{*} = f(z) = £-£. 

k= o z 

Notice that this is the definition of the Z transform of the sequence 
{x k }. For example, the unit impulse sequence {6 k } = {1, 0, 0, 0,...} has 
the Z transform 

Z{4} =.valid for .values of z 


Z{8k} = 1 valid for all values of z 


Because 


Z{4} = Eg 

fc =0 k 
, 0 0 

— 1 H - 1 - 9 + ... — 1 

z z z 

Try another. 

The sequence {u k } = {1, 1, 1,...} = {1} is called the unit step sequence 
and has the Z transform 


provided |z 


Next frame 


z- 1 


provided |z| > 1 


Because 

Z{Z4} = F(z) 


00 a 00 i 

E u k _ 1 

7& / ^ 7^ 

fc =0 fc =0 

, 1111 
_1 + z + ^ + F + ? + --- 

Comparing this to the series expansion of -—- = l+ x + x 2 +x 3 + ... 
which is valid for \x\ < 1 then 

F(z) =—j- provided - < 1 

1 -- z 
z 

z 

= -- provided \z\ > 1 

Z 

And another. 

Given the causal sequence {x k } = {1, a, a 2 , a 3 , a 4 ,...} = {a*} 

the Z transform is . 


Next frame 
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z- a 


provided \z\ > a 


Because 


^a k 


*{«“> = Ei 


k =0 


■ £© 


k =0 

^©'♦© 


Comparing this to the series expansion of --= l + x + x 2 + x 3 + ... 

which is valid for \x\ < 1 then x 


*>->+ !+©■+© 


+ . .. 


= —^ provided ^ < 1. 
z 

That is, multiplying numerator and denominator by z 


F(z) =-provided |z| > |a 


Therefore {a*} andF(z) = ——> (M > \a\) form a Z transform pair. 

z ^ 

Let's try another. The sequence {**} = {0, 1, 2, 3, 4,...} = {k} has the 
Z transform 

Z{k} = F(z) =. 

Answer in the next frame 


, 1 2 3 4 

F(Z)_ 2 + ^ + F + ? + --- 


Because 
Z{*} = F(z) 

~ l^ 7 k 

k =0 

OO l, 

=E? 

k=0 

„ 1 2 3 4 

— 0 + ~ + ^ + ^ + “4 + *- - 

Z Z z z - 3 z^ 

By comparing this sequence with the derivative of (1 -x)~ l and its 
series representation, this sequence can be written as a rational 
expression in z as F(z) = . 
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F(z) 


(z - 1) : 


Because 


n 1 2 3 4 

F(z) — OH-1—9 H—t H—r + ... 

z z z z 6 z q 

Comparing this with the series expansion 

1 + 2x + 3x 2 + 4x 3 H-= ^ (1 + x + x 2 + x 3 H-) 

d* v (1 - xf 

then we can see that by multiplying F(z) by z 

r , . , 2 3 4 1 

zF(z) — 1 H- 1 —H—t + • • • —-~ 

z z 2 z 3 (1 - \/z ) 2 

so, dividing both sides by z gives 


F(z ) 


z(l - 1/z) 2 (z - iy 


Next frame 


Table of Z transforms 


We list the results that we have obtained so far as well as some 
additional ones for future reference. 


Sequence 

Transform 

F(z) 

Permitted 
values of z 

m = 

= {i, 0,0,...} 

1 

All values of z 

{m*} = 

= {i, 1 , 1 ,...} 

z 

z — 1 

|z| > 1 

{*} = 

{0, 1, 2,3,...} 

z 

(z - l) 2 

|z| > 1 

{* 2 }= 

= {0,1, 4, 9,...} 

z(z + 1) 

(z - l) 3 

\z\ > 1 

{^ 3 }, 

= {0, 1, 8, 21,.. .} 

z(z 2 + 4z+ 1) 

(z -1) 4 

|z| > 1 


= {l, a, a 2 , a 3 , .. .} 

z 

(z - a) 

|z| > \a\ 

{ka k } 

= {0, a, 2a 2 , 3a 3 ,.. .} 

az 

(z - a) 2 

|z| > \a\ 

Next frame 
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Properties of Z transforms 


1 Linearity 

The Z transform is a linear transform. That is, if a and b are constants 
then 

Z{a{x k } + b{y k }) = aZ{x k } + bZ{y k } 

For example, the Z transform of the sequence { k } is Z{k} = . 

and the Z transform of the sequence {e~ 2k } is Z{e~ 2k } = . 


Z W = 77-^2 ^ z { e " 2 *} = J~z 


(z - 1)' 


Because 

Z{k\ =-~ horn the table and, also from the table, 

(z - 1) 2 

Z{a k } = -so when a = e~ z , 

1 y z — a 


Z / e -2* }= ^_ 
l z — e l 

Consequently, the Z transform of 3 {k} - S{e~ 2k } is 


z - e 



(z - if (z - e~ 2 ) 

3z(z — e -2 ) - 5z(z - l) 2 


(z - l) 2 (z - e~ z ) 

3 z 2 — 3ze -2 — 5Z 3 + 10z 2 — 5z 


(z- l) 2 (z- e~ 2 ) 

-5z 3 + 13z 2 - z(3e -2 + 5) 
(z — l) 2 (z-e~ 2 ) 
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2 First shift theorem (shifting to the left) 

If Z{x k } = F(z) then 

Z{x k+m } = z m F{z) - [z^xq + z m ~ 1 x 1 + ... + ZX m - 1 ] 

is the Z transform of the sequence that has been shifted by m places to 
the left. For example 

Z{x k+ 1 } = zF(z) - zx 0 
Z{x k+2 } = z 2 F(z) - z 2 x 0 - zx 1 

These will be used later when solving difference equations. Note the 
similarity between these results and the Laplace transforms for the first 
and second derivatives for continuous functions. 

For example, given that Z{ 4*} =-- then 

Z j . 

Z{ 4 *+ 3 } =. 



64 z 
z — 4 


Because 

Z{x k+m } = Z m F(z) - [2^X0 + z®" 1 ^ + . .. + ZX m - 1 ] 
so 

Z{ 4 fc + 3 } — z 3 Z{4 fc } - [z 3 4° + z 2 4 1 + z4 2 ] where ^{4 fc } = — 

Z x 

= z 3 Z - [z 3 + 4z 2 + 16z] 

Zi i 

= —-j - [z 3 + 4z 2 + 16z] 

z 4 - (z 3 + 4z 2 + 16z) (z - 4) 
z- 4 

z 4 — (z 4 - 64z) 
z - 4 

_ 64z 
z - 4 

In this way we have derived the Z transform of the sequence 
{64, 256, 1024,...} by shifting the sequence {1, 4, 16, 64, 256,...} 
three places to the left and losing the first three terms. 

Try another. Given that Z{k} = —-—=■ then 

(z-l) 2 

Z{{k + 1)} =. 
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Because 

Z{x k+m } - z m F(z) - [z m * 0 + z m_1 xi + ... + zx m _i] 
so 

Z{fc + 1} = z—-—=•- [z X 0] 

(z-1) 2 

_ z2 
= (z - l ) 2 

3 Second shift theorem (shifting to the right) 

If Z{x k } = F(z) then 
Z{x k _ m } = z~ m F(z) 

the Z transform of the sequence that has been shifted by m places to 
the right. 

z 

For example, given that Z{x*} =-- then 

Z -L 

Z{X k -3} =. 




Because 

Z{x k . m } = z~ m F(z) 


so 

Z{x k _ 3 } = z- 3 

1 

~ Z 2 (z - 1 ) 

In this way we have derived the Z transform of the sequence 
{0, 0, 0, 1, 1, 1,...} by shifting the sequence {1, 1, 1, 1,...} three 
places to the right and defining the first three terms as zeros. 


Try this one. The sequence {**} with Z transform 


Z{x*} = t- 7 / where a is a constant, is {. 

(z — a) 
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Because 

From the table of transforms the nearest transform to the one in 
question is ——which is the Z transform of{a*}. Now 

11 z 
(z - a) z (z — a) 

= z~ x F(z) where F(z) = Z{a k } 

and so 


Z{a k ~ 1 } 


(z-d) 


which is the Z transform of {a k }, shifted one place to the right. 


4 Translation 



If the sequence {**} has the Z transform Z{x*} = F(z) then the 
sequence {a***} has the Z transform Z{a k Xk} = F(a~ 1 z). 

For example, Z{k} = -—so that Z{2 k k} = . 


2 z 

(z - 2) 2 


Because 

z 

Since Z{/c} = -—^ = F(z) then by the translation property 

Z{2 k k} = F(2~ 1 z) 

2~ x z 

~ (2~ x z- if 
2 z 
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5 Final value theorem 


For the sequence {x*} with Z transform F(z) 

Limxk =Lim {(-—- I F’fz) 1 provided that Limx * exists. 
k— »oo z >1 LV 2 / J k— »oo 

For example, the sequence {(5) j has the Z transform 


F(z) = 


z-\ 2z-f 


Now 


S{(M) r(2 >} “Slifer} -° 


and 


^UiJ h° which confirms the final value theorem. 

Using the final value theorem the final value of the sequence with the 
Z transform 


10z 2 + 2z 

F(z) =- T is 

(z-l)( 5 z-l) 2 


0-75 


Because 




F{z) 


Lim 

z —»1 


z - 1\ 10z 2 + 2z 

”^~;(z-i)( 5 z-i) 2 


. J lOz + 2 

= Lira <-5 

z -1 |(5z-l) 2 

_ 12 
” 16 

= 0-75 


6 TAe initial value theorem 

For the sequence {x*} with Z transform ^(z) 
xo = Lim {F(z)} 

z—*oo 

For example, the sequence { a k } has the Z transform F(z) = -and 

z a 

z 1 

LimF(z)=Lim -= Lim- = 1 by L'Hopital's rule. Furthermore 

Z —>QO 7 — Z & 7 — kyi 1 


Z—»oo 


Z—>oo 


xo = a 0 = 1 so demonstrating the validity of the theorem. 
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7 The derivative of the transform 

If Z{x k } = F(z ) then -zF'(z) = Z{kx k } 

This is easily proved. 

QO 00 -i OO 

F(z) = x k z~ k and so F'(z) = = — y^x k kz~ k 

k =o fc=o z fc=0 

= -^Z{kx k } 

and so - zF'(z) = Z{fcx*} 

For example, the sequence {<**} has the Z transform F(z) = -and 

so the sequence {ka k } has Z transform 

Z{fcx fc } = -zF f (z) = . 



Notice that this is in agreement with the Table of transforms in 
Frame 8. 

Next frame 


Inverse transforms 



If the sequence {x*} has Z transform Z{x k } =F(z), the inverse 
transform is defined as 

Z~ l F{z) = {**} 

There are many times when, given the Z transform of a sequence, it is 
not possible to immediately read off the sequence from the Table of 
transforms. Instead some manipulation may be required and, as with 
Laplace transforms, very often this involves using partial fractions. 

Example 

z 

The sequence {x k } has Z transform F(z) = —r-To find the 

Z oZ “I - O 

inverse transform, and hence the sequence, we recognise that the 
denominator can be factorised and separated into partial fractions as 

m = . 
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(z-2)(z —3) 

A B 

z — 2"*~z- 3 
_A(z - 3) +B(z - 2) 

(z-2)(z-3) 

Equating numerators gives z = A(z - 3) + B(z - 2), giving A+B = 1 
and —3A — 2B = 0. From these two equations we find that A = —2 and 
B = 3. So 


^ _ 3 2 

F( z ) z — 3 z — 2 

The nearest Z transform in the table to either of these two partial 

fractions is Z{a fc ) =-. Therefore if we write 

1 y z — a 


F(z) = 


_3_2_ 

z — 3 z - 2 
3 z 2 


5 Z Z Z 
= — x---X-- 

z z — 3 z z-2 


so 

Z~ 1 F(z) = 



= 3x z-'ZQ*} - 2 x z _1 Z{2*} 


and so 

Z~ 1 F(z) = 3 x {3 fc_1 } - 2 x {2 fc_1 } by the second shift theorem 

= { 3 *} - { 2 *} 

= {3* - 2 k } giving - 3 k - 2 k 

There is a simpler way of doing this without employing the second 
shift theorem. Recognising that z appears in the numerator of jF(z), we 

F(z) 

consider instead the partial fraction breakdown of —— 

z 
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Because 

F(z) _ 1 z 

z z X z 2 - 5z + 6 

1 

z 2 - 5z + 6 
1 

~~ (z-2)(z-3) 

A B 

z — 2 z — 3 

A(z-3)+B(z-2) 

(z - 2)(z — 3) 

Equating numerators gives 1 = A(z - 3) + B(z - 2), giving 
[z]: A+£ = 0 

[CT\: -3A - 2B = 1 with solution i4 = — 1 and B = 1. So that 



So try one yourself. The sequence {**} has Z transform 

rv„\ _ 5z 

= (z 2 — 4z + 4)(z + 2) 

therefore {**} =. 
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Because 

F(z) _ 1 _5z_ 

z z X (z 2 -4z + 4)(z + 2) 

5 

(z - 2) 2 (z + 2) 

__A_ B C 
~(z-2) 2 + z- 2 + z + 2 

4(z + 2) + B(z - 2)(z + 2) + C(z - 2) 2 
(z-2) 2 (z + 2) 

Equating numerators gives 5 = 4 (z + 2) + .B (z 2 - 4) + C (z 2 - 4z + 4), 
giving 

[z 2 ]: B + C = 0 

[z]: 4 - 4C = 0 

[CTJ: 24 — 4B + 4C = 5 


with solution 4 = 5/4, B = -5/16 and C = 5/16, so 

x 5 2z 5 z 5 z 


. 5 2z 5 z 5 z , 

F(Z) = 8 X 16 X ^2 + 16 X ^T2 and S ° 

Z" 1 ^) = | x {*2*} - A x {2*} + A x {(-2)*} 

= [(2* - 1)2* + (-2)*] J 


Next frame 


Recurrence relations 

Sometimes adjacent terms of a sequence are related to each other. For 
example the terms of the sequence 

{**} = { 2 *} 

are such that x k+ i = 2 fc+1 = 2 x 2 k = 2x k . That is 
Xk+i — 2x k 

This equation holds true for all adjacent terms of the sequence - it 
recurs for all values of k . The equation is called a linear, first-order, 
constant coefficient recurrence relation. The order of the 
equation is given by the maximum shift between related terms - here 
it is 1. Clearly, the recurrence relation 

x k+ 2 - x k+ i - x k = 1 is of order. 
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Because 

The maximum shift between terms in the relation is 2 - that is from 
to h. + 2 . 


Initial terms 

A recurrence relation can be used to generate the terms of a sequence 
provided initial terms are given - equal in number to the order of the 
equation. For example, given the sequence {x k } where x k+i = 3 x k with 
the initial term xo = 2 generates the sequence of terms 

{%k} — { 2 , ■ • • / • • • / • • • / • • •} 


{x k } = {2, 6 , 18, 54, ...} 

Because 

Since x k+ i = 3x k where Xo = 2 then 

xi = 3*o = 3x2 = 6 
x 2 = 3*i = 3 x 6 = 18 
x 3 = 3x 2 = 3 x 18 = 54 

Similarly, if another sequence has terms that satisfy the second-order 
recurrence relation 

x k+ 2 ~ 3*fc+i + 2x k = 1 where Xq = 0 and X\ = 1 
then the first five terms of the sequence are 

1 / • • ■ / • • • / • • • / ■ • 

{*k} = {0, 1, 4, 11, 26, ...} 

Because 

Since x k+2 - 3x k+ i + 2x k = 1 where x 0 = 0 and *i = 1 then 

*2 - 3*i + 2*o = 1 that is *2 — 3xl + 2x0=l and so x 2 = 4 

*3 — 3x 2 + 2*i = 1 that is X 3 — 3x4 + 2xl = l and so x 3 = 11 

*4 - 3x 3 + 2 x 2 = 1 that is X 4 - 3x11+ 2x4=1 and so X 4 = 26 

Try another yourself. 

The sequence {x*} has terms that satisfy the second-order recurrence 
relation 

x * +2 — x k = 1 where xo = 0 and x\ — -1 
The first six terms of this sequence are 

{**} = { 0 , -1 ,...} 
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{*k} = {0, - 1, 1, 0, 2, 1, ...} 

Because 

Since x*+2 - = 1 where x 0 = 0 and = -1 then 

*2 - *o = 1 that is xz - 0 = 1 and so xz = 1 
*3 - *i = 1 that is *3 + 1 = 1 and so *3 = 0 
X4 — X2 = 1 that is *4 - 1 = 1 and so X4 = 2 
*5 — *3 = 1 that is Xs — 0 = 1 and so *5 = 1 
Therefore {**} = {0, - 1, 1, 0, 2, 1, ...} 



Next frame 


Solving the recurrence relation 


If a sequence {. x *} satisfies a recurrence relation with given initial 
conditions then the general term of the sequence can be found by 
using the Z transform where Z{x*} = F(z). This is referred to as solving 
the recurrence relation. For example, solve the recurrence relation 

Xfc +2 — 3x*+i + 2 xjc = 1 where xq = 0 and X\ = 1 



Because this recurrence relation is true for all values of k it can itself be 
used to form a sequence {y^}, namely 

{^k} = {x k +2 - 3x*+i + 2x k } = {1} 

Now, taking the Z transform of both sides of this equation gives 

Z{y k } = Z{x k+2 - 3x*+i + 2x k } = Z{ 1} that is 
Z{x k+2 } - 3 Z{x k+ i} + 2{x k } = Z{ 1} 


Using the first shift theorem and Z{x*} = F(z) this then becomes 

(AW - - 3(zF(z) - 2X0) + 2F(z) - ^ 

Collecting like terms and substituting for the initial terms x 0 = 0 and 
X\ = l gives 

(z 2 - 3z + 2)F(z) - z = so (z 2 - 3z + 2)F(z) = z + 

7 2 7 2 

That is F(z) = 


and so 


(z- l)(z 2 -3z + 2) (z - l) z (z - 2) 
T(z) _ z 

~ _ (z - l) 2 (z - 2) 


This has the partial fraction breakdown 

m_ . . . 

Z (z-l) 2 ••• Z-1 z-2 
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Because 

F(z) _ z 
~~(z- 1 f(z - 2) 

A B C 
~ (z-lf + z Zr l + z-2 

A(z - 2) + B(z - l)(z - 2) + C(z - if 
(z- 1 f(z - 2) 

and so 

z = A(z — 2) + B(z - 1 )(z — 2) + C(z - l) 2 giving 

[z 2 ]: £ + C = 0 

[z 1 ]: A — 3B — 2C=1 

[CT]: —2A + 2£ + C = 0 

with solution A = -1, B = -2 and C = 2 
Therefore 

T(z) 1 2 2 

Z “ (z-1) 2 z 3 1 + z-2 

Taking the inverse Z transform of F(z) yields the sequence 

Z- l F{z) =. 
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Z~ k F(z) = {-k-2 + 2* +1 } 



Z-'m - -Z-' - 2Z->(j^j) + 2Z-> 

= {_*_ 2 ** + 2 ( 2 *)} 

= {-k — 2 + 2* +1 } since x\ = 1 

Indeed, {**} = {-/c-2 + 2* +1 } is the solution to the recurrence 
relation as can be seen by substituting back 

Xk+2 - 3**+i + 2x k 

= (-[k + 2] - 2 + 2[* +2 l +1 ) - 3 (-[k + 1] - 2 + 2[* +1 l +1 ) 

+ 2(-k -2 + 2 k+1 ) 

= (-k - 4 + 8 x 2*) - 3(-k - 3 + 4 x 2 k ) + 2(-k -2 + 2x2*) 

= —k — 4 + 8x2* +3k+ 9 — 12x2* — 2k — 4 + 4x2* 

= 1 


Try one yourself. 

The solution of the second-order recurrence relation 
Xk +2 — = 1 where xq = 0 and X\ — -1 is x^ = 



Because 

Taking the Z transform of the recurrence relation gives 

Z{x k+2 - X k } = Z{ 1}. That is, Z{x k+2 } - Z{x k } -Z{ 1} so that 
(z 2 F(z) - z 2 x 0 - zx i) - F(z) = . 

Substituting for xq = 0 and x\ = -1 gives 

m =. 
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m =— ~ z+2 2 

(z + l)(z-l ) 2 


Because 


(z 2 F(z) - z z x 0 - zx i) - F{z) = —- v 

Z _L 

(z 2 - l)F(z) + z = so 

= ( Z 2 _ 1)( Z _ 1) “ ( Z 2 _ 1) SO 

F(z) 1_1 

2 (z + l)(z — l) 2 (z+l)(z-l) 

l-(z-l) 

(z + l)(z-l) 2 
—z + 2 

(z + l)(z- l) 2 

Separating into partial fractions gives 

m 


where xq = 0 and X\ = -1 giving 



z+1 z -1 (z — l ) 2 

A(z - l ) 2 + B(z + l)(z - 1) + C(z +1) 


(z + l)(z-l ) 2 

Equating numerators and comparing coefficients of powers of z gives 

[z 2 ]: A+B = 0 

[z]: —24 + C = —1 

[CT]: 4 - £ + C = 2 with solution A = 3/4, £ = -3/4 and C = 1/2 

so that F(z) = j Z - Z — + ^—-—2 

4z + 1 4z — 1 2 (z-1) 2 

By inverting the transform we find that 
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Because 


f k/2 k even 

\(k- 3)/2 k odd 



3 z 
4z +1 


3 z 
4z — 1 


+ 


1 z 
2(z-l) 2 


and 


= t 1 *} 50 Z_1 {(- 3 / 4 >^i) = (-3/4){i fc } 


r-1 


= {k}soZ-H{\/2) 


(z - iy 


(z -1 )■ 


- ( 1 / 2 ){*} 


Therefore {**} = {(3/4)(-l) fc - (3/4) + (k/2)} 

(k/2 k even 

i(fc- 


so that Xk = 


3)/2 k odd 


Next frame 



Sampling 


If a continuous function f(t) of time t progresses from t = 0 onwards 
and is measured at every time interval T then what will result is the 
sequence of values 



{f(kT)} = {f( 0), f(T), f(2T), f(3T),...} 


A new, piecewise continuous function f*(t) can then be created from 
the sequence of sampled values such that 

if t = XT 

1 K ' 10 otherwise 


The graph of this new function consists of a series of spikes at the 
regular intervals t = kT 



► 
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This function can alternatively be described in terms of the delta 
function 6(t) as 

f*(t) = f(0)S(t) + f(T)6(t -T)+ f(2T)6(t - 2T) + f(3T)6(t -3T) +.. 

OO 

= J2f(kT)6(t-kT) 

k =0 

The Laplace transform of f*(t) is then given as 
F*(s)=L{f*(t)} 

too 

= {f(0)6(t) + f(T)8(t -T) + f(2T)8(t - 2T) +.. .}e~ st dt 

Jo 

= f (0) + f(T)e~ sT + f{2T)e~ 2sT + f(3T)e~ 3sT + ... 

OO 

= £ f(kT)e- ksT 


,-fcsT 


k =0 


Define a new variable z = e sT and we see that 

oo oo f(bT\ 

L{f*(t)} = £ f(kT)z~ k = 

k =0 k =0 

which is the Z transform of the sequence{/ r (fcT)}. 

Example 1 

The function f{t) — e~ at is sampled every interval of T. 
The Z transform of the sampled function is then .... 


m = 


_ p— ciT 


z-e 


Because 


Defining f(t) = ££o f(*W - *T) = ££o - kT) then the 

Laplace transform of f*(t) is given as 


F*(s) = E e~ kaT e 


-ksT 


k =0 


This means that the Z transform of {f(kT)} is 


m = E 


oo^ e -kaT 


k =0 


e -aT z _ 


Notice that this agrees with the Z transform of the sequence {b k } 
^which is — Z ^ when fo is replaced by e~ aT . 

Try another. 


Example 2 

The function f(t ) = t is sampled every interval of T. 
The Z transform of the sampled function is then . 
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Tz 

(z - 1) 2 



Because 


OO 


f(kT) 


The Z transform of {f(kT)} is T(z) = ^^2 Here f( kT ) = kT 


and so 


k =0 


o° Vt 

/I 2 3 

- T[-1- 7y H-T + . • . 

V z z 2 z J 


= - (1 + 2z _1 + 3z" 2 + 4z" 3 +...) 

= -Tz-^- (1 + z" 1 + z -2 + z~ 3 + ...} 


Tz 


dz 

_d 

dz 


" 2 

z z \ z 


Tz 


(z-iy 


Example 3 

The function f(t) = cos t is sampled every interval of T. 
The Z transform of the sampled function is then. 


z(z-cosT) 
z 2 — 2 cos T + 1 



Because 

g/T" i p—jT 

f(t) = cos t =---and the Z transform of { e~ kaT } is 

e / T + 

Therefore the Z transform of---is 

2 

1/ z z \ _ 1 /z(z-^ T ) +z(z-^ r )\ 

2 \z - e _ / T + z - e^ 7 / 2\ (z - e~i T )(z - ei T ) ) 

1 / 2z 2 - z(e /T + e~ )T ) \ 

2 \z 2 - [e/ r + e _ / T ]z + 1/ 

_ z(z - cos T) 

z 2 - 2zcosT + 1 
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And that is the end of the Programme on Z transforms. All that remain 
are the Revision summary and the Can You? checklist. Read 
through these closely and make sure that you understand all the 
workings of this Programme. Then try the Test exercise; there is no 
need to hurry, take your time and work through the questions 
carefully. The Further problems then provide a valuable collection 
of additional exercises for you to try. 




Revision summary 5 

1 Sequences 

The sequence ..., x_ 2 , x_i, xq, x\, * 2 / - • ■ is represented by the 
notation {x*}! 0 ^. The sequence {x*}£° is called a causal sequence 
and is denoted simply by {x*}. 


2 Z transform 

The Z transform of the causal sequence { x is 


Z{x k } = yffi) = F(z) where the value of z is chosen to 
*---o z ensure that the sum converges. 

{Xk} and Z{x k } form a Z transform pair. 


3 Table of Z transforms 

Sequence 

{&} = { 1 , 0 , 0 ,...} 

{**} = {!, 1 , !/■••} 

{*} = {0, 1 , 2 , 3,...} 

{* 2 } = {0, 1, 4, 9,...} 

{k 3 } = {0, 1 , 8 , 27,...} 

{ a *} = { 1 / a f a2 t a3 f • • •} 

{ka k } = {0, a, 2a 2 , 3a 3 ,...} 


Transform 

Permitted 

F(z) 

values of z 

1 

All values of z 

z 

z — 1 

|z| > 1 

z 

(2 - l) 2 

|z| > 1 

z(z + 1) 

(z - l) 3 

\z] > 1 

z(z 2 + 4z+l) 

(z - l) 4 

|z| > 1 

z 

(z-fl) 

|z| > |a| 

az 

(z - fl) 2 

|z| > \a\ 


4 Linearity 

The Z transform is a linear transform. That is, if a and fc are 
constants then 

Z(a{x k } + b{y k }) = aZ{x k } + bZ{y k }. 
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8 


First shift theorem (shifting to the left) 

If Z{x k } = F(z) then 

Z{x k+m } = z m F(z) - [z m x 0 + Z™" 1 * 1 + . . . + ZXm-l ] 

the Z transform of the sequence that has been shifted by m places 
to the left. 

Second shift theorem (shifting to the right) 

If Z{x k } = F(z) then 

= z~ m F(z) 

the Z transform of the sequence that has been shifted by m places 
to the right. 

Translation 

If the sequence {x k } has the Z transform Z{x k } = F(z) then the 
sequence {a k x k } has the Z transform Z{a k x k } = F(a~ 1 z). 

Final value theorem 

For the sequence {x k } with Z transform F(z) 

W-' 


Lim x k = Lim 
k >oo z ►! I V z 


| F(z)> provided that Lim x k exists. 

J k—>OG 


The initial value theorem 

For the sequence {x k } with Z transform F(z) 

Xo = Lim {F(z)}. 

z—>oo 


10 The derivative of the transform 

If Z{x k } = F(z) then —zF'(z) = Z{kx k }. 

11 Inverse transformations 

If the sequence {x*} has Z transform Z{x k } =F(z), the inverse 
transform is defined as 

Z~ l F{z) = {x*}. 

12 Recurrence relations 

A recurrence relation expresses the relationship that adjacent 
terms of a series hold to each other. The order of the equation is 
given by the maximum shift between related terms. 

Initial terms 

A recurrence relation can be used to generate the terms of a 
sequence provided initial terms are given - equal in number to the 
order of the equation. 

Solving the recurrence relation 

If a sequence {x k } satisfies a recurrence relation with given initial 
conditions then the general term of the sequence can be found by 
using the Z transform where Z{x k } =F{z). This is referred to as 
solving the recurrence relation. 
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13 Sampling 

If a continuous function f(t) is sampled at equal intervals, the 
resulting sequence has a Z transform that is related to the Laplace 
transform of the piecewise function created from the sequence of 
sample values. 

00 °° f(PT\ 

w*m = Y,m)z - k == z{f(kT)} 

k =0 k =0 

where 


OW)} 

nt) 


= if ( 0 ), m, f(2T), f(3T), ■ •.}, 
_ r f(kT) if t = k 
10 otherwise 


and 


z = 



Can You? 



Checklist 5 

Check this list before and after you try the end of Programme test. 


On a scale of 1 to 5 how confident are yon that 
you can: 

• Define the Z transform of a sequence and derive 
transforms of specified sequences? 

Yes □ □ □ □ □ No 

• Make reference to a table of standard Z transforms? 

Yes n n n n n no 


Frames 



• Recognise the Z transform as being a linear transform 
and so obtain the transform of linear combinations of 
standard sequences? 

Yes □ □ □ □ □ No 



• Apply the first and second shift theorems, the 
translation theorem, the initial and final value 
theorems and the derivative theorem? 

Yes □ □ □ □ □ No 

• Use partial fractions to derive the inverse transforms? 

Yes □ □ □ □ □ No 
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• Solve linear, constant coefficient recurrence relations? 

Yes □ □ □ □ □ No 

• Demonstrate the relationship between the Laplace 
transform and the Z transform? 

Yes □ □ □ □ □ No 





Test exercise 5 


1 Find the Z transform of the causal sequence {x k } where x k = (-1)*. 

2 Find the Z transform of the causal sequence { x k } where x k = Ak - 2a k . 

3 Find the Z transform of the causal sequences: 

(a) {k - 3} 

(b) {5*+ 2 } 

4 Find the inverse Z transformation of 

P(z) —_ 22(2 - 3) _. 

^ (z 2 - 2z + l)(z - 2) 

5 Solve the recurrence relation 

x k+2 - 4x*+i + Ax k = 3 where xq = 1 and x\ = 0. 



6 The function f(t) = sin t is sampled at equal intervals of t = T. Find the 
Z transform of the resulting sequence of values. 


£ Further problems 5 


1 


Find the Z transform of the causal sequence {x k } where x k = (—a) k 
where a > 0 . 



2 Solve each of the following recurrence relations. 

(a) x k +2 + Sx k+ i + 6x k = 1 where Xo = 0 and X\ — 1 

(b) 3x k+2 - 7x k+ 1 + 2x k = k where x 0 = 1 and X\ = 0 

(c) x k+ 2 - 9x k = 2k where jco = 1 and x k = l. 

3 Given that y k+ 1 = v k and v^+i = w k where w k = x k — y k) show that 
y k+ 2 +yk~ x k and solve for y k when {x k } = {8 k }, the unit impulse 
sequence where yo = 0 , y 1 = 1 . 
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4 If 


Pk+l = <lk 

<lk+l = r k 

r k = x k - aq k - /3p k where a and f3 are constants, show that 
pk +2 + a Pk+l + Ppk — %k 

Solve this recurrence relation when po = 1, pi = 0 for 

(a) a = 4, (3 — 4 and {**} = {4}/ the unit impulse sequence 

(b) a = 4, p = 4 and {**} = {w^} the unit step sequence. 


5 


6 


Find the Z transform of each of the following sequences. 

(a) {1,0, 1,0, 1,0,...} 

(b) {0, 1, 0, 1, 0, 1,...} 

(c) {1, 0, 1 , 1 , 0, 0, 0, 1} 

(d) {1, 1, 1, 0, 0, 0, 1, 1} 

(e) {0, 0, 0, 1, 1, 1, 0, 0, 0, 1, 1} 

(f) {1, 1 , 0, 0, 0, 1 , 1} 

Note that the last four of these are finite sequences. 

Find the inverse transform of 

(a) F( ' Z) = (z + l)(z + 2)(z + 3) 


(b) F(z) = 

(c) F(z) = 

(d) F(z) = 


(z + l)(z + 2)(z + 3) 
z(3z+ 1) 
(z-2)(z-3) 
z 2 

2 - 3z + z 2 * 


7 Given 


F(z) = 


3z 2 


z 2 - z + 1 
show that 

Z~ l F(z) = {3, 3, - 3, - 3,...}. 
Hint: Use long division on F(z). 
8 Given 


/( 2 )=(i+i)' 

show that 

Z~ l F{z) = {1, - 6, 24, - 48,...}. 

Hint : Use the binomial theorem on F(z). 
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10 


Find the final value of the sequence {x k } with Z transform 

_. . 4z 2 — z 

F ^ ~ 2z 2 -3z+l' 

What is the initial value of the sequence whose Z transform is given by 

F(z)= 2z 2 -z+l ? 

1 j 5 - 3z — 7z 2 * 


11 


Given the sequence of n terms {x k } for 0 < k < n - 1 with Z transform 
F n (z) t show that the Z transform of the sequence formed by continually 
repeating the terms {x k } is given as 



F n (z) 

1 - zr n * 


12 


Using the result of Question 11, show that the Z transform of the 
sequence obtained by continually repeating the three term sequence 
{1, 0, - 1} is 



z 


2 


Z 2 + l* 


13 Find the Z transforms of the sequence of values obtained when f(t) is 
sampled at regular intervals of t = T where 

(a) f(t) = sinht 

(b) f(t) = cosh at 

(c) f(t) = e~ at cosh bt . 
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Learning outcomes 

When you have completed this Programme you will be able to: 

• Determine the period and amplitude of a periodic function 

• Write down the harmonics of a periodic trigonometric function 

• Give an analytic description of a non-sinusoidal periodic function 

• Evaluate integrals with periodic integrands 

• Demonstrate the orthogonality of the trigonometric functions 
Sinn* and cos nx for n = 0, 1, 2 ,... 

• Describe a periodic function as a Fourier series subject to Dirichlet 
conditions 

• Obtain the Fourier coefficients and hence the Fourier series of a 
periodic function 

• Describe the effects of the harmonics in the construction of the 
Fourier series 

• Find the value of the Fourier series at a point of discontinuity of the 
periodic function 

• Derive the Fourier series of non-sinusoidal periodic functions 

• Recognise even and odd functions and their products 

• Derive the Fourier sine and cosine series for odd and even functions 
respectively 

• Derive half-range Fourier series 

• Recognise the condition for the Fourier series to contain only odd 
or only even harmonics 

• Explain the significance of the term ao/2 


r. 


Prerequisite: Engineering Mathematics (Fifth Edition) 

Programmes 15 Integration 1 and 17 Reduction formulas 
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Introduction 


We have seen earlier that many functions can be expressed in the form 
of infinite series. Problems involving various forms of oscillations are 
common in fields of modem technology and Fourier series , with which 
we shall now be concerned, enable us to represent a periodic function 
as an infinite trigonometrical series in sine and cosine terms. One 
important advantage of a Fourier series is that it can represent a 
function containing discontinuities, whereas Maclaurin's and Taylor's 
series require the function to be continuous throughout. 



Periodic functions 

A function f(x) is said to be periodic if its function values repeat at 
regular intervals of the independent variable. The regular interval 
between repetitions is the period of the oscillations. 



Graphs of y= A sin nx 

(a) y = sinx 

The obvious example of a periodic function is y = sinx, which goes 
through its complete range of values while x increases from 0° to 
360°. The period is therefore 360° or 2n radians and the amplitude, 
the maximum displacement from the position of rest, is 1. 



(b) y = 5 sin 2x 

The amplitude is 5. 

The period is 180° and 
there are thus 2 complete 
cycles in 360°. 


► 
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(c) y = A sin nx 

Thinking along the same lines, the function y = A sin nx has 


amplitude.; period.; 

and will have.complete cycles in 360°. 


amplitude = A; period = 


360° 

n 


—; n cycles in 360 c 
n J 


Graphs of y — A cos nx have the same characteristics. 

By way of revising earlier work, then, complete the following short 
exercise. 


Exercise 


In each of the following, state (a) the amplitude and (b) the period. 

1 y — 3 sin Sx 5 y = 5 cos Ax 

2 y — 2cos3x 6 y = 2sinx 

x 

3 y = sin- 7 y = 3 cos 6x 


4 y = 4 sin 2x 


„ , . 2x 

8 y = 6 sin— 

v) 


Deal with all eight. They will not take much time. 


No. 

Amplitude 

Period 

No. 

Amplitude 

Period 

1 

3 

2tt/5 

5 

5 

7r/2 

2 

2 

27r/3 

6 

2 

7 r 

3 

1 

Ait 

7 

3 

7r/3 

4 

4 

it 

8 

6 

3ir 



Harmonics 

A function f(x) is sometimes expressed as a series of a number of 
different sine components. The component with the largest period is 
the first harmonic, or fundamental of f(x). 

y —A\ sinx is the first harmonic or fundamental 

y = A 2 sin 2x is the second harmonic 

y = A 3 sin 3x is the third harmonic, etc. 

and in general 

y = A n sin nx is the.harmonic, with 

amplitude.and period. 
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Non-sinusoidal periodic functions 

Although we introduced the concept of a periodic function via a sine 
curve, a function can be periodic without being obviously sinusoidal 
in appearance. 

Example 

In the following cases, the x-axis carries a scale of t in milliseconds. 

( a ) y 

4 
fit) 

0 

(b) y 
3 

fit) 

0 

( c ) y 
2 

fit) 

0 
-4 
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(b) period = 6 ms; (c) period = 5 ms 


Analytic description of a periodic function 

A periodic function can be defined analytically in many cases. 

Example 1 



(a) Between x = 0 and x = 4, y — 3, i.e. f(x) = 3 

(b) Between x = 4 and x — 6,y — 0, i.e. f(x) = 0 
So we could define the function by 



f(x + 6) = f(x) 


0 < x < 4 
4 < x < 6 


the last line indicating that 


0 < x < 4 
4 < x < 6 



the function is periodic with period 6 units 


Example 2 

y 

2 

m 

0 2 4 6 8 10 12 X 



In this case 

(a) Between x = 0 and x = 2, y = x i.e. f(x) = x 0 <x <2 

(b) Between x = 2 and x = 6, y = ~^ + 3, i.e. f(x) = 3 — - 2 <x <6 

(c) The period is 6 units i.e. f (x + 6) = f(x). 

So we have 


A* + 6) = fix). 


0 <x<2 
2 <x <6 
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Here are the details. 


m 


_(2-x 0 <* 

- \ -1 3 < x 


<3 

<5 


f(x + 5) = fix). 

{ 3 0 < x <4 

5 A <x<7 

0 7 < x < 10 

f(x + 10) = fix). 

{ x 0 < x <4 
4 4<*<7 

0 7 <x<9 

f{x + 9) = fix). 

(3x 


m = 


— 0 < x < 4 

4 

7-x 4 < x < 10 
—3 10 < x < 13 


fix + 13) = fix). 

5 (-1 0<x<2 

fix) = •/ 3 2 < x < 5 

l-l S<x<7 
fix + 7) = fix). 

Now we have the same thing in reverse. 

Exercise 

Sketch the graphs of the following, inserting relevant values. 


J 4 0 <x < 5 
^ { 0 5 < x < 8 

fix + 8) = fix). 

fix) = 3x- x z 0<*<3 
fix + 3) = fix). 

.. . f 2sin* 0 < * < 7r 

fW *1o ,<*< 2 . 


0 < x < 3 


«»-{r 

fix + 2t r) = fix). 


m = 


0 < X < 7T 


7T — — TT < X <2ir 


fix + 2tt) = f(*). 




f(* + 8) = /"(*). 


0 < x < 4 

4 < x < 6 
6 < x < 8 


5 
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Here they are: check carefully. 




All this is in preparation for what is to come, so let us now consider 
Fourier series. 

Move on then to the next frame 


Integrals of periodic functions 


Before we proceed we need to consider some specific integrals 
involving integers m and n. These are integrals over a single period 
of periodic integrands. You will already know some of these and the 
others you will easily be able to work out. The integrals that we are 
concerned with are those of sines, cosines and their combinations 
where the integration is over a single period from —tv to tv. First, 
though, we list the integral of the unit constant over the period. 

► 
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d* = 


- -1 7T 

X = 

- J —7T 


= 2ir 


cos nx dx = 


sin nx 


(M 0) 


sinn7r sin(— hit) 


= 0 because sin mr = 0 


»7T 

si 

J—7T 


sin nx dx = 


(n^O) 


sin nx dx = 0 


Because 


r cosnxy 

sm nxox = -(n ± 0) 

fl J —7T 


_ COS TllT COS(-U7r) 

~ n n 

= 0 because cos(-x) = cos* 


cos 2 nx dx = 


cos 2nx +1 


dx because cos 2A = 2 cos 2 A — 1 


sin 2/ix ( x]* 
4m + 2 


(MO) 


sin 2 / 77 T t 7 r sin(— 2 / 77 r) (— 7 r) 

4m + 2 4m 2~~ 


= 7r 


r sin 2 nx dx =. (n ^ 0) 

■7T 


sin 2 nx dx = 7r 


Because 


P7T 

si 

J —7T 


sin 2 nx dx = 


n 1 - cos 2nx 
-* 2 
x sin2nx] 7r 
2 4n „ 


dx because cos 2A = 1 - 2 sin 2 ^4 


(M0) 


_ 7r sin2n7r (—7r) t sin(-2n7r) 
2 4n 2 + 4n 


= 7r 
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cosmxcosnxdx 


i r 

— [cos (m + n)x + cos(m - n)x] dx 

" J—7T 


because 2 cos A cosB = cos(A + B) + cos(A — B) 


sin(m + n)x sin(m - n)x 1 * 
m+n m-n 


(m ± n) 


sin(m + n)7r sin(m-n)7r sin(m + n)(-7r) 
m + n m-n m + n 


sin (m — n)(-7r) 


m-n 


= 0 


*7T 

Si 

J —7T 


sinmxsinnxdx = 


(m ^ n) 


P'K 

sinmxsinnxdx = 0, m^n 

J—7T 


Because 


sinmxsinnxdx 

J— 7T 

i r 

— 9 [cos(m n)x - cos (m + n)x] dx 

" J—7T 

because 2 sin A sinB = cos(A — B) — cos(A + B) 
fsin(m - n)x sin(m + n)x 1 * - , . 


m — n 


m + n 


(m ^ n) 


sin(m-ri)ir sin(m + n)n sin(m - n)(-7r) sin(m + n)(-7r) 
m — n m + n m — n m + n 


= 0 


cos mx sin nx dx (m ^ n) 


1 r 

= - [sin(m + n)x - sin(m - n)x] dx 

" J—7T 

because 2 cos A sinB = sin(A +B) - sin(A - B) 


1 I" cos(m + n)x cos (m - n)x 1 * 

2 m+n m-n 

L J —7T 

1 / cos(m + n)7r cos(m - n)ir 

2 \ m + n m — n 

cos (m + n)(-7r) cos(m n)(-7r) 


(m ^ n) 


m + n 


m-n 


= 0 because cos(-x) = cosx 
And finally, when m = n 


cos mx sin mx dx = 
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cos mx sin mx Ax = 0 


Because 


cosmxsinraxdx 


1 f 71 " 

= 2L S1 


sin 2 mx Ax because sin 2A = 2 sin A cos A 


cos 2mxl * 
2m 


(m ^ 0) 


cos2mir cos2m(-7r) 
2m + 2m 


= 0 because cos(-x) = cosx 


Summary 


f 7r ITT 

Ax = x =27r 

J —7T L - J ~ 7r 


cos nx Ax = 0 


*7T 

si 

—7T 


sin nxdx = 0 


cos mx cos nx Ax = irdmn where 6 mn = 


1 if m — n 
0 if m^n 


(6 mn is called the Kronecker delta) 


/*7T 

J—7T 


sinmxsinnxAx = ir8 r 


6 cosmxsinnxAx = 0 

J —7T 

Note that the same results are obtained no matter what the end points 
of the integrals are, provided that the interval between them is one period. 
So, for example 


t>k+27T 


cos nx Ax = 


sinnx 




(MO) 


si n(nk + 2mv) sin nk 


= 0 because sin(x + 2mv) = sinx 

Now to put all these integrals to practical use 
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Orthogonal functions 

If two different functions f{x) and g(x) are defined on the interval 
a < x <b and 



f f (*)#(*) dx = 0 

Ja 

then we say that the two functions are orthogonal to each other on 
the interval a < x < b. In the previous frames we have seen that the 
trigonometric functions sin nx and cos nx where n = 0, 1, 2,... form 
an infinite collection of periodic functions that are mutually 
orthogonal on the interval -n < x < ir, indeed on any interval of 
width 2ir. That is 



cos mx cos nxdx = 0 
sin mx sin nx dx = 0 


cos mx sin nx dx = 0 


for m^n 
ioxm^n 


Fourier series 

Given that certain conditions are satisfied then it is possible to write a 
periodic function of period 2ir as a series expansion of the orthogonal 
periodic functions just discussed. That is, if f(x) is defined on the 
interval -n < x < n where f(x + 2mr) = f(x) then 



f(x) = ^ cos nx + b n sin nx) 


oo 


n= 1 


This is the Fourier series expansion of f(x) where the a n and b n are 
constants called the Fourier coefficients. But how do we find the values 
of these constants? Quite easily. We make use of the mutual 
orthogonality of the trigonometric functions in the expansion. 
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For example, to find aio we multiply f(x) by cos lOx and integrate over 
a period. That is 

r fix) cos lOxdx 


f(x) cos lOxdx 

= J / ^ 4- ^2( a n cos nx + b n sin nx) J cos lOxdx 


ao r 

2 J_ 


cos lOx dx + 


oo 4*7 

5 >f 

M=1 


cos nx cos lOx dx 


oo <»7r 

EM si 

rt =1 J _7r 


sin nx cos lOxdx 


= yx0 + £ a„7r<5„,i 0 + £ fc n x 0 


W=1 


W=1 


= flo7r x 0 4 ci\7r x 0 -f • ■ • 4 ciyiT x 0 4 x 1 4 fln7r x 0 4 • ■ • 


= tflOTT 


So that 


«io =- 


1 r 

- ft*) 

^ J—7T 


cos lOxdx 


4*7T 

In just the same way f(x) cos mx dx = 

J—7T 


4»7T 

ft*) 

J—7T 


cos mx dx = amir 


Because 


4*7r 

ft*) 

J—7T 


cosmxdx 


L* + §^ 


cosnx + ^ w sinnx) I cosmxdx 


2 L 


cos mx dx + 


oo 4*7T 

Eft 

n= 1 3 ~‘ 


cos nx cos mx dx 


oo p 7 r 

£m si 

n=l J “ 7r 


sin nx cos mx dx 


- w 

= y X 0 + Y^ a n^ n< m + £&„ x 0 


n=l 


w=l 


Clm'K 


and so 


1 r 

Am = - ft*) 

^ J— 7T 


cos mxdx 


Finally 


*7T 

ft*) si 

J—7T 


sin mxdx 
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sin mx cbc — b w 7r 



Because 


sin mx dx 


[ f(x) si 

J—7T 

= [ j ^ cos nx + b n sin nx) ) sin mx dx 

n= 1 J 

ao r . 

“ 2 J -/ 1 


sinmxdx-l- 


7T 

OO 


OO P7T 

I>J 

n= 1 


cos nx sinmxdx 


4- 


OO Mr 

si 

n= 1 J -’ r 


sin nx sinmxdx 


— — x 0 4- ^ x 0 4 - ^ ^ bniffitijn 


OO 


OO 


n=l 


n= 1 


fe m 7T 


and so 

b m = - r f(x) sin mx dx 

J —7T 


Summary ( 20 i 

Given that certain conditions are satisfied, if f(x) is defined on the 
interval -n < x < n and where f{x 4- 2nir) = f(x) then 

d 00 ^ 

f(x) = y + cos nx + b„ sin nx) 

n=l 


This is the Fourier series expansion of f(x) where the a n and b n are 
constants called the Fourier coefficients and where 

1 r 1 r 

a n =-\ fix) cos nx dx and b n =-\ fix) sin nx dx, n = 0, 1,2,... 

r ^J-TT 

Look in particular at the constant function f (x) = c which can be 
considered as a periodic function with any period we wish to choose. 
Choosing the period to be 2ir then 

l r c r 

a„ = — I ccosnxdx = - cosnxdx = 2c6 n o- 

That is «o = 2c so c = ^ as expected. 

Also 

b n =- r c sin nx dx = - T sin nx dx = 0 

‘Tl'J—7r 

► 
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From this we see that we have two choices to represent the Fourier 
series. We can either write 


f(x) = ^ + ^2{a n cos nx + b n sin nx} 
2 


oo 


where 

If if 

a n = - f(x) cos nx dx and b n — -\ f(x) sin nx dx 

It J —7T J —7T 

or we can write 


oo 

m =£k cos nx + b n sin rat} 

w=0 

where 

1 r if 

a 0 = f(*) ck, a n = - f(x) cos ra:cbc (n ^ 0) 

2'7rJ_ ?r 7T J—tt 

i r 

and = - f(x) sin rat cht. 

J—7r 

We choose the former and so avoid having a separate integral for aq* 


Dirichlet conditions 



If a function f(x) is such that 

(a) f(x) is defined, single-valued and periodic with period 2tt 

(b) f(x) and f f (x) have at most a finite number of finite discontinuities 
over a single period - that is they are piecewise continuous 

then the series 

a 00 

y + cos nx + b n sin rat} 

W=1 

If If 

where f(x)cosnxdx and b n =-\ f(x)sinnxdx converges 

7T 7T 

to f(x) when (x, f(x)) is a point of continuity. 

The Dirichlet conditions are sufficient for the Fourier series to 
represent f(x) not only at a point of continuity but, with a slight 
modification, also at a point of discontinuity, as we shall see later in 
Frame 36. Also the periodicity of the function need not be restricted to 
27r, as we shall see from Frame 38 onwards. 

Note that these conditions, while being sufficient, are not necessary 
because there are functions that do not satisfy these conditions which 
still possess a convergent Fourier series. However, the cases met in 
science and engineering do generally meet these conditions. 


i 




Fourier series 


187 


Exercise 

If the following functions are defined over the interval —ir < x < ir and 
f(x + 27r) = f(x), state whether or not each function can be repre¬ 
sented by a Fourier series. 


1 f(x) = x 3 

2 f(x)=4x-S 

3 


4 m=—s 

5 f(x)=tanx 

6 f{x) = y where x 2 +y 2 = 9 



Example 1 



Find the Fourier series for the 
function shown. 

Consider one cycle between 
x = -7r and x — i r. 


The function can be defined by f(x) = 4 

0 

\ 

f(x + 2tt) = f(x) 


— TT < X < — — 

7r 7r 

~ 2 <X< 2 
7r 

— <X<TT 


2 oo 

(a) As before f(x) =-ao + ^2i a n cos nx + b n sin nx} 


The expression for a 0 is 
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7TJ 


— 7 r 


f(x) dx. 



This gives 


1 

ao = — 

7r 

_ 1 

7r 


—7r/2 


Od* + 


—7T 


p7f/2 <*7T 

4dx + Od* 

—7r/2 J 7 t/2 


4* 


1 

. -tt/2 


a 0 = 4 


(b) To find a n 

1 r 

a n=-\ f(x) 

Tt J— TJ- 


COS nxdx 


1 I f _ |*7r/2 |*7T 

a„=-< (O)cosnxd* + 4cosnxd* + (O)cosnxd* 

— 7T J— 7r/2 J7 t/2 


• __ 

. . u n — 



Then considering different integer values of n, we have 
If n is even 

If n = 1, 5, 9,... 

If n = 3, 7, 11,... 

We keep these in mind while we find b n . 

(c) To find b n 

1 r 

ib n = - f(x) sin nx dx = . 

^ J— 7T 


U n 


0 

_ 8 _ 

W7T 


— 


_ 8 _ 

«7T 
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b„ = 0 


Because we have 


1 f f _7r/2 j*7r/2 f 71 " 

= - < (0) sinnxdx + 4sinnxdx + (0) sin nxdx 

^ — 7T J— 7r/2 J7 t/2 


4 p/ 2 . , 4["-cosnx 

- I sin nxax = - - 

^■J-tt/2 * . n 


—7r/2 


4 r W7T /-H7r\'i _ 

— < cos-— - cos —— > = 0 
mr\ 2 \ 2 ) 


.. b n — 0 


So with ao = 4; a n as stated above; b n = 0; the Fourier series is 


f(x) = 2 + ^|c°sx-^ 


111 

--cos3x + -cos5x - -cos7x + 

O J / 


-} 


In this particular example, there are, in fact, no sine terms. 

Example 2 



Determine the Fourier series to 
represent the periodic function 
shown. 


It is more convenient here to take the limits as 0 to 2i r. 


y = x/2 


The function can be defined as 


IT - 


m=\ 


0 < x < 2n 


f(x + 2ir) = f(x) i.e. period = 2tt. 


Now to find the coefficients. 




= 7r 


(b) d n — 


1 f 2?r 

= - m 

KJo 

1 f 27r 

= — XC< 

27rJo 


cos nx dx 


- 1 f (-) 

"ttJo \ 2 ) 


do = 7T 


-I cos nxdx 


cos nxdx 


(integrating by parts) 
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G-fi — 0 



Because 


Un — 


27T 


x cos nx cbt = — 
0 2tt 


x sin nx 

2tt 

1 

n 

0 



■27r 


sin nx dx 


o 


1 f 27r 

(c) b n = - f (x) sin nxdx = . 

TTJo 



Straightforward integration by parts, as for a m gives the result stated. 
So we now have 

#0 = ./ &n —. / b n = . 



Uq — TTf Un — 0 ; bn 


1 

n 


Now the general expression for a Fourier series is 



1 

2 


oo 

ao + ^{a w cos nx + b n sin nx} 

n =1 


Therefore in this case 

7T 00 

f (x) = - + '^2{b n sin nx} because a n = 0 

^ -t 

1 • o 

sinx - — sin 2x - 

2 

f(x) = ^- jsinx+isin2x+}si 

Note that in this example, the series contains a constant term and sine 
terms only. 


1 • Q 

-sin3x 


-• 


a3x + 
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Example 3 

Find the Fourier series for the function defined by 

y fix) = ~ x 

f(x) = 0 

^ ^ + = 


7T < X < 0 
0 < X < 7T 


—2tt 


2tt x 


The general expressions for ao, a n , b n are 

flo =. 


Un — 

K = 



With that reminder, in this example ao = 



Because 

(a) fl 0 =-f f(x)dx = - f° (-x)dx = ![-y]° =1 

K J—71- ?rJ-7r 2J-7T 2 

(b) To find a n 

1 r 

a n = — \ fix) cos nxdx = . 

TI-J-tt 
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But cos titt = 1 (n even) or -1 (n odd) 


u n = - o ( n °dd) or 0 (n even) 

7 

(c) Now to find b n . Working as for a n , we obtain 

bn = ~ . 



Complete the series 
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m = 


7T 2f 1,1 

-— cosx + -cos3x + —cos5x +... 

4 7r \ 9 25 

111 
+ ( sinx--sin2x + -sin3x--sin4x + 

Zr J TT 



It is just a case of substituting n = 1, 2, 3, etc. 

In this particular example, we have a constant term and both sine 
and cosine terms. 


Effect of harmonics 

It is interesting to see just how accurately the Fourier series represents 
the function with which it is associated. The complete representation 
requires an infinite number of terms, but we can, at least, see the effect 
of including the first few terms of the series. 

Let us consider the waveform shown. We established earlier in 
Frames 23-26 that the function 



m = { 


0 

4 

0 


fix + 2 tt) = f{x) 


gives the Fourier series 


8 f 1 1 1 

f(x) = 2-f-< cosx --cos3x + -cos5x - -cos lx + 
7r f 3 5 7 


7r 

— TT<X< — — 


7T 7T 

~ 2 <X< 2 


7T 

— <x<ir 


} 


If we start with just one cosine term, we can then see the effect of 
including subsequent harmonics. Let us restrict our attention to just 
the right-hand half of the symmetrical waveform. Detailed plotting of 
points gives the development on the next page. 


•f 
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g 

1 f(x) = 2 + -cosx 

7r 




As the number of terms is increased, the graph gradually approaches 
the shape of the original square waveform. The ripples increase in 
number and, apart horn the one nearest to the step, decrease in 
amplitude. A perfectly square waveform is unattainable in practice. For 
practical purposes, the first few terms normally suffice to give an 
accuracy of acceptable level. 


Gibbs' phenomenon 

You will notice from the previous two diagrams that near the 
discontinuity, as more terms are taken into acount, the series tends 
to overshoot on one side and undershoot on the other. This over and 
undershooting on either side of the discontinuity does not go away as 
the number of terms in the Fourier series that are taken into account is 
increased, rather it tends to two spikes on either side of the 
discontinuity. This effect is called the Gibbs' phenomenon. 
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Sum of a Fourier series at a point of discontinuity 

oo 

f(x) = \ ao 4- cos nx + b n sin ra} 

W=1 

If f(x) is continuous at x = *i, the series converges to the value f(x i) as 
the number of terms included increases to infinity. A particular point 
of interest occurs at a point of finite discontinuity or 'jump' of the 
function y = f(x). 

As x\, the expression f(x) 
approaches y\ or y 2 depending on 
the direction of approach. 

0 *i * 


If we approach x = x\ from below that 
value, the limiting value of f(x) is y\. 

o x, x 


If we approach x = X\ from above 
that value, the limiting value of 
fix) is yz- 

To distinguish between these two values we write 

y t = f(x i - 0) denoting immediately before x = X\ 
y 2 = f{x i + 0) denoting immediately after x — x\. 

In fact, if we substitute x = x\ in the Fourier series for f (x), it can be 
shown that the series converges to the value \{f(x i - 0) + f(x i + 0)} 
i.e. \ (yi + y 2 ), the average of yi and y 2 . 

Example 

Consider the function 

m = {° 

f a 

f{x + 2 tt ) = f(x). 

—n 0 ir x 

First of all, determine the Fourier series to represent the function. 
There are no snags. 
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f(x) =^ + — {sinx-h^sinSx+^sin5x + ...} 

cj 7 r 


Check the working 


If* 1 r 1 

(a) a 0 = -1 /"(x)dx = - I adx = - 

^"J— 7T ^JO 


ax = a 
. o 


do = a 


(b) a 


i r 

»= - A*) 

7T _ 7r 

«/ —71 


a smnx 


7r w 


cos nx dx = 


= 0 


1 f 71 ^ 

— a 

ttJo 


cos nx dx 


a„ = 0 


(c) b„ = 


If 71 " If 71 " 

„ = - f(x) sin nx dx = — a si 

» —7T 0 


sinnxdx 


a -cos nx a a , n , 

- = — (1 - cosmr) =— (l-(-l) ) 

n o n7r m r v ' 


and because 

cos mr = 1 (n even) and - 1 (n odd) 

b n =0 (n even); — (n odd) 

Hi r 


^ oo 

f( x ) = o«o + V'fo n sin«x 

Z «=1 

a 2flf, l.o 1 . r 1 

f(x) = -H-< smx + -sin3x + -sm5x + ... > 

2 7T ^ o 5 J 

A finite discontinuity, or 'jump', occurs at x = 0. If we substitute x = 0 
in the series obtained, all the sine terms vanish and we get f(x) = a/2, 
which is, in fact, the average of the two function values at x = 0. 


.- a 


§♦ 


Note also that at x = 7 r, another 
finite discontinuity occurs and 
substituting x = tt in the series 
gives the same result. 


Now on to something new 


Fourier series 


Functions with periods other than 2 tt 

So far, we have considered functions f(x) with period 2i r. In practice, 
we often encounter functions defined over periodic intervals other 

T T 

than 27r, e.g. from 0 to T, - — to —, etc. 

Zr Zr 

Functions with period T 

T T 

If y = f{x) is defined in the range - — to —, i.e. has a period T, we can 

Z Z 

convert this to an interval of 2n by changing the units of the 
independent variable. 

In many practical cases involving physical oscillations, the inde¬ 
pendent variable is time (t) and the periodic interval is normally 
denoted by T, i.e. 

f(t + T) = f(t) 



Each cycle is therefore completed in T seconds and the frequency 
f hertz (oscillations per second) of the periodic function is therefore 

1 

given by f = —. If the angular velocity, w radians per second, is 
defined by u = 2nf, then 



and T 


2tt 

u) 


The angle, x radians, at any time t is therefore x = cut and the Fourier 
series to represent the function can be expressed as 


n 

cos nut + b n sin nut } 


n— 1 


#o f 2nirt 

2 + £{“" c ° s ^r 

n—1 K 


+ b n sin 
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Fourier coefficients 

With the new variable, the Fourier coefficients become 

oo 

f(t ) = \cio + cos nut + b n sin nut} 

n =1 



2 [T ^ j * 27 r/u 

a n = — \ f(t) cos nut dt = — jf (f) cos nu;t dt 

TJ 0 ^Jo 

2 <*r rZn/uj 

b n = — f (t) sin no;t dt = — f (t) sin no;f dt. 

f Jo ttJo 


We can see that there is very little difference between these 
expressions and those that have gone before. The limits can, of 

, ^ _ T T 7T 7T . 27T . . 

course, be 0 to T, - — to —, — to — 0 to — etc. as is convenient, so 

2 2 u u u 

long as they cover a complete period. 


Example 

Determine the Fourier series for a periodic function defined by 

2(1+ t) -l<t<0 
0 0 < t < 1 


m = 


nt + 2 )=m 

The first step is to sketch the waveform which is 



Fourier series 


y= 2 (i +t) 


We have 

r®= f + 


V'J 

n=l t 


2n7rt . . 2mrt' 

cos -—=—|- b n sm— y~ 


= -—■ + cos H7r£ + ib M sin n7rf} because T = 2 


«=i 


Therefore 


9 pT/2 pi pO pi 

Oo = - f(f)df = f(f)dl = 2(1 +1) dt + (0) At 

1 J—T/2 J-l J-l JO 


= 2t + f 2 =1 


and 


2 f T / 2 f 1 

a n = r\ f( f ) COS n7rf df = f( f ) 

1 J—T/2 J-l 


cos mrtdt 


f° 

= J 2(1 + t) 


COS H7rf df = 


a n = 0 (n even); a n = (n odd) 

n 2 ir 2 


Because 


f° 

a n = J 2(1 + f) cos H7rf df 


.I _ . sm Tint 0 If 0 . 

= 2 < (1 + f)--sm flirt df 

1 mr x mrj.! 


= 2/(0-0)-— - 

1 H7I- 


COS H7Tf 


n 2 7r 2 


- COS H7I-) 


n 2 7r 2 


(1 - (- 1 )”) 


so that 


a n = 0 (n even), = -5—s- (n odd) 

71 Z 7T Z 


Now for b n 


2 f T/Z . 2M7Tt 


. _ 2 f ' 

— T 

1 J-T/2 


f(f)sin^—dt = 
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n 7r 


Because 


b n = | 2(1 + f) sin fl7rt df 


— (1 + t) 


- cos mrf 


^ I 1 [sin mvt 

= 2 < -+ - 

m r titt 


Mr 

-i nn J_i 


cos Tint dt 


=-h -sr-n sm ii7r) 

H7T H Z 7T 2 


So the first few terms of the series give 

m = . 



The Fourier series 


/I 

f(t) = -y- + y^{a„ cos nut + b n sin nut} 

2 n=l 

can also be written in the form 

A 00 

/w-t+E* sin(wo;t + (j> n ) 

n=l 

Comparing these two expressions we see that Aq = do, B n sin (j) n = a„ 
and B n cos <£„ = From this it follows that 

B n = . and 4> n = . 



So 

J3i sin(o;t -b <f>i) is the first harmonic or fundamental 

(lowest frequency) 

£2 sin(2o;t + fa) is the second harmonic 

(frequency twice that of the fundamental) 

B n sin(nut + <f> n ) is the Mth harmonic 

(frequency n times that of the fundamental). 

And for the series to converge, the values of B n must eventually 
decrease with higher-order harmonics, i.e. B n —» 0 as n —» 00 . 
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Odd and even functions 

(a) Even functions 

A function f(x) is said to be even if 

f(-x) = fix) 



i.e. the function value for a particular negative value of x is the 
same as that for the corresponding positive value of x. The graph of 
an even function is therefore symmetrical about the y-axis . 



y = f{x) = x 2 is an even function 
because 


f{~ 2) =4 = f( 2) 
f(-3) = 9 = f(3) etc. 



A function f(x) is said to be odd if 


n-x) = -m 


y = f(x) = cosx is an even 
function because 

cos(— x) = cos* 
f(—a) = cos a = f(a). 


i.e. the function value for a particular negative value of x is 
numerically equal to that for the corresponding positive value of x 
but opposite in sign. The graph of an odd function is thus 
symmetrical about the origin. 



y = f(x) = x 3 is an odd function 
because 


f(- 2) = -8 = -f( 2) 

f(- 5) = -125 = —f(S) etc. 



y = f[x) = sinjt is an 
odd function because 

sin(— x) = - sin x 
f{-a) = -f(fl). 


So, for an even function f{—x) == f (x), symmetrical about the y-axis 

for an odd function f(-x) = -f{x), symmetrical about the origin. ^ 
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Example 1 





y 

1 

1 









— 2n — 7r 

_ 1_1 o 

0 7r 2n x 

_1 l_ 



--—4 





f (x) shown by the waveform is therefore an.function 

because it is... 


odd; symmetrical about the origin, i.e. f(-x) = -f(x) 


Example 2 




Hence the waveform of y = f(x) depicts an . function, 

because it is. 


even; symmetrical about the y-axis, i.e. f(—x) = f(x) 


Example 3 



In this case, the waveform shows a function that is 
because.. 














Fourier series 


neither even nor odd; not symmetrical 
about either the y-axis or the origin 


Exercise 

State whether each of the following functions is odd, even, or neither. 





4 


i 

i 


y 

—2 - 

—i- 


o 


7r 2rr X 




1 

odd 

2 

odd 

3 

even 

4 

neither 

5 

even 

6 

odd 


We shall shortly see that a knowledge of odd and even functions can 
save a lot of unnecessary calculation. 

First , however , let us consider products of 
odd and even functions in the next frame 
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Products of odd and even functions 

The rules closely resemble the elementary rules of signs. 

(even) x (even) = (even) like (+) x (+) = (+) 

(odd) x (odd) = (even) (-) x (-) = (+) 

(odd) x (even) = (odd) (-) x (+) = (-). 

The results can easily be proved. 

(a) Two even functions 

Let F(x) = f(x)g(x) where f(x) and g(x) are even functions. 

Then F(-x) = f(-x)g(-x) = f(x)g(x) since f(x) and g(x) are even 
F(—x) =F(x) i.e. F(x) is even 

(b) Two odd functions 

Let F(x) = f(x)g(x) where f(x) and g(x) are odd functions. 

Then F(-x) = f(-x)g(-x) 

= {-/(*)}{-#(*)} since f(x) and#(*) are odd 

= f(x)g(x) = F(x) 

F(—x) = F(x) i.e. F(x) is even 

Finally 

(c) One odd and one even function 

Let F(x) = f(x)g(x) where f(x) is odd and g(x) even. 

Then F(-x) = f(-x)g(-x) = -f(x)g(x) = -F(x) 

.*. F(—x) = -F(x) i.e. F(x) is odd 

So if f(x) and g(x) are both even, then f(x)g(x) is even 
and if f(x) and g(x) are both odd, then f(x)g(x) is even 
but if either f (x) or g(x) is even and the other odd, then f(x)g(x) is odd. 

Now for a short exercise, so move on 

Exercise 

State whether each of the following products is odd, even, or neither. 

1 x 2 sinZx 6 (2x + 3)sin4x 

2 * 3 cosx 7 sin 2 *cos3x 

3 cos 2x cos 3x 8 x 3 e* 

4 * sin nx 9 (.* 4 + 4) sin 2x 

1 

5 3 sin* cos 4x 10 --cosh* 

* + 2 

Finish all ten and then check with the next frame 
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odd (E)(0) = (O) 
odd (0)(E) =(0) 
even (E)(E) = (E) 
even (0)(0) = (E) 
odd (0)(E) =(0) 


neither (N)(0) = (N) 
even (E)(E) = (E) 
neither (0)(N) = (N) 
odd (E)(0) = (O) 

neither (N)(E) = (N) 


Two useful facts emerge from odd and even functions. Thinking in 
terms of areas under the graphs 

(a) 


For an even function 



f f(*) d* = 2 ( f (x) dx 

J-a JO 



For an odd function 


[ f(x)dx = 0 

J—a 


We can now look at two important theorems concerning odd and 
even functions. 


Theorem 1 

If f(x) is defined over the interval -n < x < ir and f(x) is even, then the 
Fourier series for f (x) contains cosine terms only. Included in this is do 
which may be regarded as a n cos nx with n — 0. 

1*0 1*7T 

Proof: Since f(x) is even, f(x) dx = f(x) dx 

J —7T JO 


i r 2 r 

(a) a 0 =-\ f(x) dx = - f(x) dx 

7 T Trjo 

(b) a n =-\ f(x) cos nx dx . 

J —7T 


.*. do = 


9 r 71 
It Jo 


But f(x) cos nx is the product of two even functions and therefore 
itself even. 

.. u n =. 
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Because as the integrand is even, 

a n = - [ f(x) cos nx dx = - T f (x) cos nx dx. 

^ J —7r Jo 

(c) b n = - f f (x) sin nx dx 

J— 7T 

Arguing along similar lines, this gives b n = .. 



Because, since f(x) sin nx is the product of an even function and an 
odd function, it is itself odd. 

1 r 

= — f(x)sinnxdx = 0. b n = 0 

7T J —7T 

Therefore, there are no sine terms in the Fourier series for f(x). 

Now for an example. 

Example 

The waveform shown is symmetrical about the y-axis. The function is 
therefore even and there will be no sine terms in the series. 



—3 it —7T _ £ 0 £ IT 3 7T X 

2 2 2 2 


•• f( x ) = 2 ao + ^2 anCOSnx 

n= 1 

1 ptc o w o ptt/ 2 or n 7r/2 

(a) a 0 = - f(x) dx = - f(x) dx = - 4 dx = - 4x =4 

7T J-7T ttJo 7r[ Jo 

1 pr 2 1^ 

(b) a n = — f{x) cos nx dx = — f(x) cos nx dx 

^J—7T TOO 

=. Finish the integration. 
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a n = 0 (n even); a n — — (n = 1, 5, 9,.. .); 

7VTI 

g 

a n = - (n = 3, 7 , 11,...) 

7 m 


Because 


2 f 7r 2 

a n =-\ fix) cos nx dx = - 4cosnxdx 
TTJo ^Jo 


8 sin nx ^ 8 . nir 

-=—sin— 

7T n n 7H2 2 


But sin— = 0 for n even 
2 


= 1 for n = 1, 5, 9,... 

= — 1 for 7? = 3, 7, 11,... Hence the result stated. 

(c) We know that b n = 0, because f(x) is an even function. Therefore, 
the required series is 

m = . 


8 f 1 1 1 1 

fix) = 2 + -< cos x-- cos 3x + - cos 5x-- cos 7x + ... > 
it l 3 5 7 J 


If you care to look back to Example 1 in Frame 23, you will see how 
much time and effort we have saved by not having to evaluate b n . 

A similar theorem applies to odd functions. 

Theorem 2 

If fix) is an odd function defined over the interval -tt < x < tt, then the 
Fourier series for f (x) contains sine terms only. 

/»0 /»7T 

Proof: Since f(x) is an odd function, f (x) dx = - f(x) dx. 

J-7T Jo 


1 r 

(a) a 0 = - f(x) 

^ J— 7T 

i r 

~ f(X) 

It J —7j- 


But f(x) is odd 


ao = 0 


(b) a n = 


cos nx dx 


Remembering that f(x) is odd and cos nx is even, the product 
f(x) cos nx is. 
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1 r if 

a n =-\ fix) cos nxdx = -\ (odd function) dx = 0 

*J-7r ^J-TT 

= 0 (including ao = 0) 

Now for we have 

1 r 

(c) b n =- f(x)sinnxdx and because f(x) and sin nx are each odd, 

^J-t r 

the product f (x) sin nx is. 



If 71 ” If 71 ” 

Then b n =- fix) sin nx dx = - (even function) dx 

7T 4 _ 7r 7T 4 —7I - 



sin nx dx 


2 r 

b n —-\ f(x)sinnxdx 
ttJo 

2 P 

So, if f(x) is odd, ao = 0; a n = 0; b n —-\ f(x) sin nx dx 

ttJo 

i.e. the Fourier series contains sine terms only. 


Example 

Consider the function shown. 

f(x) = -6 — 7T < X < 0 

jf (x) = 6 0 < x < 7r 

A* + 27r ) = fW- 


Before we do any evaluation, we can see that this is.and 

therefore. 



an odd function; sine terms only, i.e. ao = 0 and a n = 0 


1 r 

= - f (x) sin nx dx. 

7T J —7T 

2 P 

b n = - /"(x) sin nxdx = 

ttJo 


f(x) sin nx is a product of two odd 
functions and is therefore even. 
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Hence the result stated above. 

So the series is f(x) = 


24 f 1 1 

f(x) = — < sin* + -sin3x + T sin5x + ... 

7T I 3 5 


Because cosmr = (-1)”. 

Of course, if f (x) is neither an odd nor an even function, then we must 
obtain expressions for ao, a n and b n in full. 

One more example 


Example 

Determine the Fourier series for the function shown. 



— 2ir —7r 0 x 2rr x 0 ir 2ir x 

This is neither odd nor even. Therefore we must find ao, a n and b n . 

| 00 

f (x) = ~ao + y~' {a n cos nx + b n sin nx} 




Finish it off 
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a n = 0 in even); a n = (n odd) 

ir l n 2 


Because 


_ 2 I 1 1 cos 

u n — \ (0 0 ) 

7T 1 7T 7TW W 


cosnxl^ rsinnxl 27r 


=^{-ipH-D” + i) + (o-o)} 


7r 2 n 2 


(1 - (-1)”) 


and so 


a n = 0 (n even) and a„ = —(n odd) 

7 r 2 H 2 

(c) To find we proceed in the same general manner 

bn = . 


Complete it on your own 


7ffl 


Here is the working. 


1 f x • ,, i r r/2 \ . 

= - / (x)sm nxdx = -< l-x si 

ttJo IJo V 71 " / 


sin nx dx + 2 sin nx dx 


_2(l\-x 

7r \7T 


-xcoshx'T 1 r j f 2?r . 
-I H-I cos nx dx + sm nx dx 

J 7T 


2(1, x 1 rsinraT f-cosnx 

- <— (—ircosmr) H-H- 

^ 1 _4/( ' / 4/f 


7T 7m 


7TH n 


2 f 1 1 1 

= -< --cosn7r+ (0 0) - -(cos 27m - cosmr) i- 


7r \ n 


= -< —cos 2 h7t> = 




-COS 2/17T 

im 


But cos 2«7r = 1. 


bn = - 


So the required series is f(x) = 
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m = 


3 4 r i _ i _ 

— —cosx + — cos 3x +—cos 5x + .. 
2 r [ 9 25 


T 


2 r i i i 

-< sin* + -sin2x + -sin3x + -sin4x. 
7r 2 3 4 


At this stage, let us take stock of our findings so far. 

If a function f(x) is defined over the range —7r to i r, or any other 
periodic interval of 27r, then the Fourier series for f(x) is of the form 

2 oo 

f(pi) = - «o + COS Sil1 

i r 

where a 0 = -\ f(x) dx 

“7T J—Tj- 

i r 

a„ = - f(x) cos nx d* 

J —TV 

b n = - r f M sin ^ d* 

We also know that 

(a) if f(x) is an even function, the series will contain no sine terms 

(b) if f(x) is an odd function, the series will contain only sine terms 

(c) if f(x) is neither odd nor even , the series will, in general, contain a 
constant term, cosine terms and sine terms. 
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range series 

Sometimes a function of period 2n is defined over the range 0 to 7 r, 
instead of the normal - 7 r to 7r, or 0 to Zn. We then have a choice of 
how to proceed. 

For example, if we are told that between x = 0 and x = 7r, /'’(x) = 2x, 
then, since the period is 27r, we have no evidence of how the function 
behaves between x = - 7 r and x = 0. 







If the waveform were as 
shown in (a), the function 
would be an even function, 
symmetrical about the y-axis 
and the series would have 
only cosine terms (including 
possibly ao)- 

On the other hand, if the 
waveform were as shown in 
(b), the function would be 
odd, being symmetrical about 
the origin and the series 
would have only sine terms . 

Of course, if we choose some¬ 
thing quite different for the 
waveform between x = - 7 r 
and x = 0, then f(x) will be 
neither odd nor even and the 
series will then contain 
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both sine arid cosine terms (including oq) 


In each case, we are making an assumption on how the function 
behaves between* = - 7 r and x = 0, and the resulting Fourier series will 
therefore apply only to f(x) between * = 0 and * = it for which it is 
defined. For this reason, such series are called half-range series . 


Example 1 



A function f(x) is defined by 

f(x) = 2x 0 < 

f(x + 2n)=f(x). 


0 < * < 7r 


Obtain a half-range cosine series to represent 
the function. 

To obtain a cosine series, i.e. a series with no sine terms, we need an 
.function. 


even 


o 1 y=2x 

-«r- 2n\ - 1 -— 


Therefore, we assume the waveform 
between * = — 7 r and * = 0 to be as 
shown, making the total graph sym¬ 
metrical about the y-axis. 


Now we can find expressions for the Fourier coefficients as usual. 

ao = . 


ao = 2tt 



Because 


2 f 7r 2 r 

ao = - f(x) dx = - 2xdx = 
n)o ttJo 


2 r V 
- x 2 =2 t r 

7r n 


ao = 2ir 


Then we need a n which is 
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Because 


Un 


2 r 

ttJo 


4 p* 
ttJo 


2x cos hx d* = - x cos ra d* 


4 

7T 


rrxsinnxr if. 

< - — sm nx6x> 

IL " Jo "Jo J 

4 f . 1 r-cos/ 7 xl 7r l 4 _ 

7r ( n L n JoJ 7 m 2 

cos mr = 1 (n even) = — 1 (n odd) 

g 

a n = 0 (n even) and a n =-~ (n odd) 

' / /rrM" ' 


All that now remains is ib„ which is 



g 

So «o = 27r, = 0 (n even) or-=■ (n odd), b n = 0 


7W 


Therefore f(x) = 


^)=7r-^{cOSJ£ + i 


- cos 3x + — cos Sx + 


.} 


Let us look at a further example, so move on to the next frame 
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Example 2 



Determine a half-range sine series to 
represent the function f(x) defined by 

f(x) = 1+X 0 < X < 7T 

f(x + 27r) = f (x). 



We choose the waveform between 
x = -7r and x = 0 so that the graph is 
symmetrical about the origin. The 
function is then an odd function 
and the series will contain only sine 
terms. 

.’. a 0 = 0 and a n = 0 


b n can now easily be determined and the required series obtained. 

m = . 


f(x) = ^- + 2^|sinx + ^sin3x + ^sin5x + ... j 


r i i i 

21 -sin2x + -sin4x + -sin6x 
[2 4 6 


+ •. 


Check the working. 


, 2 r 2fT -cosnxV If 

b n =-\ (1 + x) smnxdx = - < (1 + x) - H— 

ttJo tt l L n Jo n Jo 

2 f l + 7r 1 1 hinnxV} 

= -< -COS tlTT ~\ -1-> 

7T n n n l n io) 

2(1 1 + 7r ^ 2 r . v 

— - <-cosmr ^ = — {1 - (1 + 7r) cos mr} 

7T {n n J 7iti v y J 


- cos nx dx 


cos mr 


} = —{1 - 

J 'KYI 


(1 + 7r) COSW7 t} 


cos mr = 1 (n even) = — 1 (n odd) 

• u ^ / \ 4 + 2tt . - 

.. b n = — (n even) =- (n odd) 

n im 


Substituting in the general expression f(x) = ^ ib„ sinnx we have 


n= 1 


jr/ \ 4 + 2tt f . . 1 • o 1 . c 1 

f{x) =-< sin* + -sin3x + -sm5x +... > 

7T f 3 5 J 

„ri . „ 1 . „ i . r \ 

— 2< -sm2x + -sm4x +-sm6x +... > 

So a knowledge of odd and even functions and of half-range series 
saves a deal of unnecessary work on occasions. 

Now let us consider the presence of odd or even harmonics, so move on 
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Series containing only odd harmonics or only even 
harmonics 


f(x) = l(lo + fll COS * + «2 COS 2x + fl 3 cos 3x+ ... 

+ bi sin x + b 2 sin 2x + bs sin 3x 4 - ... 

If we replace x by (x 4 - 7 r), this becomes 

00 

f(x + 7 r) = jOq + cosn(x + tt) +b n sinn(x + 7r)} 

n = 1 

Now cos (nx 4 - mr) = cos nx cos H7r — sin nx sin mr. 

But for n = 1, 2, 3,... sinmr = 0 

cos n(x + 7 r) = cos nx cos mr 

Also for n = 1, 2, 3,... cos mr = 1 (n even) = -1 (n odd). 

cos n(x + 7 r) = cos nx (n even) = - cos nx (n odd) (1) 

Similarly, sin(nx 4 - mr) = sin nx cos mr 4 - cos nx sin mr. 

Therefore, as before 

sin n(x + 7 r) = sin nx (n even) = - sin nx (n odd) (2) 

f(x 4- 7r) = ^0o - 01 cosx + «2 cos2x - as cos3x +... 

- b\ sinx 4 - b 2 sin2x - bs sin 3x 4 - ... 

But f(x) =^ao + ai cosx 4 - a 2 cos2x + as cos3x + ... 

4- b\ sinx 4 - b 2 sin2x 4 - bs sin3x 4 -... 

If f[x) = f(x 4 - 7 r), these two series are equal and the odd harmonics 
that you see differ in sign must be zero. 

.*. f(x) = f(x 4 - 7r) = \ao 4- 02 cos 2x 4- a± cos4x + ... 

4- b 2 sin 2x 4- b± sin 4x 4- ... 

If f(x) = f(x 4- 7r), the Fourier series for f (x) contains even harmo¬ 
nics only. 

Similarly, from the same two series above 

if f(x) = -f(x + *•), the Fourier series for f(x) contains odd harmonics 


only. 

f(x) = a\ cosx 4 - as cos3x 4 - ... 4 - b\ sinx 4 - bs sin3x 4 - ... 

Make a note of these two results: you will find them useful 


Fourier series 


Example 1 



Here f(x) = f(x + tt) 
Therefore, the series contains 


even harmonics only 


Example 2 



Here we see that f(x) = -f(x + 7 r). 
Therefore, the series contains .... 
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odd harmonics only 


Now we can apply our knowledge to date to the following exercise. 


Exercise 

From each of the following waveforms, we can describe the nature of 
the terms in the relevant Fourier series. 



1 cosine terms (+ ao) only; even harmonics only 

2 sine terms only; odd harmonics only 

3 sine terms only; all harmonics 

4 cosine terms (+ ao) only; odd harmonics only 

5 cosine terms (+ ao) only; all harmonics 

6 ao, sine and cosine terms; even harmonics only. 


On we go 
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Significance of the constant term \ a 0 

We might, at this point, note that the effect of the constant term \ oq is 
to raise, or lower, the whole waveform on the y-axis. 




In electrical applications to alternating currents, the constant term \ao 
of the Fourier series indicates the d.c. component. 

For example, from Frames 58-61 we found that the odd square wave 

«*>={i 0 “<r<:° n*+^=m 



has the Fourier series expansion 


24 f 1 1 1 

f(x) = — < sinx + - sin 3x + - sin Sx + ... > 

7T 3 5 J 

The function g(x) = 2 + f(x) has the Fourier series expansion 

24 f l 1 

g(x) = 2 H-< sinx + -sin 3x -f — sin Sx + ... > 

7T [3 5 J 



Here uq = 4. 
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80 ) Half-range series with arbitrary period 

We now extend the work on half-range sine and cosine series to 
functions with arbitrary period. 

(a) Even function Half-range cosine series 


m 

\ 

\ 


y=f(t ) 


y = f{t) 0 <f<^ 
f(t + T) = fit) 

symmetrical about the y-axis. 


With an even function, we know that b n = 0 


2 oc 

fit) = -zoo + a„ cos nut 


where 


and 


4 [ T/2 

—tL m 


4 f T / 2 

“"“fi m 


cos nujtdt 


(b) Odd function Half-range sine series 



y = f (t) ° < t < j 

fit +T) = m 

symmetrical about the origin. 


cio = 0 and a n = 0 

Then f(t) = . 

and b n =. 
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Example 1 


A function f(t) is defined by f(t) = 4 -1, 0 < f < 4. 



We have to form a half-range cosine 
series to represent the function in 
this interval. 



First we form an even function, i.e. 
symmetrical about the y-axis. 


Now for a useful little trick. If we 
lower the waveform 2 units, i.e. to its 
'average' position, balanced above 
and below the x-axis, then in this 
new position \o.q = 0 and we have 
been saved one set of calculations. 



The function is now y = f\{t) = 2 - t 
and, for the moment = 0. Also, 
being an even function b n = 0. All 
we need to do is to evaluate a n . 


4 f T/2 4 f 4 

So = — fi(t)cosnutdt = - (2-t) cos nut dt 

T Jo oJo 




(;n odd) 
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If i i 

fi(t) = —~ < cos cut + -cos 3cut + —cos 5 cut +... 


Now if we finally lift the waveform back to its original position by 
restoring the 2 units (i.e. |flo = 2), the original function is regained 

with f(t) = fi{t) + 2. 


m 


~ 2 + h{ 


1 1 

cos ut + — cos 3u it + — cos 5 ut + . 

✓ ZiO 


> 

* • f 

J 


where u = -. 

4 


Example 2 


A function f (f) is defined by f(t) = 3 + f 0 <t <2 

f(t + 4)=f(t). 



Obtain the half-range sine series for 
the function in this range. 



Sine series required. Therefore, we 
form an odd function, symmetrical 
about the origin 

Uq = 0; a n = 0; T = 4 


f (t) =J2 bn sin nut 

M=1 

4 f 2 f 2 

.*. = — I f(t) sin nut dt = (3 +1) sinw^fdf 

1 Jo Jo 

This you can easily evaluate and then, putting n = 1, 2, 3,... obtain 
the series f(t) =. 
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2 [ 1 4 1 

fit) = — < 4sinu;£ --sin 2 u;f + -sin3u;t --sin4u;£... 
u; I 2 3 4 


Straightforward integration by parts gives 


1 1 
b n — — (3-5 cos 2nv) + 0 „ 
nu rfiJ 1 


(sin 2nuS) 


2tt 

But T = — 

U) 


2 t : 7T 

U) = — = — 

T 2 


1 1 

b n = — (3 - Scosmr) +-^-^sin« 7 r 
no; n z u; z 



2 8 

=- (n even) = — in odd) 

nu nu 

2 f 1 4 1 ) 

.*. = 4 sin u;t--sin 2 <j£ + -sin3a;f--sin4u;£... > 

' a; ( 2 3 4 J 

And that just about brings this particular Programme to an end. 
Fourier series have wide applications so it is very worthwhile paying 
considerable attention to them. 

The Revision summary and Can You? checklist now follow, after 
which you will have no trouble with the Test exercise. The Further 
problems provide additional practice. 


Revision summary 6 

1 Graphs ofy = A sin nx and A cos nx 

Amplitude = A; period = radians 

2 Harmonics 

y = Aisinxis the first harmonic or fundamental 
y = A n sin nx is the nth harmonic. 

3 Periodic function 

fix + P) = fix) P = period 


Fourier series - functions of period 2n 

f{x) = + a\ cos* + #2 cos 2x + 03 cos 3x + 

+ b\ sin* + bz sin 2 * + sin3* +. 

00 

= \ao + ^ {a n cos nx + b n sin nx} 

n=l 


.. + a n cos nx . 
. + b n sin nx.. 


Dirichlet conditions 

(a) The function f(x) must be defined, single-valued and periodic. 

(b) f{x) and f f (x) must be piecewise continuous in the periodic 
interval. 
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6 Fourier coefficients 

1 r 

a 0 = - f{x) dx 

7T J-7T 

i r 

a n = -\ f(x) cos nx dx 

J— 7T 

i r 

b n = -\ f(x)sinnxdx 

^ J —7r 

where, in each case, n = 1, 2, 3, ... 

7 Swra of Fourier series at a finite discontinuity 

At x = x\ t series for fix) converges to 
the value 

\ {f (*i - 0) + f (*i + 0)} = J (yi + y 2 ) 


0 ^ x 

8 Odd and even functions 

(a) Even function: f(—x) = fix); symmetrical about y-axis. 

(b) Odd function: f(—x) = —f(x); symmetrical about the origin. 
Product of odd and even functions 

(even) x (even) = (even) 

(odd) x (odd) = (even) 

(odd) x (even) = (odd). 



9 Sine series and cosine series 

If f(x) is even, the series contains cosine terms only (including uq). 
If f(x) is odd, the series contains sine terms only. 

10 Half-range series 

Function of period 2i r, defined over the range 0 to 7r. Can be 
considered as half of an even function, or half of an odd function. 

11 Series containing only odd harmonics or only even harmonics 

If f(x) = f(x -b 7r) the Fourier series contains even harmonics only. 
If f{x) = -f[x + 7 r) the Fourier series contains odd harmonics only. 

12 Functions with period T 


2 oo 

f{t) =-ao + ^2{a n cos nut + b n sin nut} 


n = 1 



dt 


cos nut dt 

sin nutdt 


p2tt/u) 

— m dt 

Tt Jo 

w f 2,r/w 

— fit) cos nujtdt 

ttJo 

— [ fit)smnutdt 

it Jo 


where 



i.e. T = 


2i r 

« 

u 
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13 Half-range series - period T 

(a) Even function: half-range cosine series 

4 r T / 2 

a° = —Jo f(t)dt 
4 ( T/2 

a n = — f (f) cos na;t d t 

T Jo 

b n = 0. 

(b) Odd function: half-range sine series 

ao = 0 
= 0 

4 f r / 2 

b n = — f(t) sin nujtdt. 

T Jo 



Can You? 


Checklist 6 



Check this list before and after you try the end of Programme test 


On a scale of 1 to 5 how confident are you that 
you can: 

• Determine the period and amplitude of a periodic 
function? 

Yes □ □ □ □ □ No 


Frames 



• Write down the harmonics of a periodic trigonometric 
function? 

Yes □ □ □ □ □ No 

• Give an analytic description of a non-sinusoidal 
periodic function? 

Yes □ □ □ □ □ No 

• Evaluate integrals with periodic integrands? 

Yes □ □ □ □ □ No 






Programme 6 


• Demonstrate the orthogonality of the trigonometric 
functions sinnx and cos nx for n = 0, 1,2,...? 

Yes □ □ □ □ □ No 

• Describe a periodic function as a Fourier series subject 
to the Dirichlet conditions? 

Yes □ □ □ □ □ No 

• Obtain the Fourier coefficients and hence the Fourier 
series of a periodic function? 

Yes □ □ □ □ □ No 

• Describe the effects of the harmonics in the 
construction of the Fourier series? 

Yes a a a n a no 

• Find the value of the Fourier series at a point of 
discontinuity of the periodic function? 

Yes n n n n n no 

• Derive the Fourier series of non-sinusoidal periodic 
functions? 

Yes □ □ □ □ □ No 

• Recognise even and odd functions and their products? 

Yes □ □ □ □ □ No 

• Derive the Fourier sine and cosine series for odd and 
even functions respectively? 

Yes □ □ □ □ □ No 

• Derive half-range Fourier series? 

Yes □ □ □ □ □ No 

• Recognise the condition for the Fourier series to 
contain only odd or only even harmonics? 

Yes □ □ □ □ □ No 

• Explain the significance of the term ao/2 ? 

Yes □ □ □ □ □ No 
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Test exercise 6 


1 If f(x) is defined in the interval -tt < x < tt and f(x + 2i r) — f(x) f state 
whether or not each of the following functions can be represented by a 
Fourier series. 

(a) fix) = x 4 (d) f{x) = e 2 * 

(b) f(x) — 3- 2x (e) f(x) = cosec x 

(C) f(x) = \ (f) fix) = ±\/4x. 

2 Determine the Fourier series for the function defined by 

f(x) = 2x 0 < x < 2 tt 
fix + 2i r) = fix). 

3 State whether each of the following products is odd, even, or neither. 

(a) x 3 cos 2.x (d) x 2 e 2x 

(b) x 2 sin 3x (e) (x + 5) cos 2x 

(c) sin2xsin3x (f) sin 2 x cos x. 

4 A function f(x) is defined by f(x) =tt-x 0 <x<7t 

fix + 2ir) = fix). 

Express the function 

(a) as a half-range cosine series 

(b) as a half-range sine series. 

5 Comment on the nature of the terms in the Fourier series for the 
following functions. 





6 


A function f(t) is defined by 



-2 < t < 0 
0 < t < 2 


fit + 4) = fit). 


Determine its Fourier series. 
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Further problems 6 




t i>: * 


A periodic function f(x) is defined by 
f(x) = 1 - - 0 <x<2ix 

7r 

f{x + 2tt) = f (x). 

Determine the Fourier series up to and including the third harmonic. 

Determine the Fourier series representation of the function f(t) 
defined by 

r 3 —2<t<0 

' w \ -5 0<t<2 

f(t + 4) = fit). 

Determine the half-range cosine series for the function f(x) = sin* 
defined in the range 0 < x < -k. 


m = 


A function is defined by 

7T + X —7r < X < 0 

7 T — X 0 < X < 7T 
f{x + 2tt) = f{x). 

Obtain the Fourier series. 


f(x) = \ AS1 
\ —A sii 


A periodic function is defined by 

smx 0 < x < 7r 
sin* tv < x < 2 tt 

fix + 2tt) = fix). 

Determine its Fourier series up to and including the fourth harmonic. 
0 - 7T < x < 0 


6 If f(x) = 


x 


0 < X < 7T 


and f(x + 27r) = f(x) 


obtain the Fourier series. 


Determine the Fourier series to represent a half-wave rectifier output 
current, i amperes, defined by 


i=m = 


( Asinut 


i° 

f(t + T)=f(t). 


T 

°<t<- 

T 

2 <l< 1 
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8 A function f(x) is defined by 

a 


m = < 


0 


0<X< 1 

7 r 27r 

3 <X< T 

2ir 

— <X<1 r 


-a 

f{x + 7I-) = f(*). 

Obtain the Fourier series to represent the function. 

9 If f (x) is defined by f(x) = x(ir -x) 0 < x < ir, express the function as 

(a) a half-range cosine series 

(b) a half-range sine series. 

10 Determine the Fourier cosine series to represent the function f(x) where 

0<,< 2 

7r 

-<X <n 



11 If 


m = 


0<X< 1 


7r 

-< x <n 


f(x + 2tt) = f(x), 


0 

cosx 

obtain the Fourier cosine series for f(x) in the range x = 0 to x = 7r. 
12 A function f (x) is defined over the interval 0 < x < ir by 

X 

7T — X 


m = 


„ 7 r 

0<J£< 2 
7r 

— <x<ir 


For the range x = 0 to x = it, dete rm ine the Fourier sine series. 

13 A function f(t) is defined by 

-1 -l<f<0 

2 1 0 < t < 1 

fit + 2) = f(t). 

Obtain the Fourier series up to and including the third harmonic. 


m = { 


14 If f (x) =x 2 -ir <x<ir and f(x + 2tt) = f(x), determine the Fourier 
series for f(x). 


3x 

15 A function f (x) is given by f (x) = 7 -for - 7 x <x< 

7 r 


7 r 


with 


f(x + 27r) = f(x). Obtain the Fourier series up to and including the 
fourth harmonic. 
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16 A function f(t) is defined by 

f(t) = l-t 2 -l<f<l 
fit + 2) = fit). 

Determine its Fourier series. 

17 A function f(x) is such that 

-7T < x < 0 
0 < X < 7T 

f(x + 2tt) = fix). 

Obtain the Fourier series. 

18 Determine the Fourier series for a periodic function such that 

( 1 -2 < t < —1 

f(t) = ) 0 -1 < t < 1 

l-l 1 < t < 2 

f(t + 4) = f(t). 

19 A function is defined by 

f(x) = x 2 0 < x < 2 -k 
fix + 2tt) = f(x). 

Determine its Fourier series. 



20 Determine the Fourier series for the function f (t) defined by 



fit + 6) = fit). 


-2 < t < 0 
0 < f < 4 



t ^ * • Frames 

Introduction oge 
to the Fourier 
transform 


Learning outcomes 

When you have completed this Programme you will be able to: 

• Convert a trigonometric Fourier series into a doubly infinite sum of 
complex exponentials 

• Derive the complex Fourier series of a function that satisfies 
Dirichlet's conditions 

• Recognise the function sine (t) 

• Separate a discrete complex spectrum into an amplitude spectrum 
and a phase spectrum 

• State Fourier's integral theorem in terms of complex exponentials 

• Define and derive the Fourier transform of a function satisfying 
Dirichlet's conditions 

• Separate a continuous complex spectrum into an amplitude 
spectrum and a phase spectrum 

• Recognise the functions D fl (t) and A a (t) and derive their Fourier 
transforms along with those of the Dirac delta and the Heaviside 
unit step 

• Recognise alternative forms of the function-transform pair 

• Reproduce a collection of properties of the Fourier transform 

• Evaluate the convolution of two functions and describe its Fourier 
transform 

• Derive the Fourier sine and cosine transformations. 
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Complex Fourier series 



Introduction 

In the previous Programme we saw how a periodic function can be 
represented by an infinite sum of periodic, trigonometric harmonics. 
Each harmonic has a definite frequency which is an integer multiple 
of the fundamental frequency. A non-periodic function can be 
similarly represented, not as a sum but as an integral over a 
continuous range of frequencies. Before we do this, however, we shall 
convert the infinite Fourier series in terms of sines and cosines into a 
doubly infinite series involving complex exponentials. 


Complex exponentials 

Recall the exponential form of a complex number and its relationship 
to the polar form, namely 

z = r(cos 9 + / sin 9) = re* e 

From this equation we can see that 

cos 9 + / sin 6 = e /<? 

and so 

cos(-0) +/sin(-0) = e~* e = cos9 -/sin# 

Using these two equations we can find the complex exponential form 
of the trigonometric functions as 

cos 9 =. and sin 9 =... 




^ 2 j 

pi® _i_ p~i® pi® _ p~i® 

cos 9 =--- and sin# = ——— 

2 2; 



Because 

cos 9 + / sin 9 = e^and cos 9 - j sin 9 = e~* e 


so adding these two equations gives 


pi® _i_ p i® 

2 cos 9 = e Jd + e~i° that is cos 9 =--- 

2 

a) 

and subtracting the two equations gives 


e i® _ e -i® 

2/ sin 9 = ei° - e~ ' ]6 that is sin 9 = ——— 

(2) 


These two equations permit us to develop an alternative representa¬ 
tion of a Fourier series. 




Introduction to the Fourier transform 


In the previous Programme we found that the Fourier series of the 
piecewise continuous function f(t) with piecewise continuous 
derivative and where fit + T) = f(t) is given as 


f(t) = y + ^2(a n cos nuj 0 t + b n sin nwot) 

n =1 

27r 2 f T / 2 

where u 0 = -— and where a n = — f(t) cosn^of df 

1 f J-T/2 

2 f T/2 

and = — f (t) sin nu 0 t At 

1 J-T/2 


oo 



Now, if we substitute the right-hand sides of equations (1) and (2) into 
equation (3) we obtain 




} 




) 



Because 



In the next frame we shall make some notational changes to simplify 

this expression 
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ci 

If we now define c n = - n - - - so that the complex conjugate of c n is 


(in H- jbn . 

c* ~ — tt — we can write this sum as 

n o 


oo 


f(t) = Co + + c*e-i nuJot ) Note that we have taken 

ibo = 0. There is no problem 
about this. There is no term 
sin Ocoot in the Fourier series 
= Co + c " eJmJot + c n eHnwot and so b 0 = 0 


n =1 


oo 


oo 


n=l 


n=l 


For notational convenience 

= c 0 + V c n e )noJot + ^2 c-ne~ )nu)ot we denote c* by c_ M . This 

means that a_ n = a n and 

b~n — —b n 

As n ranges from 1 to oo so 
—n ranges from -1 to -oo 


oo 


n =1 


oo 


oo 


n= 1 


—oo 


- c 0 + c„e ; "“ ot + ^ c„e' 


jnujot 


n =1 


-1 


w=-l 

oo 


— ^ c n e inuJot + co + ^2 c n^ nuJ ° t Notice the reversed order of 

summation in the first sum 


n =—oo 
oo 


n= 1 


n=—oo 


jnu) 0 t 


Combining all three terms 
into the doubly infinite sum 


a — ib 2 f r/2 

where = -■ n - = — f(t) (cos nuot - j sin nuot) d t. That is 


1 f 772 ■ , 

Cn = ~ f{t)e ,nwot dt. 

1 J-T/2 


r /2 


in f/ze next we shall look at some examples 


Example 1 

To find the complex Fourier series for the function 
( 0 -T/2 < t < -a/2 

f(t) = < 1 —a/2 < t < a/2 where f(t + T) = f(t) 

1 0 a/2<t< T/2 



we proceed as on the next page. 
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m = Cnei> 


jnw 0 t 


n =—oo 

1 f r / 2 


_ 1 • 

'ft rji 

9 . ‘ 


nt)e 


-jnujot 


1 J-T/2 

1 r fl / 2 

= i e- ,nwot d t 

T J—a/2 

2 rg-;'«won a / 2 

- T [-/nwoj _ a/2 

/g-jnujQa/l _ gjmjQall 

\ —jZnir 

_ smnuoa/2 
mr 

sin ma/T 


a /sin mra/T 
T \ mra/T 


When n = 0 
1 f T / 2 


1 f J/i 1 f fl/2 a 


where o;n = — and 


Because jf(t) = 1 for - a/2 <t< a/2 


Provided 0 


c . 27r 

Since o; 0 = y 


Recall that sin 0 = 


Since o;q = 


Provided n ^ 0 


>/0 _ 


Therefore 






In the next frame we shall look at the same function 

retarded by half the width of the peak 


Example 2 

To find the complex Fourier series for the function 

f(t) = { * 0 <t < a w h ere + T) = f(t) 

1 w \0 a <t <T Iy J 1 w 



— 


We find that, for n ^ 0, 
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_ /'sin mra/T\ 

n ~ T\ ma/T ) 


Because 


oo 

m = E c « 

n =—oo 


e jnu) 0 t 


i r /2 • , 

1 J—T/2 

= ^ e -inu Q t dt 

1 Jo 


finish 


i. r W(jf 

1 Jo 

T \_—jnujQ_ q 

/g-jncuoa _ 

V -/2H7T J 

/p-jncuoa/2 _ p jnoj 0 a/2 
p -jnu) 0 a/2 I _ ___ 

V —j2mr 

e -jnna/r a /Sin ma/T\ 

T\ ma/T ) 


where LU = -fr and 


Provided n ^ 0 


Provided n ^ 0 


co = 


Because 


1 f T / 2 

Co = ~ f (t) At 

1 J—T/2 

.irdt=- 

tJ„ r 


Therefore 


a 

Co = t 


f(t\ = — -\- V p-j n ™/T ( sin nira/T \ j nc0Qt 
n) T Uoo T{ma/r) 


n^O 


Next frame 
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n r - . sinwra/T , 

Before we move on, consider the expression ^ that occurs m 

both of these examples. This is an example of a commonly occurring 


expression 


smx 


which has the special name sinc(x). Notice that 


smx 


sinc(O) is not defined. However, because Lim sine (x) =Lim -= 1 

x —>0 x —>0 ^ 

we define sine (0) = 1. 



This means that cq can be incorporated into the summations so the 
solutions to Examples 1 and 2 become 

oo 

f{t)= y; (q/T)sinc(n7ra/T)g /wa;ot 

n=— oo 
oo 

f(t)= ( a / T )e~ ;mrg / T sinc (nvra / T)e^ nuJo 1 respectively. 

n =— oo 

Now let's compare these two results 


Complex spectra 


The coefficients c n in the first example are real numbers whereas in the 
Second example they are complex numbers. In general, the c n are 
complex numbers and can be written as 

c n = \c n \e^ n where, in the last example | c n 

and cj) n = —mra/T. 

These complex coefficients constitute a discrete complex spec¬ 
trum where c n represents the spectral coefficient of the nth harmonic. 
Each spectral coefficient couples an amplitude spectrum value \c n \ 
and a phase spectrum value <j> n . The amplitude spectrum tells us the 
magnitude of each of the harmonic components and has, for both 
examples, the graph shown on the next page. 


a sinmraT 
T nrrT 
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The phase spectrum 4> n = —rma/T tells us the phase of each harmonic 
relative to the fundamental harmonic frequency uq. 



The phase spectrum of the first example is zero for all n and tells us 
that each harmonic is in phase with the fundamental harmonic. The 
phase spectrum of the second example, which is a retarded form of the 
first example, tells us that the nth harmonic is shifted out of phase 
from the fundamental harmonic by nuj o. 

Next frame 


The two domains 



A periodic waveform and its spectrum are described in different terms. 
The waveform is described in terms of behaviour in time whereas the 
spectrum is described in terms of behaviour relative to frequency. Thus 
time and frequency form two domains of definition of our functions 
and whatever information can be gleaned from within one domain 
can equally be gleaned from within the other. For example, the power 
content of a periodic function f (t) of period T is defined in the time 
domain as the mean square value of f{t) 



d t 


Within the frequency domain the power content is given as 
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n= oc 


Because 


i r T / 2 i r T / 2 / ^ \ 

00 1 C T / 2 

= X C "T f(t)e ini0ot d t 

n =—oo J—T/2 


n =—oo 


oo -i i*T/2 

= V C„ - f(t)e~ i( ~ n)u -' ot d t 
nt^vo 1 J-T/2 

oo ob 

= c " c - n = c ” c " 


n~—oc 


n =—oo 


= X i c ” 


n—oc 


So the power content can be obtained from either domain. 


Next /fame 


Continuous spectra 


Of interest in the analysis of periodic functions is the behaviour of the 
Fourier series as the period increases without limit. Consider Example 1 
from Frame 5 



f 0 -T/2 < t < -a/2 

f(t) = < 1 -a/2 <t < a/2 where f(t + T) = f(t) 

I 0 a/2<t< T/2 



which has the Fourier series 

. rrvKa\ 

oo 9 _ sm — 

fit) = X c ne imj,)t where ujq = — and where c„ = (-J — ^J J 

TI— — OG - 

T 

As the period increases the separation between the pulses increases 

and in the limit as T —> oo only.remains and the resulting 

function is no longer. 
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In the Fourier series the distance between neighbouring harmonics in 

2t r 

the complex spectra is the fundamental frequency vo= — and, in the 

limit as T —> oo, so ujq —> 0. This means that as the period increases the 
space between lines in the spectrum decreases so the spectrum lines 
come closer together and in the limit merge into a continuous 
spectrum. That is, for large T 

i%jq = n8u and as T —» oo so nduj —► uj 

where u is the continuous frequency variable. To see the effect of this 
on the general form of the Fourier series we start with 

OO ry 

f(t) = ^2 c n einuJot where w 0 = 


n=—oo 


l r T / 2 

and where c n = — f(t)e jnuJot d t 

T J—T/Z 


1 J—T/2 

Substituting the integral form of c n into the sum gives 

« h r r / 2 1 . , 


m = 


oo f 1 fX/2 

E f 

nt r^oL J J-T/2 


f(u)e ^° u du e 


where u is a dummy variable in place of the variable t. 


Now, ujq=~y and so 


oo i-i rT/2 

f{t) = V - f(u)e~ im}oU du Lj 0 e im}ot 
n~oo Z7r J-T/2 


If T is large then uq = 6uj and 

^ r i f r/z 


OO -| r»j jL 

f{t) = V —I f(u)e~’ nSujU d u e> nSut 8u 
nt^o o 2?r J-r/2 


Introduction to the Fourier transform 


241 


In the limit as T —► oo so nSu —> u>, the sum becomes an integral and Su 
becomes the differential da; giving 

r°° r i f°° i 

f{t) = — fiu)e~ jiM du e iQJt dw 

J u>=- oo J u=— oo 

i r°° r i r°° . i . 

= —= —= f(u)e~^ u d u dcu 

v27rJw=-oo W2tT Ju=-oo 

1 r°° . i r°° 

= —— F(uj)e )(Jjt da; where i^a;) = —= f(u)e~ ju}U d u 

V l/K J oj=—oo v 27T J u — oo 

These two integrals form the conclusion of Fourier's integral theorem. 

Next frame 


Fourier's integral theorem 


Given function f(t) with derivative f(t) where 

(a) f(t) and f f (t) are piecewise continuous in every finite interval 

fOO 

(b) f(t) is absolutely integrable in (oo, — oo), that is \f(t)\dt 

J — oo 

is finite 
then 

i r°° i r 00 

f(t) = —= F(uj)ei (Jjt da; where F( J) = —= f dt 

v27rJ-oo v27T J-oo 

The discrete harmonic values nuo of the periodic function are 
now replaced by the continuous harmonic variable u and the discrete 
spectra c n = |c„|e^ n are replaced by the continuous spectra 

F( J) = \F((J)\e^ u \ F(lj) is referred to as the Fourier transform of f(t) 
and can also be written as «^(; f(t )). Deriving the Fourier transform of a 
function is then a matter of applying the second of these two integrals. 
The expressions f(t) and jF(o;) form a Fourier transform pair where f (t) 
can be referred to as the inverse Fourier transform of F(J). That is, 

Next frame 
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Notice the similarity between the plots of F(u) and the discrete 
spectrum of Frame 10. The lines in the discrete spectrum have merged 
to form a continuous spectrum while retaining the envelope of the 
discrete spectrum. 


Now you try one 
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Example 4 


The function of the previous example 
time delayed by t = a/2 units is 



0 < t < a 
otherwise 


And has the Fourier transform 

F(u) =. 






2 c -joja/2 ( sin uja/2\ 

\/27r \ u J 

a e -1ua/2 f SiH ua/2 \ 
\f2rx V o;a/2 ) 


np } UJ (lf 2 

— ~~ 7 ^=~ s inc (wa/2) 

VZ7T 

Here F(u) is a complex function so we write F(u) = \F{u)\e^^ where 
|.F(a;)| = ^a/\/27r^sinc(a;a/2)| is the continuous amplitude spectrum and 
<j>{u) = -uuj/2 is the continuous phase spectrum . 



Again, notice the similarity between the plots of <f>(u) and the discrete 
phase spectrum of Frame 10. The lines in the discrete spectrum have 
merged to form a continuous spectrum while retaining the envelope 
of the discrete spectrum. 

Next frame 
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Some special functions and their 
transforms 


Even functions 

If f(t) is an even function then 

1 f°° 

f(-t) = f(t) and f(t) = - 7 = me iwt da; 

V Z7T J —oo 


where 


F(a;) 


POO 

/w 

Jo 


F(a;) = ^“1 AO cosa;tdt 


Because 


1 r°° 

i 7 ^) = -= * 

v Z7T J —oo 

=4=f m^dt 

V Z7T J —oo 


1 f°° 

M d f + — f(f)e 
vZ7TJo 




1 p—oo 1 poo 

= —7= f{t)e~’ ut dt + -== f(t)e~ lujt df 

\/27r Jo \/2^Jo 

reversing the limits on the first integral 

1 poo -1 poo 

= —fH^d(-t) +1 = f(f)e~ M dt 

v27rJo V Z7T Jo 

changing the variable of integration in the first integral 
from t to —t 


1 f°° 

^=j o m[e^ + e~^]d{t) 

2 f°° /? f°° 

-= f(t) cos ut d t=\- f(t) cos u)t At 

v27rJo V 7rJo 


Notice that if f(t) is even then F(J) is real. 

Odd functions 

If f(t) is an odd function then 

1 f°° 

fi-t) = -f(t) and f(t) = -= F(w)e ,bJt dw 

v Z7T J —oo 


where 


F(o;) = 


poo 

m 

Jo 
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Because 


1 f°° 

F(oj) = -= f(t)e~’ wt d t 

V Z7T J—oo 


l r° 


i r°° 

> t df + ^ 
V2ir)o 


M df 


-I (*-00 

me* 

f 2n Jo 


M d t + 


1 f°° 

^ f' 

'27rJo 


M df 


nr- I y'-' — ' f^T ' v / — 

V27rJo V27rJo 

reversing the limits on the first integral 

1 poo 1 POO 

— 7 *= f(-t)^d(-f)+— f(P)e-^dt 

v27rJo V27rJo 

changing the variable of integration in the first integral 
from t to -t 


1 r°° 

j= f(t) [~e Jujt + e~’ wt ] d t 
V27T Jo 

—2/ f°° 

p= f(t) sino;tdt 
27r Jo 


sin utdt 


'vfr« ,)si 


sino;tdt 


= “/ 


Notice that if f(t) is odd then F(lj) is imaginary. An example will show 
the converse of these two results. 


Example 

Given that ^f(t) = F(u) = A(u) + jB(u) where A(u) and B(u>) are real 


functions of u, then if 

(a) A (us) ± 0 and B(J) = 0 then f(t) is an . function 

(b) A(u) = 0 and B(u) ^ 0 then f{t) is an . function 
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(a) A (u) ^ 0 and B(u) = 0 then f(t) is an even function 

(b) A(u) = 0 and B(u) ± 0 then f(t) is an odd function 

Because 

The Fourier transform is given as 


1 f°° 

F («) = —7= f{t)e 

V Z7T J — oo 


M dt 


1 r°° 

= —— f(t) [cos ut - j sin ut] d t 

v 2tT J —oo 

1 poo 1 poo 

= ao cos - /->== m si 

v Z7T J-oc vZ7Tj-oo 

= + jB(u) 


sinutdt 


poo 

If f (f) si 

J— oo 


sino;tdt = 0 then f(t) sino;t is odd. But sino;t is odd, so 


f(t) must be even. 


poo 

If fit) 

J— oo 


cos ut dt = 0 then f (t) cos ut is odd. But cos ut is even, so 


f(t) must be odd. 

Top-hat function 

This function is a special form of the function met in Example 3 in 
Frame 16, and is defined by 

{ 0 t < —a/2 

1/a -a/2 < t < a/2 

0 a/2<t 



It is, because of its shape, referred to as the top-hat function and is 
denoted by the symbol n a (t). It is a special form of the function in 
Example 3 because it has a unit area - width x height = a x (1/a) = 1, 


poo pa/2 r+ 

H a (t)dt=\ (l/a)dt= - =1 

J-oo J-a /2 kl-a /2 

The Fourier transform of the top-hat function is 

F(“) = . 
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Because 


1 f°° 

F(u)=-=\ H a (t)e- iwt dt 

VZttJ-oo 
1 ( a/2 

= -= (l/a)e-^di 
V27T J-<i/2 

1 f fl/2 • . 

= —= e~’ ut dt 

U\2'K J-a/2 


e ;wt d t 


y/2/K 


sine (ua/2) 


This function is useful in that it can be used to select any segment of 
any function. For example 

7rII n(t) sin t 

selects the segment of sin t between ±tt/2 and reduces the rest to zero. 


rcll^OsinCt) J 
1 - 

-7t 

2 

- 1 - 


71 t 
2 


So TrJl^t - 7 r) cos t selects the segment of cos t between 

. and. 
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7r/2 and 37r/2 


Because 


D \*(t - 7r) 

that is 

- 7r) 


0 t — 7T < —7r/2 

1/7T — 7r/2 < t — 7T < 7r/2 

0 7r/2 < t — 7T 


0 t < 7r/2 

l/7r 7r/2 < t < 3ir/2 
0 7r/2 < t 


and so 


7rII 7r (t — 7r) cos t 


cos t 7r/2 < t < 37r/2 
0 otherwise 


selects the segment of cos t between 7r/2 and 37r/2. 



The Dirac delta (refer to Programme 4, Frames 29 ff) 

In science and technology we often require to use the notion of a force 
that acts for a very brief interval of time. To simulate this 
mathematically we can use the unit-area pulse - the top-hat function. 
If we take the duration of this pulse to decrease while at the same time 
retaining a unit-area then in the limit we are led to the notion of the 
Dirac delta. That is 

POO 

Lim (n a (t)} d t = Lim 1 = 1 

«->0 J-oo a->0 
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Here as a —> 0 the width of the top-hat decreases as the height 
increases but all the while retaining the area beneath the top-hat as 
unity. It is this limit that we can use to justify the integral definition of 
the Dirac delta because 


*oo poo poo 

Lim {H a (t)}dt = Lim {n. a (t)} dt = S(t)dt 

a —>0 —oo J — oo —>0 — oo 


= 1 


and it is also in this sense that we accept the validity of the integral 

poo 

f(t)S(t - to) dt = f(to) 

J — OO 


because, like the top-hat function, it selects only that part of f (t) over 
which it is non-zero, namely at t = to. 


So if f (t) = S(t) then F(lj) = 





The truncated exponential function 



t >0 
t <0 


where a > 0 can be also expressed in the form f{t) = e~ at u(t) and has 
the Fourier transform 


F(u>) = 
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1 

y/2n (a + jJ) 


The triangle function 

((a + t)/a 2 —a<t< 0 

A a (t) = < (a- t)/a 2 0 < t < a Notice that this also has unit area 

[o \t\ > a 




changing the variable of integration in the first integral 
from t to —t 



cos u>tdt 


2 (l sin 2 (o;/2) 
\/2n 12 (o;/2) 2 



sinc 2 (o;/2) 


and integration by parts yields 
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Alternative forms 

It should be noted that there are a number of alternative forms for the 
Fourier transform - each dealing with a different location for the 
constant 2ir. Other forms are 

OO 1 poo 

F(J)ei ut du> where F(u>) = — ffye^ d t 

—oo 2 /k J —oo 

or 

1 poo poo 

f (t) = — F((J)e^ du; where F(J) = d t 

J _ oq J oo 

or, by absorbing the 2n in the exponential by defining u = 2 tfv 

poo poo 

f(t) = F(v)e’ 2m/t dv where F(v) = f{t)e~’ 2mt d t 

J oe J— oo 

We shall remain with our original form because it has the simplest 
exponential factor and we do not need to remember which integral 
has the constant in front of it and which does not. 

Next frame 



Properties of the Fourier transform 

We now list a number of properties of the Fourier transform that are 
useful in their manipulation. 

Linearity 

If the Fourier transforms = Fi(u) and ^(f 2 (t)) = F 2 (uj) then 

^{aifi(t) + a 2 fz(t)) = 4- ot 2 ^{f 2 {t)) = aiFi(u) + 

where a\ and a 2 are constants. 

Example 

The Fourier transform of f(t) = 2112 (f) - 6 A 2 (£) is 
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Time shifting 

If (t)) = F(J) then &(f(t - to)) = et*>F(J) 

Example 

1 

The Fourier transform of 112(f) is -=sinc (w) so, by the time shifting 

v2tt 

property, the Fourier transform of 

Il2(t - 5) is... and of Il2(t + 3) is . 



Frequency shifting 

If ^(f{t)) = F(u>) then ^{f{t)e^ 1 ) = F{u> - u> 0 ) 

Example 

If the Fourier transform of f(t) is F(u) then the transform of 
f(t) cos 4 1 is 
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— (F(u + 4) + F(u) — 4)) 


Because 


f(f)cos4f = f(t) 


e Ht + e -m 


= \f{ty At + \f{t)e~ iAt 

= \ 0 me m + me-’* 1 ) 

1 

and so the Fourier transform is - (F(u 
and the frequency shifting properties. 


- 4) + F(u) + 4)) by the linearity 


Time scaling 

If = F(u) then 

nnm =(|) 

So, for example, given f(t) = n a (t) with Fourier transform F(u), « m 
is shrunk to half its width then F(J) is stretched to twice its width but 
shrunk to half its height. 

Example 

If F(v) is the Fourier transform of f(t) then the Fourier transform of 

f(~t) is. 


F(-cj) 


Because 


1 f°° 

\k\ _1 F(o;/k) = —= f(kt)e~i ut d t and when k = 

v 27T J — oo 

i r°° 

I - lr^/i-i]) = -= fdt=F(-u>) 

V 2 sk J—oo 


-1 then 


Symmetry 


If #'( i f(t )) = F(u) then (. F(t )) = f(-u) 

Example 

The Fourier transform of f(t) = TLz(t) is F(u) 
Fourier transform of 


*(*) =-^=sinc(t) is 


V2tt 


sine (a;), so the 
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Example 

The Fourier transform of the unit constant function f (t) = 1 is 




Differentiation 

If f (t) —► 0 as t -» ±oo and if J* ( f(t )) = F(uj) then 

nf(t)) = . 


Because 





[m^Too+^f me 

V —oo 




= 0 + ]ujF(uj) 


In general, if f(t) —> 0 as t — > d=oo and if J* (f(t)) = F(u) then 
If &(f(t))=F(u) then ^(f (n] (t)) = (jto) n F(to) 
where the superscript (n) indicates the nth derivative. 


Example 

The differential equation for unforced and undamped harmonic 
motion is of the form mf"(t) + kf(t) = 0. If we take the Fourier 
transform of this equation we immediately find that the 
permitted frequencies of oscillation are 


U) = 
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If F(u) is the Fourier transform of f(t) then taking the Fourier 
transform of both sides of the equation mf"(t ) + kf (t) = 0 gives by 
the differentiation property 

m(juS) 2 F{uS) + kF(ui) = (—mu/ + k)F(u) = 0 
so if F(lj) i=- 0 then mu/ = k and so the permitted frequencies are 


Next frame 


The Heaviside unit step function 

The Heaviside unit step function is defined as u(t) where 



If we follow the definition of the Fourier transform we find that 



So that F(u) = 



Because e i ut = cosut -j sin wt we cannot say what happens to the 
exponential at t —» oo. So how do we resolve the problem? 


Next frame 




Programme 7 



Let $Fu(t)=F(u ) and so, by the scaling property, ^u(-t) = F(-v). 
Now, u(t) + u(—t) = 1, therefore ^[u(t)\ +^u[(—t)\ = ^[1], That is, 
from Frame 35 

F(u) + F(-u) = V2^6 (lj) 

We now assume that F(u) consists of a combination of the Dirac delta 
and an arbitrary function G(lj) 

F(lj) = a8(J) + G(u;) so that 

F(ui) + F(—uj) = a8(w) + G(uij + a8 (—lj) + G(—lj) 

= 2ol8{uj) H - G(cj) + G(— uj) since 8( — uj) = 8{uS) 

= V2/k8{lJ) 

Therefore a = y^ and G(u) + G(-u) = 0. That is, G(u) = -G(-cJ). 
Consequently ^[u(t)\ = F(u) = y^<$(a;) + G(u). 

Now, — ju)F(uj) = juj^^j^8(uj) + G(o;)| and since u f (t) = 8(t) 


then ^[u'(t)\ = ^[8(t)\ = —= giving ju 

y27T 


' W {V2 * (w) + G(w) }-vb 


1 1 

Since u8(u) = 0, then ju>G(uj) = —==. and so G(u) = -—= thereby 

v 27 t juy2'K 

giving 




The next property deals with the Fourier transform of a product of 
functions but before we go any further we need to discuss what is 
meant by the convolution of two functions. 

Next frame 
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Convolution 


The convolution of two functions f(t) and g(t) is defined as 

poo 

f (f) * g(t) = f(x)g(t -x)dx = h(t) 

J—oo 



where the * denotes the operation of convolution. You will note that 
this is a function of variable t and here we have denoted it by h(t). To 
illustrate an interpretation of this operation, consider the two 
functions f(t) = 'nTL^t) and g(t) = cost. Then 

f( x )S(~ x ) = ^(x) cos(-x) = 7rII w (x) cos* 


is that part of the cosine 
function that lies between 
±7r/2 and is zero elsewhere. 


The integral 




area beneath the single loop of the cosine curve. We shall call this 
value h( 0) because the loop is centred on the origin. That is h( 0) = 2. 
Now, the graph of cos(7r/3 - x) has the same shape as cos(-x) = cos* 
but it is shifted to the right by 7r/3 radians. Consequently, 
f (x)g(ir/3 - x) = TrKn( x ) cos(7r/3 - x) is that part of the shifted cosine 
function that lies between ±tt/2 and zero elsewhere, so now 


poo 

f(x)g(7r/3 - x) 6x = 1. We shall call this value h( tt/3) because tt/3 

J—oo 

measures the amount of the shift of the cosine curve. That is 
h( 7r/3) = 1. Proceeding in this manner to define values of h(t) we see 
that the function formed from these integrals is 



f(x)g(t -x)dx = h(t) 
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Example 

To find the convolution f(t) * g(t) where 
^ f Se C 2 t |t| < tt/4 


fit) = U{t) and sit) = 


otherwise 


where u(t) is the Heaviside function 


then 


W) = fit) *git) = 


1 + tan 2 1 
1 + tan t 


Because 


POO POO 

fix)g(t -x)dx = I u(x)git -x)dx 

J — oo J—oo 


= r sec 2 (f -x)dx because u(t) = 0 for t < 0 
Jo and g(t) = 0 for t > tt/4 


= - tan(t — x) 


{- tan(t - 7r/4) + tan t} 
tan t -1 

- - -b tan t 

1 +tan t 

1 + tan 2 1 

1 + tan t 
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The convolution theorem 

If F(lj) and G(lj) are the Fourier transforms of f(t) and g(t) respectively 
then 

(a) The Fourier transform of the convolution of f (t) and g(t) is equal 
to the product of the individual Fourier transforms. That is 

3F\f(t) *g(t)] = V2ttF(uj)G(uj) and so 

^[F^Giu)] = ^=m *g(t)\ 

Lit 

(b) The Fourier transform of the product f(t)g(t) is equal to the 
convolution of the individual Fourier transforms. That is 

^\fit)git)} = \=F{u>) * G(u>) and so 

V27T 

3F- 1 [F{uj) * G(w)] = V2rf(t)g(t) 

These provide useful methods of finding inverse transforms. 
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To find the inverse transform of 

111 

F(u) =- = —■= -x ——-where a > 0 

2tt (a + ju) v27t (a + ju) \2if{a + ju) 

1 

we note that if F\(u) = =- ; — then from Frame 26 

v27r (a + ju) 

/i(f)=J r - 1 [Fi(a;)] =. 


flit) = e~ at u(t) 


Now, because 

F(u) = F\ ( u)Fi (u) 

then 

f(t) = JF- 1 [F(uj)] = jr- 1 [F X (uj)Fi («)] =-^=[/i (t) * fi (t)] 

V2tt 

V 27 T J —oo 

1 f°° 

= —= e~ ax u(x)e~ a{ - t ~ x) u{t - x)dx 
\ 2tT J —oo 


,—at fOO 


V^J-c 

roo 


‘OO 

e~ ax u(x)e ax u(t — x) dx 

—oo 


*00 

u(x)u(t - x) dx 

J— oo 


V^J-oo VV ' ' 

Now, u(x)u(t - x) = 0 when x < 0 or when t — x< 0, that is when 
x> t. 

Therefore, - *) = { J others! * 80 


e -at rt 

m=-«= dx 

v 27 r Jo 


\/2/k > 


- if t > 0 te a * 

lir>U that is, f(t) =-y=u(t) 

0 if t < 0 ^ 27r 

Now you try one. 

The inverse Fourier transform of F(u) = -— T is 

v ' 6 + Sju-u 2 

m =. 
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f(t) = VS07r[e 2t - e 3t ]u(t) 


Because 


FM = 


6 H - 5 ju — u i 


(2 + ju) (3 + ju) 

1 

Let Fi(u) = —= - ; — so that fi{t) = e~ 2t u(t) and 

v27r(2 + ju) 

1 

Fz(u) = —7= - so that f 2 (t) = e 3t u(t) so that 

V 27r(3 + ju) 

F(u) = 10 tt[Fi (u)F 2 (u)] 

By the convolution theorem 

m=^\f 1 (t)*f 2 (t)} 

V27r 

pOO 

= VSOn fi{x)fz{t -x)dx 

J—oo 

poo 

= VSOtt e~ 2x u(x)e~ 3 ^~ x ^u(t - x) dx 

J—oo 

poo 

= VS07re~ 3t e x u(x)u(t — x) dx 
J—oo 

pt f i if 0 <x < t 

= V S07re~ 3t e* dx since u(x)u(t - x) = < 

Jo [0 otherwi 


= VSOTre 3t e l - 1 u(t) since [ e x dx = < 

1 1 Jo [ 0 


0 otherwise 
e*-l if £ > 0 


if t <0 


= V507T i 


e 2t — e 3t 


]«(0 


Move to the next frame 
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Fourier cosine and sine transforms 


Given that 


1 f 00 

f(t) = —= F(co)e }u>t d co where 

v 2j7T J— oo 

l r°° 

F (u)=-r=\ f(t)e >u,t dt 

V 2/K J —oo 

1 f°° 

= —p= f (t) (cos cot -b / sin cot) d t 

V27r J-oo 

if f’(t) is an even function so that f(-t) = f(t) then 

1 f°° 

F(co) = -= f(t) (cos cot + / sin cot) dt 

V 2/i r J — og 

i r 

= -= f(t) cosa;f df since f(t) sino;t is odd 

v 27 r J —oo 


poo 

At) 

Jo 


cos o;tdt 


This is referred to as the Fourier cosine transformation and is denoted 
by F c (co). That is 


Fc M = yf J f ( t) cos o;t dt 

Similarly if /"(t) is an odd function so that f(-t) = -f(t) then 
1 f°° 

F(co) =— — f(t) (cos cot j sin cot) dt 

v 2tT J — oo 

/ f°° 

= —f ( t ) sin cot dt since f(t) cos oot is odd 
v 27r J —oo 


' Vir« ,)si 


sino;tdt 


This gives rise to the Fourier sine transformation, denoted by -Fs(w) 
where 


Fs(w) = 




sin cot dt 


Example 1 

The Fourier cosine transformation of f(t) = 


1 if 0 < t < a . 
0 ift>a 11 




* ® 
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Example 2 


The Fourier sine transformation of 



1 

0 


Fs(oj) = 


if 0 < t < a . 

is 

if t > a 





The Fourier cosine and sine transforms are useful when f(t) is only 
defined for t > 0 and where an extension can be added to f(t) for t < 0 
that makes the extended f(t) into an even or odd function 
respectively. 
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Table of transforms 



if - a/2 < t < a/2 
otherwise 




a 

y/2i r 


sine (uja/2) 




if 0 < t < a 
otherwise 



ae i ua / 2 
V2i T 


sine {m/2) 


f 1/a if - a/2 < t < a/2 
\ 0 otherwise 



sine {m/2) 


m = u{t) 




n6(tJ) + — 
JU) 


} 


f(t) = e at u(f) 


f(t) = te at u(t) 


F(w) = .— < nS(uj + a) + — 

V2tt l M 


m = 


v2n(a + jus)' 


m) = m 



i 

y/2i r 


The main points of the Programme are listed in the Revision 
summary that follows. Read it in conjunction with the Can You? 
checklist and refer back to the relevant parts of the Programme, if 
necessary. You will then have no trouble with the Test exercise and 
the Further problems provide valuable additional practice. 



Revision summary 7 

1 Complex Fourier series 

The Fourier series of the piecewise continuous function f(t) with 
piecewise continuous derivative and where f(t + T) = f(t) is given 
as 



fit) = ]T c n ei n ^ 

n=—oo 

jr 

where c„ = ^ f f{t)e~ lnwot d t. 

T J-r /2 
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2 Discrete complex spectra 

The c n are complex numbers and can be written as 

C n = \Cn\e^ n 

These complex coefficients constitute a discrete complex spec¬ 
trum where c n represents the spectral coefficient of the nth 
harmonic. Each spectral coefficient couples an amplitude spec¬ 
trum value \c n \ and a phase spectrum value <f) n . 

3 Fourier's integral theorem 

If (a) f(t) and f'(t) are piecewise continuous in every finite 
interval 


(b) f(t) is absolutely integrable in (oo, 
is finite then 


— oo), that is 




1 f 00 

= F(w)e )ujt dw where F(w) = 

V 2tT t — oo 




~ ju}t dt. 


4 Continuous complex spectra 

The Fourier transform F(w) is a complex function so we write 
F(w) = \F(w)\e^^ where |F(a;)| = | (a/y/Tnj sine(o;a/2)| is the 

continuous amplitude spectrum and (j){u) = -aw/2 is the continuous 
phase spectrum. 


Transforms of special functions 

Top-hat function 

r l/a -a/2 <t < a/2 
a \ 0 otherwise 

1 

with Fourier transform F(w) = —— sine {wa/2) 


%/2 


7T 


The Dirac delta 


If f(t) = g(t) then F(w) = 


V2tt 

The Heaviside unit step function 
0 t <0 


t >0 


«(t) = {j 


has the Fourier transform 


The triangle function 
0 |t|>l 


A(t) 




iti < i 


has the Fourier transform 


F{u) = -= sinc 2 (o;/2). 

VZ7T 
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6 Alternative forms 

There are a number of alternative forms for the Fourier transform 
- each dealing with a different location for the constant 2i r. Other 
forms are 


F( uj)e^ 1 Au where F(lJ) = — f (t)e ;wt dt or 

J _ 00 


««, - E 

1 POO POO 

f(t) = — F( o;)e ;wt do; where F(<J) = f{t)e~^ 1 At c 

"^tJ— oo J — OO 

POO POO 

f(t) = F(a;)e ;27rwt do; where F(o;) = f (t)e~i 27rojt At. 

J— OO J—OO 


Properties of the Fourier transform 
Time shifting 

1 f°° 

If F(u) = -= f(t)e )u)t At then 

V 27 T J —oo 

i r 00 

e iuta F{uj) = -= f(t - to)e iu,t dt. 

v27T J— oo 

Linearity 


If Fi(o;) and F 2 (o;) are the Fourier transforms of fi(t) and f 2 (t) 
respectively then aiFi(u;) + 0 : 2^2 M is the Fourier transform of 
aifi(t) + a 2 f 2 (t) where a\ and a 2 are constants. 

Frequency shifting 

If F(u) is the Fourier transform of f(t) then the Fourier transform 
of f(t)e~i uot is F(uj - uq). 


Time scaling 

1 r°° 

If F(u>) = -= f{t)e^ f At then 
V27T J —00 

1 r 00 

]k\- 1 F(w/k)=-=\ f(kt)e^ dt. 

v27T J —00 


Symmetry 

If F(o;) is the Fourier transform of jf (t) then the Fourier transform 
of F(t) is f(-J). 

Differentiation 


1 f°° 

If F(u>) = —r= f{t)e~‘ )u)t dt then 

v27t J —00 

1 r°° 

(jco) n F(oj) = -= fW (t)e~i ut dt and 
V 2tt J— 00 

1 r°° 

F (n) M = - 7 = (-Mdt. 

V Z 7 T J —(X) 
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8 Convolution 

The convolution of two functions f(t) and g(t) is defined as 

PCX) 

f(t) * g{t) = f(x)g(t -x)6x = h(t). 

J—oo 


The convolution theorem 

If F(u>) and G(uS) are the Fourier transforms of f(t) and g(t) 
respectively then 

(a) The Fourier transform of the convolution of f(t) and g(t) is 
equal to the product of the individual Fourier transforms. 
That is 

(b) The Fourier transform of the product f (t)g(t) is equal to the 
convolution of the individual Fourier transforms. That is 

rmg(t)]=F(Lj)*G(u>). 


Fourier cosine and sine transforms 

1 f°° 

Given that f(t) = —= F(cJ)e Juit dt where 

V 2/7T J — oc 

i r°° 

f( W )=-= f{ty+* do; 

V 27r J — oo 

where f(t) is even then 


f(t) = y-J T c (u;) cosa;tda; where F c (o;) = y-j f(t) cosa;tdt 

and where F c (o;) is called the Fourier cosine transformation . This 
transformation is useful when f (t) is defined only for t > 0 and 
where an extension can be added to f (t) for t < 0 that makes the 
extended f (t) into an even function. 

If f(t) is odd then 

py pcx py pcx 

fit) = \ - F s (uj) sin a; da; where F s (u;) = \ - \ f(t) sina;£ dt 
V ttJq V 7rJ o 

and where F s (o;) is called the Fourier sine transformation. This 
transformation is useful when f (f) is defined only for t > 0 and 
where an extension can be added to f{t) for t < 0 that makes the 
extended f{t) into an odd function. 



Introduction to the Fourier transform 


267 



Can You? 


Checklist 7 



Check this list before and after you try the end of Programme 

On a scale of 1 to 5 how confident are you that 
you can: 

• Convert a trigonometric Fourier series into a doubly 
infinite sum of complex exponentials? 

Yes □ □ □ □ □ No 

• Derive the complex Fourier series of a function that 
satisfies Dirichlet's conditions? 


Yes 

□ 

□ 

□ 

□ 

□ No 

• Recognise the function 

sine (f)? 


Yes 

□ 

□ 

□ 

□ 

□ No 


• Separate a discrete complex spectrum into an 
amplitude spectrum and a phase spectrum? 

Yes □ □ □ □ □ No 


• State Fourier's integral theorem in terms of complex 
exponentials? 

Yes □ □ □ □ □ No 

• Define and derive the Fourier transform of a function 
satisfying Dirichlet's conditions? 

Yes □ □ □ □ □ No 

• Separate a continuous complex spectrum into an 
amplitude spectrum and a phase spectrum? 

Yes □ □ □ □ □ No 

• Recognise the functions II a (t) and A a (t) and derive their 
Fourier transforms along with those of the Dirac delta 
and the Heaviside unit step? 

Yes □ □ □ □ □ No 

• Recognise alternative forms of the function-transform 
pair? 

Yes □ □ □ □ □ No 

• Reproduce a collection of properties of the Fourier 
transform? 

Yes □ □ □ □ □ No 

• Evaluate the convolution of two functions and describe 
its Fourier transform? 

Yes □ □ □ □ □ No 

• Derive the Fourier sine and cosine transformations? 

Yes □ □ □ □ □ No 


test 

Frames 










□E) 
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Test exercise 7 



1 Find the complex Fourier series of the sawtooth wave 
f(t) = t, 0 < t < 1 and where f(t + 1) = f{t). 


Find the Fourier transform of 

e~ at \t\ < 1 

0 otherwise 


m = 


a> 0 


3 


Given that the Dirac delta 6(t) has the Fourier transform F(oj) = 
show, by considering the inverse Fourier transform, that 


1 

\F2sk 



i r°° 

e-’ ut dto = - 

ttJo 


cos u)t duj. 


4 Iff(t) andF( cj) form a Fourier transform pair, find the Fourier transform 
of f (t) sincjof where luo is a constant. 

5 Find the inverse transform of F(lj) = —=——- 

K J U) 2 + S]U) - 4 

6 Find the Fourier sine and cosine transformations of f(t) = e~ kt for t > 0 
and k > 0. 


£ Further problems 7 



1 


By comparing the trigonometric Fourier series of a periodic function 
with its complex exponential counterpart show that 

M = ^\/ a n + bn anc * = arctan |“^| w here C n = 


Prove Parseval's identity for the periodic function with period T 

imfit- £ w 2 =f+iE«+« 


If 72 

J-r /2 


n——oo 


fi ——nn 


and show that 



7T 2 

" 6 * 


3 Draw the graph and find the complex Fourier series of the rectified sine 
wave 

f(t) = sin7rt, 0 < t < 1 where f(t + 1) = f(t). 

4 Draw the graph and find the complex Fourier series of the rectified 
cosine wave 

f(t) = cos 7r t, -1/2 < t <1/2 where f(t + 1) = f{t). 
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5 

6 


7 


8 

9 

10 

11 

12 

13 


14 

15 


Draw the graph and find the complex Fourier series of 

f(t) = e* 1 , 0 < t < 2 where f(t + 2) = f(t). 

Draw the graph and find the complex Fourier series of the sawtooth 
wave 

f{t) = -^, + \' 0<t<T where f(t + T) =f(t). 

OO OO 

If f\ (t) = c n e inuJot and f 2 (t) = ^ d n e inwot where ujq = Zn r/T, show 

n =—oo n =—oo 

that the convolution 

oo 

fl(t)*fi(t)= Y, Cndne’^. 


Find the Fourier transform of 


f( , _ f cosht for \t\ < 1 
nt) ~\0 for |t| > 1 

Find the Fourier transform of 


f ( t\ _ / sin h f f° r 

for 


< 1 
> 1 . 


Find the Fourier transform of 


W) = {o 


sin7rt forOctcl 
otherwise. 


Find the Fourier transform of 

_ ( coS7r t for |£| < 1/2 
' ^ — [0 otherwise. 

Draw the graph and find the Fourier transform of 

f(t) = e~°^ t a > 0. 

Given that 


{ 1 f or — 1 < t < 0 

-1 for 0 < t < 1 
0 otherwise 

(a) Draw the graph of f(t) 

(b) Express f(t) in terms of the Heaviside unit step function 

(c) Find the Fourier transform of f(t). 

Draw the graph and find the Fourier transform of 
f(t) = (u(t) - u(t - 7r)) cos kt. 

Show that if f(t) is real then the corresponding Fourier transform 
F(u>) = \F(u;)\ei^ is such that |i 7 (o;)| is even and <f>(oj) is odd. 
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16 Show that if the Fourier transform of a real function is real then f (t) is 
even, and if the Fourier transform of a real function is imaginary then 
f(t) is odd. 

17 Defining the squared modulus of the Fourier transform 
\F (a;) | 2 = F(u)F*(u>) where F*(J) is the complex conjugate of F(u), prove 
Parseval's theorem 

POO POO 

m] 2 dt=\ \F(u)\ 2 dt. 

J—oo J—oo 

18 Show that the convolution of a top-hat function with itself is the 
triangle function. That is 

Ha(f) * htf(f) — Afl(t). 

19 Show that sinc(t)* sinc(f)= sinc(f). 

20 Find the Fourier sine and cosine transforms of 

f (t\ = [ e “ t for w < 1 

' v 10 otherwise. 


21 Find the Fourier sine and cosine transforms of 



coshf 

0 


for \t\ < 1 
otherwise. 


programme « 

Power series 
solutions of 
ordinary 
differential 
equations 

Learning outcomes 

When you have completed this Programme you will be able to: 

• Obtain the nth derivative of the exponential and circular and 
hyperbolic functions 

• Apply the Leibnitz theorem to derive the nth derivative of a 
product of expressions 

• Use the Leibnitz-Maclaurin method of obtaining a series solution 
to a second-order homogeneous differential equation with con¬ 
stant coefficients 

• Use Frobenius' method of obtaining a series solution to a second- 
order homogeneous differential equation for different cases of the 
indicial equation 

• Apply Frobenius' method to Bessel's equation to derive Bessel 
functions of the first kind 

• Apply Frobenius' method to Legendre's equation to derive 
Legendre polynomials 

• Use Rodrigue's formula to derive Legendre polynomials and the 
generating function to obtain some of their properties 

• Recognise a Sturm-Liouville system and the orthogonality proper¬ 
ties of its eigenfunctions 

• Write a polynomial in x as a finite series of Legendre polynomials 


Prerequisite: Engineering Mathematics (Fifth Edition) 

Programmes 13 Series 1, 14 Series 2 and 25 Second-order 
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Higher derivatives 


If y = sin x ^ = cosx = sin (x + ^ 
r dx \ 2) 


d 2 y 
dx 2 


= -smx = 


sin(x + 7r) = sin (x + 


dry . ( 37r\ 

= -cosx = sml x + — I etc * 

We see a pattern developing. In general = sin^x + ^0. Before 
we go further, we introduce a shorthand notation for the nth 

d n y 

derivative of y as y^ = Note, however, we still use the 'prime' 

Ua 

notation y r , y" and y'" to represent the first, second and third 
derivatives respectively. 

The results above can therefore be written 


If y = si nx 


y l = cos* = sin^x + ^ 

„ . . / , 2tt\ 

y = — smx = sml x + — 1 


y = -cosx = sinlx + y 


and, in general, y (w) = sin(x + ^j 


It is therefore possible to write down any particular derivative of sin* 
without calculating all the previous derivatives. For example 

d 7 y (7) . ( 7 tt\ 

= /') = an be + —1 = - cosx 

Similarly, starting with y = cosx, we can determine an expression for 
the nth derivative of y which is. 


Because 
y = cosx 


y(n) = cos (x + ^ 


y = sin x = cos 


y = cosx y l = -sinx = cos^x + ^j 

// / 2tt\ 

y = - cosx = cos! x + —1 

y m = sinx =cos(, + |) etc. 

.’. y^ = cos(x + 1 ^pj 

Many of the standard functions can be treated in a similar manner. 
For example, if y = e™, then yW = . 


etc. 
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y{n) = a n^x 


Because 


y = e ax , y l = ae ax , y" = cPe?*, y m = a 3 d* x , etc. 

In general, yW = aPe**. 

With no great effort, we can now write down expressions for the 
following 

If y = smax, yW = . 

If y = cosax, yW = . 



y (n) = (-i )"' 1 • 


Because 


y = \nx 


■ y= x 

y" = -— 

y X 2 

y'» = — 
y X 3 

y(4) = _ 

Y X 4 


y(") = (- 1)" -1 ^ 


We already know that, if y = lnx, ^ = y 1 = - = x~ l . 

Therefore, if the result obtained for yW is to be valid for n = 1, then 

y' = (_l)°.- = - 
XX 

But y' = x _1 0! =. 
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0 ! = 1 


Now let us consider the derivatives of sinh ax and cosh ax. 

Next frame 


If y = sinh ax, y f = a cosh ax 

y" = a 2 sinh ax 
y //7 = a 3 cosh ax etc. 

Because sinh ax is not periodic, we cannot proceed as we did with 
sin ax. We need to find a general statement for yM containing terms in 
sinh ax and in cosh ax, such that, when n is even, the term in cosh ax 
disappears and, when n is odd, the term in sinh ax disappears. 

This we can do by writing y (w) in the form 

y(«) = _|_ (- 1 )"] sinh ax + [1 - (- 1 )”] cosh ax} 

In very much the same way, we can determine the nth derivative of 
y = cosh ax as. 


y{n) _ _ (- 1 )"] sinh ax + [1 + (- 1 )"] cosh ax} 


Finally, let us deal with y = x a . 

41 _ ■ 41^ _ yTt/fl 1 


y = x 


y 1 = ax a 1 


y n = a(a -l)x a 2 
y m = a(a — l)(a — 2 ) x a ~ 3 


y( w ) = a(a - l)(a — 2) ... (a — n + 1) x a n 

y(”) = t —^—77 x fl “" (a is a positive ii 

(a-n)l 


y [n) _ __— « (a is a positive integer) 

So, collecting our results together, we have 


= x a 

y(”) 

/ 

a! 


(a 

— n 

= e ax 

y(«) 

= a” 

eax 

= sin ax 

y(») 

= fl" 

sin 

= cos ax 

y(«) 

= «" 

cos 


,a-n 


' mr\ 

,‘“ + tJ 

f mo 

ax + — 

v Z y 


y = sinh ax 
y = cosh ax 


y{n) = ^-|[1 + (- 1 )"] sinh ax + [1 (- 1 )”] cosh ax} 

y{n) _ fL j[i _ (- 1 )"] sinh ax + [1 + (- 1 )"] cosh ax} 


Make a note of these, as a set , and then move on to the next frame 
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Determine the following derivatives 


1 y = sin 4x 

2 y = e 

3 y = coslci 3x 

4 y = cos(x>/2) 

5 y = 

6 y = sinh 2x 


y( 5 ) = . 

/ 8 ) =. 
y(12) = 
y(10) = 

y(6) = 

v( 7 ) = . 


Finish them all; then check with the next frame 


Here are the solutions 


1 y( 5 ) = 4 5 sin ^4x + ^ ^ = 1024 sin ^4x + ^ = 1024 cos 4x 

2 ^ = ( 1 ) = 2 ^ 6^ /2 = ^ /Z /256 

3 12 

3 y( 12 ) — {o sinh 3* + 2 cosh 3x} = 3 12 cosh 3x 

4 y (10) = (V2) 10 cos fxV2 + 


= 32cos(x\/2 + 57r) = -32cos(x\/2) 


5 y (6) = 


— x 2 = 20160 x z 


6 y (7) = j[l + (-l) 7 ]sinh2x + [1 — (-1) 7 ] cosh2xj 


= 2 7 cosh2x 


Leibnitz theorem - nth derivative of a product of two 
functions 

If y = uv, where u and v are functions of x, then 

, , , , , dv - , du 

y = uv + vu where V = — and u = — 

/ dx dx 

and y" = uv" + v'xi + vu" + u'v' = u"v + 2t/V + uv" 

If we differentiate the last result and collect like terms, we obtain 

y ,n = ... . 
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y w — u'"v + 3 u"V + 3u'v" + uv" 


A further stage of differentiation would give 

y( 4 ) = t/ 4 )v + 4l/ 3 V 1) + 6 + 4 i/ 4 V^ + 

These results can therefore be written 

y — uv 

y 1 = u!v + uV 

y" = u"v + 2uV + uv" 

yfff _ y/iiy + 3 rffyf + 3 ^'y" + uv '" 

y( 4 ) = i/( 4 )v + 4 i/ 3 M 1 ) + 6i/^ 2 M 2 ) + 4 i/ 1 M 3 ^ + uv^ 

Notice that in each case 

(a) the superscript of u decreases regularly by 1 

(b) the superscript of v increases regularly by 1 

(c) the numerical coefficients are the normal binomial coefficients. 

Indeed, (uv)^ can be obtained by expanding (u + v) ( ^ using the 
binomial theorem where the 'powers' are interpreted as derivatives. So 
the expression for the nth derivative can therefore be written as 

y(") = U^V + nU^ n ~^V^ ifi n - 2 )y( 2 ) 

: I-!)("-■2) 3, + 

1x2x3 

= ^ “ {n - 2) v {2) 

+ "("-I),<"-2) ^, 

i.e. yW = «Wv + w Ci d n ~ l hW + ”C 2 a (w - 2 V 2 > + ... 


where n C r = 


liy = uv 


r\(n — r)\ 


y(n) _ n C r u^ n where t/°) = u 


r = 0 


This is the Leibnitz theorem . We shall certainly be using it often in the 
work ahead, so make a note of it for future reference. Then we can see 
it in use. 
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Choice of function for u and v 

For the product y = uv the function taken as 

(a) u is the one whose nth derivative can readily be obtained 

(b) v is the one whose derivatives reduce to zero after a small number 
of stages of differentiation. 



Example 1 

To find when y = x 3 e 2x . 

Here we choose v = x 3 — whose fourth derivative is zero 

u = e 2x — because we know that the nth derivative 

uM =. 


u {n) = 2”e 2 * 



Using the Leibnitz theorem: 

= «<”>v + |1<"- 2) V< 2 > 

+ n ( n -iK n -2) u ,„-3 )v ,3i + 

v = x 3 ; v (1 ) = 3x 2 ; v^ = 6x; v (3 ) = 6; v (4 ) = 0 
u = e 2x ; = 2”e 2 * 

/. /») =. 


y(") = e 2 * 2” 3 {8 x 3 + 12nx 2 + n(n - 1) 6x + n(n - 1 )(n - 2)} 



Example 2 

If + xy' + y = 0, show that 

x 2y(n+ 2) _j_ + i) xy(” +1 ) + (n 2 + 1) yW = 0. 

We take the given equation x 2 y n + xy f + y = 0 and differentiate 
n times, treating each term in turn. 

If w = x 2 y" wW = . 

If w = xy' wW =. 

If w = y wW =. 
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X 

II 

£ 

-- — 

.'. w {w) = y(” +2 ) x 2 + ny( n+V} 2x 4- ^ y^2 + 0... 

Z'l 

II 

£ 

= y(" +1 ) x + nyW 1 + 0 + ... 

w = y 

iv (n) = yW 


Then [. x 2 y" + xy' + y] 0 becomes 



x 2 y(n+ 2 ) + Qn + 1 )xy^ n+V} + (n 2 + 1 )yW = 0 


which is what we had to show. 



Example 3 

Differentiate n times 

(1 + x 2 )y" + 2xy 1 — Sy = 0. 

The result. 

(1 + x 2 ) + 2 (n + 1) xy^ n+V) + (n 2 + n — 5) yW = 0 

Because, by the Leibnitz theorem 

|y(”+ 2 ) (i + x 2 ) + ny( n+1 ^ 2x + ^ yW 2 > 

+ 2^xy( n+1 ) + nyW • l| - 5y^ = 0 

(1+ x 2 ) y( n+2 ) + 2 (n + 1) xy( n+1 ) + {n(n — 1) + 2n - 5} y^ = 0 
(1 + x 2 ) y( w+2 ) + 2 (n + 1) xy ( n+ ^ + (n 2 + n - 5) yW= 0 

We shall be using the Leibnitz theorem in the rest of this Programme, 
so let us move on to see some of its applications. 


Power series solutions 



Second-order linear differential equations with constant coefficients of 

d 2 y dy 

the form a + b-~ -\- cy = 0 can be solved by algebraic methods 

giving solutions in terms of the normal elementary functions such as 
exponentials, trigonometric and polynomial functions. 








Power series solutions of ordinary differential equations 


279 


d 2 y dy 

In general, equations of the form + P (x) + Q (x) y = 0, where 

P(x) and Q(x) are functions of x, cannot be solved in this way. 
However, it is often possible to obtain solutions in the form of infinite 
series of powers of x - and the next section of work investigates some 
of the methods which make this possible. 

1 Leibnitz-Madaurin method 

As the title suggests, for this we need to be familiar with the Leibnitz 
theorem and with Maclaurin's series. 


The Leibnitz theorem states that, if y 
functions of x, then 

yW =. 


= uv f where u and v are 


y{n) _ u (n) y _j_ nu (n l) y (l) _|_ ^ ift 1 2 M 2 ^ + . . . 

+ rt(»-l)---(H-r+l) u („-r) y (r) + ... + uv {n) 


d * n d r V 

where and denote and -j—^ respectively. 


Maclaurin's series for y = f(x) can be stated as 


y — (y)o + x (y')o + 2J (?")<> + • ■ •+^ (y^)o + • • * 

where (y (M) ) 0 denotes the value of the nth derivative of y at x = 0. 

On to the next frame 


Example 1 

Find the power series solution of the equation 
d 2 y dy 

x d + £ +x > ,=i - 

The equation can be written 

xy" + y' + xy = 1 

In the first product term xy ,f , treat y" as u and x as v. Then, 
differentiating the equation n times by the Leibnitz theorem, gives 
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(V w+2) 


+ n • 1 • + y^ 4 - 1 ) + ^xyM + n • 1 • y^" ^ = 0 

i.e. xy t" 4 ” 2 ) + (n + l)y(" 4 ' 1 ) + xy^ + ny^ n ~^ = 0 


At x = 0, this becomes 


(n + l)(y (n+1) ) 0 + n(y<" ^ = 0 



n 

n+1 


(y (n - r> ) 


0 


n > 1 


This relationship is called a recurrence relation . 

We can now substitute n = 1, 2, 3,... and get a set of relationships 
between the various coefficients. 


n = i (y")o=- 2 (y) 0 

n = 2 (y'")o=-W)o 

n = 3 (y (4) ) 0 = -1 (y ") 0 = (-!) (- 2 ) (y)o 


Continuing in the same way, 

(y (5) ) 0 =. 

(y (6) )o =. 

(y (7) ) 0 =. 

(y (8) )o =. 


n = 4 

O 

II 

I 

II 

0 

ro' 

1 

-DO 71 ’), 

n — S 

(y (6) ) 0 = 

-|(y (4) )o = (-§)(- 

-!)(-!) Mo 

n = 6 

O'* 7 ’), - 

-?0< s ’)o = H)(- 

-f)(-|)(y (1) )o 

n = 7 

(y (8) ) 0 = 

-SO* 6 ’), = (-!)(- 

-»(-D(-DMo 


Notice that, by this means, the values of all the derivatives at x = 0 can 
be expressed in terms of (y) 0 and (y') 0 . 

If we now substitute these values for (y^) 0 in the Maclaurin series 

y = (y) 0 + x (y')o + 21 + 31 + • • •+ + * * • 

we obtain. 
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Simplifying, this gives 

f x 2 x 4 x 6 

y- Woj 1 “22 + 22 x 4 2 _ 2 2 x 4 2 x 6 2 + 

+ (A>{*-52+32^-52+ 

The values of (y) 0 and (y') 0 provide the two arbitrary constants for the 
second-order equation and are obtained from the given initial 
conditions. 

dy 

For example, if at x = 0, y = 2 and = 1, then the relevant 
particular solution is. 


0 J\ x 2 x 4 x 6 

I 22 + 2 2 x 4 2 _ 2 2 x 4 2 x 6 2 + ' 


f x 3 

r 32 


* » 

+ 3 2 x 5 2 + 



-} 


Because at x = 0, y = 2 i.e. (y) 0 = 2 

^ = 1 i.e. (y') 0 = 1. 

To be a valid solution, the series obtained must converge. Application 
of the ratio test will normally indicate any restrictions on the values 
that x may have. 

The Leibnitz-Maclaurin (power series) method therefore involves 
the following main steps: 

(a) Differentiate the given equation n times, using the Leibnitz 
theorem. 

(b) Rearrange the result to obtain the recurrence relation at x = 0. 

(c) Determine the values of the derivatives at x = 0, usually in terms of 

O')0 and CfOo- 

(d) Substitute in the Maclaurin expansion for y = f(x). 

(e) Simplify the result where possible and apply boundary conditions 
if provided. 

That is all there is to it. Let us go through the various steps with 
another example. 
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Example 2 

Determine a series solution of the equation 

d 2 y d y 

dbfi +X &c + y -°- 


The equation can be written y" + xy f + y = 0 

(a) Differentiate n times using the Leibnitz theorem, which gives 



y (n+2) + xy (n + 1) + + 1)y («) = o 


Because y n + xy f + y = 0 

y( n+2 ^ + |+ n • 1 ■ = 0 

y (w+2) + xy( n+v > + (n + 1 )y^ = 0. 

(b) Determine the recurrence relation at x = 0, which is 



y{n+2) = —_{_ 1) y(«) 


(c) Now taking n = 0, 1, 2, 3, 4, 5, determine the derivatives at x = 0 
in terms of (y) 0 and (y') 0 . List them, as we did before, in table form. 




(d) Substitute these expressions for the derivatives in terms of (y) 0 and 
(y') 0 in Maclaurin's expansion 

y = (y) o+ x (y f ) o + 21 (y")o + 37 (y"% +47 (y (4) )o + • • • 

Then y = . 
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(y)o + x (y ')o + 2! + 3[ Oo + if ( 3 y)o + 57 (8y0o 

+ ij- (—15y) 0 + yj- (—48y') 0 +... 


Collecting now the terms in (y) 0 and (y') 0 , we finally obtain 


y=(y)o|l _ y + 2 x 4 _ 2 x 4 x 6 + 'J 

, f X 3 X 5 X 7 1 

+ (y )o{^ -y + 3^5 - 3~ x 5— 7 + • • •} 


They are all done in very much the same way. Here is another. 


Example 3 


d 2 y dy 


Solve the equation + ^+ 2 xy 

& = l 

dx 


= 0 given that at x = 0, y = 0 and 


First write the equation as y" + y' + 2xy = 0, differentiate n times by 
the Leibnitz theorem and obtain the recurrence relation at x = 0, 
which is. 



Because y" + y f + 2xy = 0 

y( n+2 ) + y( n+1 ) + 2xy (w) + n2y (n_1) = 0 
At x = 0, y(«+ 2 ) _f_ y( w+1 ) _|_ 2ny^" _1 ^ = 0 

y( w+2 ) = —^y( w+1 ) + 2ny(” _1 ) j 

Since we have a term in y( w_1 ), then n must start at 1 to give (y) 0 . 
Therefore the recurrence relation applies for n > 1. 

We now take n = 1, 2, 3,... to obtain the relationships between the 
coefficients up to (y( 6 )) 0 . Complete the table and check with the next 
frame. 
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n = 1 
n = 2 
n = 3 
n = 4 


(y (3} ) o = -{(y (2) )o + 2(y) 0 } 

(y (4) ) 0 = -{(y (3) )o+ 4 (y') 0 } 
(y (s) ) 0 = -{(y (4) ) 0 + 6 (y <2) )o} 

(y (6) )o = -{(y (5) )o + 8 (y (3) )o} 


We therefore have expressions for (y" f ) 0 , (y^) 0 , (y^) 0 , O'^o* but w hat 
about (y") 0 ? 

If we refer to the initial conditions, we know that at x = 0, y = 0 and 
y' = i- OOo = ° and (y')o = 1 - 

We can find (y") 0 by reference to the given equation itself, because 
y" + y' + 2 xy = 0 

Therefore, at x = 0, (y") 0 + (y')o = 0 O'")o = “O')o = “1- 

So now we have (y) 0 = 0 

<y% = 1 

(y")o = -i 

(y'")o = -{(y") 0 + mo} = -{(-i) + o} = i 
(y (4) ) 0 = -{(y'")o+ 4 (y')o} =-{i + 4 > =-s 

(y (5) ) 0 = -{(y (4) )o + 6(y") 0 } = -{(-s) - 6} = 11 
(y (6) ) 0 = -{(y (5) ) o + 8(y"') 0 } = -{u + «} = -w 

The required series solution is therefore 

y =. 



Because 



y — (y) o+ x (y')o + (y")o + 37 (y"')o + 47 (y (4) )o + * • ■ 

■y2 *y4 

= 0 + x(l) + 2[( - l) + 3[(^) + 47 ( _ 5 ) + 5? 

x 2 x 3 5x 4 llx 5 19x 6 

1 / = x -1-1-h 

2! 3! 4! 5! 6! 


One more of the same kind. 

Example 4 

Determine the general series solution of the equation 
(x 2 + 1 )y" + xy f - 4y = 0 

As usual, establish the recurrence relation at x = 0, which is 
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Because 

( [x 2 + 1 )y" + xy f - 4y = 0 therefore 

|(x 2 + i)y("+ 2 ) + 2 xny^ nJrV) + ^~ "2! + { xy^ n+1 ^ + 4y^ 

= 0 

At x = 0, this becomes 

y(” +2 ) + n(n - l)y^ + ny ^ - 4 yW = 0 that is y( n+2 ) = (4 — n 2 )y^ 

Then, starting with n = 0, determine expressions for (y^) 0 as far as 
n = 7. 

They are . 




Now substitute in Maclaurin's expansion and simplify the result. 

y = . 


y = A( 1 + 2x 2 ) + B< x + 




Because 

y = (y) o+ *(y')o+\ y (y ") 0 +|r (/") o + ^ (y (4) ) o + • • • 

= Mo + x (y')o + 2[4(y) 0 + 2j3(y') 0 +-^-(0) + (—15) (>' , ) 0 + etc. 

= (y)oi 1 + 2x2 } + (y\ { A:+ y _ y + i6 + -"} 

Putting (y) 0 = A and (y f ) 0 = B , we have the result stated. 

Now to something slightly different 
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2 Frobenius' method 

In each of the previous examples, we established the solution as a 
power series in integral powers of x . Such a solution is not always 
possible and a more general method is to assume a trial solution of the 
form 


y — x c {do -T U\X + a 2 x ‘^ + a 2 x^ + ... + a r x T +...} 

where a 0 is the first coefficient that is not zero. 

The type of equation that can be solved by this method is of the 
form 

y" +Py f + Qy = 0 

where P and Q are functions of x. 


However, certain conditions have to be satisfied. 

(a) If the functions P and Q are such that both are finite when x is put 
equal to zero, x = 0 is called an ordinary point of the equation. 

(b) If xP and x 2 Q remain finite at x = 0, then x — 0 is called a regular 
singular point of the equation. 

In both of these cases, the method of Frobenius can be applied. 

(c) If, however, P and Q do not satisfy either of these conditions stated 
in (a) or (b), then x = 0 is called an irregular singular point of the 
equation and the method of Frobenius cannot be applied. 


Solution of differential equations by the method of 
Frobenius 

To solve a given equation, we have to find the coefficients a 0j a \, a 2 ,... 
and also the index c in the trial solution. Basically, the steps in the 
method are as follows 

(a) Differentiate the trial series as required. 

(b) Substitute the results in the given differential equation. 

(c) Equate coefficients of corresponding powers of x on each side of 
the equation. 

The following examples will demonstrate the method - so move on 
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Example 1 

Find a series solution for the equation 
„ d 2 y dy 

2 x -d + £ +y ~°- 

The equation can be written as 2xy" 4 y' 4 y = 0. 

Assume a solution of the form 

y = x c {a 0 4 a\x 4 a 2 x 2 4 a 3 x 3 4 ... 4 a r x r 4 ...} ao ^ 0. 
.*. y = aox c 4 aix c+1 4 a 2 x c+2 4... 4 a r x c+r 4... 

Differentiating term by term, we get 


y' = ao cx c 1 + ai(c 4 l)x c 4 a 2 (c 4 2)x c+1 4... 4 a r (c 4 r)x c+T 1 4 ... 




Repeating the process one stage further, we have 

y" =. (give yourself plenty of room) 


y” = a 0 c(c - l)x c 2 4 aic(c 4 l)x c 1 4 a 2 (c 4 l)(c 4 2)x c 4*... 

4 a T (c 4 r - l)(c 4 r)x c+r ~ 2 +... 



So far, we have 2 xy" 4 y' 4 y = 0 

y = aox c 4 aix c+1 4 a 2 x c+2 4... 4 a r x c+r + ... 
y f = aocx c ~ x 4 ai(c 4 l)x c 4 a 2 (c 4 2)x c+1 4... 

+ a r (c + r)x c+r ~ 1 4... 

y" = a Q c(c - l)x c ~ 2 4 aic(c 4 1 )x c ~ 1 4 a 2 (c 4 l)(c 4 2)x c 4... 

4 a r (c 4 r - l)(c 4 r)x c+r ~ 2 4... 

Considering each term of the equation in turn 

2 xy" = 2aoc(c — l)x c_1 4 2aic(c 4 l)x c 4 2a 2 (c 4 l)(c 4 2)x c+1 
4... 4 Uf(c -}- t — l)(c 4 r)x c ^ r ^ 4 ... 
y' = aocx c ~ x 4 a\(c 4 l)x c 4 a 2 (c 4 2)x c+1 + ... 

4 a T (c 4 t^x c ^ r ^ 4 • • • 
y — OqX c 4 a\X c ^^ 4 ... 4 a r x c+r 4 ... 

Adding these three lines to form the left-hand side of the equation, we 
can equate the total coefficient of each power of x to zero, since the 
right-hand side is zero. 

[x c_1 ] gives ... 





288 Programme 8 



[x c x ] : 2uqc{c - 1) + UqC = 0 

a 0 c(2c - 1) = 0 



So, [x c x ] gives uqc{2c - 1) = 0 
Similarly, [x c ] gives . 


2d\C (c H-1) H- d\{c -J-1) -f- clq — 0 




Simplifying, this becomes 

U\{2(^ H - 3c H - 1) H - Uq = 0 
i.e. fli (c+ l)(2c + 1) H-oo = 0 

Also [x c+1 ] gives. 

202(c H - 1 )(c + 2) -h 02 {c + 2) + 0i = 0 



and this simplifies straight away to 

02 (c + 2)(2c -T 3) + 0 i = 0 (3) 

Note that the coefficient of x c involves all three lines of the 
expressions and, from then on, a general relationship can be obtained 
for x c+r , r > 0. 

In the expression for 2 xy" and y' we have terms in x c+r ~ l . If we 
replace r by (r + 1), we shall obtain the corresponding terms in x c+r . 

In the series for 2xy", this is 20 r +i (c + r)(c + r + l)x c+r 
In the series for y', this is 0 r +i(c + r + l)x c+r 
In the series for y, this is 0 r x c+r 

Therefore, equating the total coefficient of x c+r to zero, we have 



20 r+ i (c + r)(c + r + 1) + 0 r _)_i(c + r + 1) + u r — 0 
and this tidies up to 

0 r +i{(c +1 + l)(2c + 2r +l)} + 0 r = O (4) 

Make a note of results (1), (2), (3) and (4): we shall return to them in 
due course. 

Then move on 
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Indicial equation 

Equation (1), formed from the coefficient of the lowest power of x, 
that is x c_1 , is called the indicial equation from which the values of c can 
be obtained. In the present example a 0 c(2c - 1) = 0 

c = . 


c = 0 or —, since ao ^ 0, by definition 

Zr 


Both values of c are valid, so that we have two possible solutions of the 
given equation. We will consider each in turn. 

(a) Using c = 0 

(2) gives ai(l)(l) + a 0 = 0 a\ = -a 0 
Similarly 

(3) gives. 


« 2 ( 2 )( 3 ) + U\ — 0 


U\ = —ao and ax — 


and from (4) 


0-T +1 — 


a\ ao 
2 x 3 = 2 x 3 


r > 0 


,-ri (r+l)(2r + l) 

From the combined series, the term in x c and all subsequent terms 
involve all three lines and the coefficient of the general term can be 
used. 

— a r 

So we have a\ — -ao and a r+ 1 = + i)(2r + 1) ^° r r = 


a 2 = 


a 2 = 


a^ — 


—a\ ao 

2x3 2x3 

—a 2 _ — ao 

3 x 5 “ (2 x 3)(3 x 5) 

—a 2 _ ao 

4x7"(2x3x 4) (3 x 5 x 7) 


etc. 


x°{ 


y = x'<ao-a 0 x + 


x 2 - 


(2 x 3) (2 x 3) (3 x 5) 


x 3 + ... 


.. y flojl * + ( 2 )(3) 


(2 x 3)(3 x 5) (2 x 3 x 4)(3 x 5 x 7) 


+ * ■ • 


Now we go through the same steps using our second value for c, i.e. 


r — — 
c 2 * 


Next frame 
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(b) Using c = \ 

Our equations relating the coefficients were 



aoc(2c - 1) = 0 which gave c = 0 or c = \ 

(i) 


d\(c “j- l)(2c H - 1) “H do = 0 

(2) 


d 2 (c H" 2) (2c + 3) ~b d\ — 0 

(3) 


dr+i{c + r + l)(2c + 2 t + 1) + d r = 0 

Putting c = \ in (2) gives. 

(4) 





Similarly (3) gives a 2 = -^ = 

and from the general relationship, (4), we have 


d-r 

Ur+1 = (r+l)(2r + 3) 


So 


Cl\ = — 


do 


i.e. 


0-2 = ~ 


d3 = — 


— — 


d\ 


Uq 


2x5 (lx 2)(3 x 5) 

0-2 ~dQ 


3x7 (1 x 2 x 3)(3 x 5 x 7) 

Us Clo 


4x9 (1 x 2 x 3 x 4) (3 x 5 x 7 x 9) 

y = X C {do + CL\X + U2X 2 + d^X 3 + . . . + d r X T + ...} 

y = .. 


etc. 
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i.e. y 


■{' 

= aoxij 


Un Uq 9 

T*+ ( 1x2)( 3 X 5) * 


Clo 


1 - 


X 


+ 


X 


(1 x 2 x 3)(3 x 5 x 7) 
x 3 


(1x3) (lx 2) (3 x 5) (1 x 2 x 3)(3 x 5 x 7) 


x 3 + ... j 


+ ... 



Since ao is an arbitrary (non-zero) constant in each solution, its values 
may well be different, A and B say. If we denote the first solution by 
u(x) and the second by v(x), then 


u-a{i-x + j£ 


X 


+ 


X 


X 3) (2 x 3)(3 x 5) (2 X 3 X 4)(3 x 5 x 7) 


+ 




and 
v = Bx^l 1 


x 


+ 


x 


X 


(1x3) (lx 2)(3 x 5) (1 x 2 x 3)(3 x 5 x 7) 

The general solution y = u + v is therefore. 


+ ... 


y=^{i- 


X + 


X 


x - 


(2 x 3) (2 x 3)(3 x 5) 

x z 

+ 


+ 


...) +.8x2(1 - 


X 



(1 x 2)(3 x 5) (1 X 2 X 3)(3 x 5 x 7) 


(1x3) 

+ ... 


The method may seem somewhat lengthy, but we have set it out in 
detail. It is a straightforward routine. Here is another example with the 
same steps. 

Example 2 

Find the series solution for the equation 

3 x 2 y" - xy 1 + y - xy = 0. 

We proceed in just the same way as in the previous example. 

Assume y = x c {ao + UiX + a 2 * 2 + 03* 3 + ... 4- a r x r + ...} 

i.e. y = aox c + a\x c+1 + a 2 * c+2 + ... + a r x c+r + ... 

.’. y' = aocx c_1 + (c + l)x c + a 2 (c + 2)x c+1 + ... 

+ a r (c + r)x c+r_1 + ... 
and y n =. 
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y" = aoc(c - l)x c 2 + ai(c + 1 )cx c 1 + a 2 (c 4 - 2)(c + l)x c + ... 

+ a r (c + r)(c + r - l)x c+r ~ 2 +... 


Now we build up the terms in the given equation. 

3x z y" = 3aoc(c - l)x c + 3ai(c+ 1 )cx c+1 + 3a 2 (c 2)(c l)x c+z +... 

+ 3 a r (c + r)(c + r — l)x c ^ r + ... 

- xy ' = -a$cx c - ai(c + l)x c+1 - 0 . 2(0 + 2)x c+2 . -a r (c + r)x c+r ~... 

y = uqX c + aix c+1 + a 2 x c+z + ... + a r x c+r + ... 

-xy = -aox c+1 - a\x c+2 - ... - a r x c + r+1 ... 

The indicial equation, i.e. equating the coefficient of the lowest power 
of x to zero, gives the values of c. Thus, in this case 

c =. 


. 54 J 

Because the lowest power is x c and the coefficient of x c equated to 
zero gives 

3aoc(c - 1) - aoc + uq = 0 

ao(3c 2 - 4c + 1) = 0 (3c - l)(c - 1) = 0 since ao^O 

, 1 
c=i ° r 3 

The coefficient of the general term, i.e. x c+r gives 
3 dy(c + r)(c + r — 1) — aj-(c H - r) -1- aj- — a?— 1 = 0 
.’. a r = . 



flr - 


a r ~i 


a T ~i 


3(c + r) 2 - 4(c + r) + 1 (c + r- l)(3c + 3r -1) 


(a) Using c = 1 the recurrence relation becomes 

Clr—l 


r = 1 


r = 3 


Ur = - 

r r(3r + 2) 

a l = -F 


x 1x5 

r _ 2 a _ _ fl o 

2x8 (lx 2) (5 x 8) 

r o fl _ g 2 __«o_ 

3 3x11 (1 x 2 x 3)(5 x 8 x 11) 

Our first solution is therefore 


a 2 = 


fl3 = 
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Therefore we can now determine the coefficients for r 
complete the second solution. 

y = . 


= 1,2,3,... and 


= Bx 3 


i f x ^ x? 

\ (2 x 4) (2 x 3)(4 x 7) 

x 4 | 

+ (2x3x4)(4x7xlO) + "'J 


Because 

fll = 1 x 1 ’ fl2 ~ 2 x 4 = (1 x 2)(2 x 4) 


^3 = 

— 


lxl’ * 2x4 (1X 2)( 

#2 _ #0 

3 x 7 _ (2 x 3) (4 x 7) 

#3 _ flO 

4 x 10 “ (2 x 3 x 4) (4 x 7 x 10) 


y = aoX3 


'{ 1 + * + ( 2 T 


x 4) (2 x 3) (4 X 7) 

x 4 

I / a n j \ / j 


(2 x 3 x 4) (4 x 7 x 10) 

Therefore, the general solution is 
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y = Axl 1 + 


{ 


x 


+ 


+ 


X 


(1x5) (lx 2) (5 x 8) (1 x 2 x 3)(5 x 8 x 11) 


+ 


x 


+ 


X 


+ 


X 


+ Bx3 { 1+x+ (2x4) ' (2 x 3)(4 x 7) ' (2 x 3 x 4)(4 x 7 x 10) 


+ 


■} 



Example 3 


Find the series solution for the equation 



i.e. y" — y = 0. 


As usual, we start off with the assumed solution 

y — X^-^do -f- d\X “I - tt2X^ -J- . . . -J- dfX r t.. 

i.e. y = a$x c + a\x c+1 -f « 2 * c+2 + ... + a r x c+r + ... 
y' = a^cx c ~ x + ax(c + l)x c + a 2 (c + 2)x c+1 +... 

+ a T (c + r)x c+r ^ + ... 

y" = oqc{c - l)x c ~ 2 + ai(c + 1 )cx c ~ x + 0 2 (c + 2)(c + l)x c +... 
+ a T (c + r)(c -hr- l)x c+r ~ z +... 


These three expansions are required regularly, so make a note of them 


Now we build up the terms in the left-hand side of the equation. 

y — a§c{c — l)x c 2 T d\(c T 1 ^cx c ^ -H d 2 {c -|- 2 )(c - 1 - l)x c - 1 - ... 
+ a r (c -hr)(c + r- l)x c+r ~ 2 +... 
y — aox c -j- d\x c ^^ t... t dfXf'+f -t... 

The term in x c+r in the first of these expansions is 



a r + 2 {c -hr-h 2)(c + r + l)x c+r 


Because replacing r by (r + 2) in a r (c-hr)(c-hr-h l)x c+r ~ 2 gives this 
result. 

Then y" -y =. 
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y” - y — aoc(c - l)x c 2 + ai{c + 1 )cx c 1 + [a 2 (c + 2)(c + 1 ) - a 0 \x c 

+... + [ur + 2 if + r + 2)(c + r -|-1) — df\x c + r + .. 


We now equate each coefficient in turn to zero, since the right-hand 
side of the equation is zero. The coefficient of the lowest power of x 
gives the indicial equation from which we obtain the values of c. 

So, in this case, c = . 


c = 0 or 1 

For the term in x c_1 , we have 
[x c-1 ]: ai(c+ 1 )c = 0. 

With c= 1, a\ = 0. 

But with c = 0, a\ is indeterminate, because any value of a\ combined 
with the zero value of c would make the product zero. 

[x c ]: a 2 (c -f 2)(c -f 1) - ao = 0 a 2 = ^ ^ 

For the general term 
[x c+r ]: . 



Because a r+2 (c -h r + 2)(c + r + 1) — a r = 0. Hence the result above. 
From the indicial equation, c = 0 or c = 1. 


(a) When c = 0 

In general 

r = 1 
r = 2 


a\ is indeterminate 



a r +2 


flj 1 

(r+l)(r + 2) 



2x3 
a 2 __ uq 

3 x4" 4[ 


Therefore, one solution is 
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a,\ = 0 
a 0 

a2 ~3! 


r = 1 a 3 = =—-r = u 

3x4 

r = 2 « 4 =^ = ^° 

4 4x 5 5! 

r = 3 as = - g3 , = 0 etc. 

5x6 

A second solution with c = 1 is therefore 

y =. 


d\ 

3x4 

d2 

4x5 

^3 

5x6 


do 

5! 

0 etc. 





Power series solutions of ordinary differential equations 


297 




and, because ao is an arbitrary constant 
( x^ xJ \ 

y = C r + 3! + 5! + 7! + -} 

Note : This is not, in fact, a separate solution, since it already forms the 
second series in the solution for c = 0 obtained previously. Therefore, 
the first solution, with its two arbitrary constants, A and B, gives the 
general solution. This happens when the two values of c differ by an 
integer. 


Make a note of the following: 

If the two values of c, i.e. c\ and cz, differ by an integer, and if c = c\ 
results in a\ being indeterminate, then this value of c gives the 
general solution. 

The solution resulting from c = cz is then merely a multiple of one 
of the series forming the first solution. 

Our last problem was an example of this. 

So far, we have met two distinct cases concerning the two roots c = c\ 
and c — Cz of the indicial equation. 

(a) If C\ and cz differ by a quantity NOT an integer then two independent 
solutions, y = u(x) and y = v(x), are obtained. The general solution 
is then y = Au + Rv. 

(b) If ci and cz differ by an integer , i.e. cz = ci + n, and if one coefficient 
(i a r ) is indeterminate when c = c\, the complete general solution is 
given by using this value of c. Using c = ci + n gives a series which 
is a simple multiple of one of the series in the first solution. 


Make a note of these two points in your record book. Then move on 

There is a third category to be added to (a) and (b) above. 

(c) If the roots c = c\ and c = ci + n of the indicial equation differ by 
an integer and one coefficient ( a r ) becomes infinite when 
c — Ci, the series is rewritten with ao replaced by k(c -Ci). 



Putting c = ci in the rewritten series and that of its derivative with 
respect to c gives two independent solutions. 

Add this to the previous two. Then we will see how it works in practice 
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Example 4 

Find the series solution of the equation 
xy" + (2 + x)y' -2y = 0. 

Using y = x c (a 0 + d\x + azx 2 + a$x 3 + ... + a r x r + ...) and its first two 
derivatives, the expansions for 

xy" =. 

2 y' = . 

xy' = . 

-2y =. 

Method as before. 

xy" = aoc(c - l)x c_1 + a\{c -h 1 )cx c -h d 2 (c + 2)(c 4- l)x c+1 +... 

+ a r (c + r)(c + r - l)x c+r_1 + ... 

2 y l = 2aocx c ~ l -h 2di(c + l)x c + 2d 2 (c + 2)x c+1 -h 2d$(c + 3)x c+2 

H - ... H - 2 dr(c -f- P)x c + r H“... 
xy f = doCX c + di(c -h l)x c+1 -h d 2 (c + 2)c c+2 -h ... 

+ d r (c 4- r)x c+r + ... 

-2 y = -2dox c - 2d\x c+1 - 2d 2 x c+1 - 2a 3 x c+3 - ... 

- 2 a r x c+r — ... 



i.e. equating the coefficient of the lowest power of x, (x c ~ l ), to zero. 
d 0 ^ 0 c = 0 or - 1 

Also, from the expansions, the total coefficient of x c gives 

=. 


-d 0 (c - 2) 

(c -}- l)(c + 2) 



From the terms in x c , all four expansions are involved, so we can form 
the recurrence relation from the coefficient of x c+T . 


&r+l = 
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-a r {c + r - 2) 

(c + r+l)(c + r + 2) 


Because 


a r+ i(c + r + l)(c + r) + 2 a r+ i(c + r + 1) + a r (c + r)-2a r = 0 

+ r + l)(c + r + 2) + u r {c + r — 2) = 0 

... „, +1 = r >0 

+ (c + r + l)(c + r + 2) 

«2 =. 



and, from the recurrence relation, when r = 2 


#3 = 


-aoc(c— l)(c-2) 

3 (c+1)(c + 2) 2 (c + 3) 2 (c + 4) 


• 1- 1 C ~ 2 VI (C-1)(C~2) 2 

" y 1 (c+l)(c + 2) + (c + 1)(c + 2) 2 (c + 3) 


_ c(c-l)(c-2) 3 1 

(c+1)(c + 2) 2 (c + 3) 2 (c + 4) "J 
From the indicial equation above, the values of c are 0 and — 1. 

Putting c = 0, we have one solution 

y = u = . 



f 

y = U = ao< 1+X + — 


Note that coefficients after the x 2 term are zero, because of the factor 
in the numerator. 


Putting c = -1, we soon find that 
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coefficients become infinite, because of 
the factor (c+ 1) in the denominator. 
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We now have to determine the partial derivative of each term. 


d (c- 21 
dc\c + 2)~ " 




Now we have to differentiate 


(c - l)(c - 2) 
(c + 2 ) 2 (c + 3) 


Let t= y~ ~ 2) 
(c + 2) (c + 3) 


In t = ln(c - 1) + ln(c - 2) - 21n(c + 2) - ln(c + 3) 

1 dt _ 1 _1 _2_ 

tdc c—l+c—2 c + 2 c + 3 

. dt (c - l)(c — 2) f 1 1_2_1_1 

(c + 2) 2 (c + 3) \c - 1 c — 2 c + 2 c + 3 J 

when c = -1, — (c + l) = l 

oc 

-Ml =4 

dc\c + 2J 
9 f (c — l)(c - 2) 1 

9c\( c + 2 ) 2 ( C + 3)j 


-10 


Therefore, when c = — 1: 

8y 


dc 


= kx 


1 lnx|o 


+ 3x + 3x 2 + 


x 3 1 

2 + •} 


+ kx 1 {1 - 4x - 10x 2 + ...} 
Another solution is 


r 


y = w = C jinx ^3 + 3x + + ... ) +x 1 (1 - 4x - 10x z + . 


-■)} 
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Now we have a problem, for we seem to have three separate series 
solutions for a second-order differential equation. 


(a) y — U — A (1 + x + 


(b) y = v = B I 3 + 3x + — 


(c) y = w = C jinx ^3 + 3x + ^- + • * 1 (1 - 4x — 10x 3 + ...) j 

But (b) is clearly a simple multiple of (a) and thus not a distinct 
solution. So finally, we have just (a) and (c). 


i.e. y — u = A ( 1 + x + — 


and y = w = B jin x ^3 + 3x + ^- + • • + x *(1 - Ax - 10x 3 +...) j 
The complete solution is then y = u + w 

In general if c\ - C 2 = n where n is a non-zero integer the solution is of 
the form: 

y = (1 + k\nx)x Cl {a 0 + a\x + a 2 x 2 + ...}+ x Cz {b 0 + b x x + b 2 x 2 + ...} 

Finally we have just one more variation to the list in Frames 67 and 68, 

so move on 


Example 5 

Solve the equation xy" + y' - xy = 0. 

Start off as before and build up expansions for the terms in the left- 
hand side of the equation. 

xy" =. 


y = 

■xy = 



The indicial equation, therefore, gives c = 
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c = 0 (twice) 



Because do {c(c - 1) + c} = 0 do 0 c 2 — 0 
Coefficient of x c gives. 


CLi =0 


c = 0 (twice) 



[x c ]: 

[x c+1 ]: 


,c+r- ll. 


(c^ + c + c + 1) — 0 d\{c + 1)^ — 0 d\ — 0 

This involves all three expansions and from this point, 
we can use the general recurrence relation. 

a r {(c + r)(c + r - 1) + (c + r)} - a r -z = 0 

. . df(c + r) = d r - 2 . . dr = ~ -w 

(c + r) 

y = . 
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This is one solution. Another is given by v = 

oc 


_ c i«Ji , * 


tt- = a 0 x c \nx< 1 h- - H-«-« + . 

dc 1 (c + 2) 2 (c + 2 ) 2 (c + 4) 2 


4 - rioX c — < 1 4 - 


(c + 2) 2 (c + 2 ) 2 (c + 4)' 


+ . . . 


Now -|-(1)=0; JU - - 1 - 2 i =- ^-3 

9c dc [(c + 2) 2 / (c + 2) 3 


Let t =-57 

(c + 2 ) 2 (c + 4) 2 

1 at -2 2 

• _ 

f dc c + 2 c + 4 


Inf = -21n(c + 2) — 21n(c + 4) 


-2 


dc ( c + 2) 2 (c + 4)' 


{ZT2 + ZT4} 


. 9y _ I, , * 


*' dc 


= aox c lnx< 1 + 


(c + 2) 2 (c + 2)(c + 4) : 


+ • • • 


c f „ 2x 2 4* 4 (c + 3) 

1 (c + 2) 3 (c + 2) 3 (c + +) 3 


When c = 0 


y = v 



So our two solutions are y = 1 / (at 1) and y = v (at 2). The complete 
solution is therefore y = u + v. 

In general if c\ = c% = c the solution is of the form 

y = (1 4 - fclnx)x c {ao 4 - tfi* 4 - 02* 2 4 -. ..} + x c {b\x + b 2 X 2 + .. .} 
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Summary 

Let us now summarise the four types of procedures in the method of 
Frobenius that we have covered. 





(a) Assume a series of the form 

y = x c (ao 4- U\X + 02* 2 + •. • + U t X T + .. .) 

(b) Indicial equation gives c — c\ and c == C 2 - 

(c) Case 1. C\ and c 2 differ by a quantity not an integer. Substitute c = c\ 
and c — c 2 in the series for y. 

(d) Case 2. c\ and c 2 differ by an integer and make a coefficient 
indeterminate with c = c\. Substitution of c = c\ gives the complete 
solution. 


(e) Case 3. c\ and c 2 (c 1 < c 2 ) differ by an integer and make a coefficient 
infinite for c = C\. Replace ao by k (c — c{). Put c = c\ in the new 

series for y and for 

' do 

In general if c\ - C 2 = n where n is a non-zero integer, the solution 
is of the form 


y = (1 4- klnx)x Cl {oq + a\X + a 2 x 2 + ...}+ x C2 {bo + b\x + b 2 x 2 + ...} 

(f) Case 4. c\ and C 2 equal. Substitute c = c\ in the series for y and for 
dy 

Make the substitution after differentiating. 

In general if c\ = c 2 — c, the solution is of the form 
y = (1 4- klnx)x c {ao 4 - a^x + a 2 x 2 + ...}+ x c {b\x 4- b 2 x 2 4-. - -} 

Make a note of this summary for future reference 


Bessel's equation 

A second-order differential equation that occurs frequently in 
branches of technology is of the form 

x 2 y" 4 - xy ' + (x 2 - v 2 )y = 0 

where v is a real constant. 

Starting with y = x c (ao 4- ayx 4- a 2 x 2 4 - a 3 x 3 + ... 4- a T x r + ...) and 
proceeding as before, we obtain 

c = ±v and = 0 

The recurrence relation is a r = -=■ for r > 2. 

v 2 - (c + r) 2 

It follows that a\ = a 3 = as = aj = ... = 0 
and that a 2 = .; a± = 


/ a& 
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a 0 ao 

_ - • /l . - • 

V 2 - (c + 2) Tv 2 - (c + 2) 2 ] 

ao 

/i ^ — 

v 2 - (c + 4) 2 J 

[v 2 -(c + 2) 2 ] [v 2 -(c + 4) 2 J [v 2 — (c + 6) 2 



When c = +v a 2 =.; a 4 = 

^6 ~./ a r ~ 



The resulting series solution is therefore 

y — u = . 


Y = u = A* y { 1 - 22 ^ 


+ 


+ 1) 2 4 x 2!(v+l)(v + 2) 

6 

+ 




2 6 x 3!(v + l)(v + 2)(v + 3) 




This is valid provided v is not a negative integer. 

Similarly, when c = —v 

y = w = Bx v |i + 2 2 (y _ 1 ) + 2 4 X 2!(v - l)(v - 2) 

X 6 ) 

+ 2 6 X 3!(v - l)(v - 2)(v - 3) + ■" J 

This is valid provided v is not a positive integer. 

Except for these two restrictions, the complete solution of Bessel's 
equation is therefore y = u + w with the two arbitrary constants A 
and B. 
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Bessel functions 

It is convenient to present the two results obtained above in terms of 
gamma functions, remembering that for x > 0 

T(x + 1 ) = xT(x) 

T(x + 2) = (x + l)r(x + 1) = (x + l)xT(x) 

T(x + 3) = (x + 2)T(x + 2) = (x + 2)(x + l)xT(x), etc. 

If, at the same time, we assign to the arbitrary constant ao the value 
1 

—-—, then we have, for c = v 

2 v r(v + 1 )' 

_ a 0 _ &0 _ do 

v 2 — [c + 2) 2 (v — c — 2)(v + c + 2) —2(2v + 2) 

-1 1 -1 
” 2 2 (v + 1) ‘ 2 v T(v + 1) ” 2 v + 2 (l!)r(v + 2) 

Similarly a± = . 


Because 

_ a 2 _ U-2 _ 0-2 

~~ V 2 — (c + 4) 2 (v - c — 4)(v + c + 4) _ — 4(2v + 4) 

-1 -1 1 

” 2 3 (v + 2) ‘ 2 v+2 (l!)r(v + 2) ” 2 v+4 (2!)r(v + 3) 

and (%6 = . 


We can see the pattern taking shape. 

( -l) r/ 2 

a T = - 7 r \—t- r r f° rr even. .*. Put r = 2k 

2vt '&) r K +i ) 

The result then becomes 
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Therefore, we can write the new form of the series for y as 

, _ v f 1 x 2 x 4 ) 

7 \2 v r(v + 1) 2' , + 2 (l\)T(v + 2) + 2 v+4 (2!)r(v + 3) "' J 

This is called the Bessel function of the first kind of order v and is denoted 
by Jv{x). 

( x yf ix z x 4 \ 

" MX) - { 2 ) \r(v +1) ~ 2 2 (l!)r(v + 2) + 2 4 (2!)r(v + 3) _ ' J 

This is valid provided v is not. 


a negative integer 



- otherwise some of the terms would become infinite. 

If we take the other value for c, i.e. c = -v, the corresponding result 
becomes 

I-v(x) = . 


/-vW 


v r 1 x 2 x 4 

2 ) \r(l - v) ~ 2(l!)r(2 - v) + 2 2 (2!)r(3 - v) 


} 


provided that v is not a positive integer. 
In general terms 

t ( X ) = (IV y' (-l)^ 2 * 

M; \2) 2 2k (kl)T(v + k+l) 

r w _H" v v 

’ \2J ^ 2 2k (k\)T(k - v + 1) 


The convergence of the series for all values of x can be established by 
the normal ratio test. 

J v (x) and J- V (x) are two independent solutions of the original 
equation. Hence, the complete solution is 

y — AJ v (x) + BJ-y(X) 
where A and B are constants. 


Make a note of the expressions for J v (x) and J- V (x). 

Then on to the next frame 
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Some Bessel functions are commonly used and are worthy of special 
mention. This arises when v is a positive integer, denoted by n. 

■ J (x)= f-V V (-l) k x 2k 

•' M ' \2J ^ 2 2k (k\)T(n + k + 1) 

From our work on gamma functions, T(k + 1) = kl for k — 0, 1,2,... 

T(n + k + 1) = (ti + ky. 
and the result above then becomes 

Jn(x) =. 



We have seen that J v (x) and J~ v {x) are two solutions of Bessel's 
equation. When v and -v are not integers, the two solutions are 
independent of each other. Then y = AJ v (x) +BJ- v (x). 

When, however, v = n (integer), then f n (x) and /_„(*) are not 
independent, but are related by /_„(*) = (-1 ) n J n (x). This can be shown 
by referring once again to our knowledge of gamma functions. 

r(x + 1) = *r(x) r(x) = r - ^ + - 

and for negative integral values of x, or zero, r(x) is infinite. 

From the previous result: 

j (~i)*x 2 * k -o l 2 

J-V IX) 2 ^ 2 2 *(fc!)r(fc - v + 1) U, 1 , A... 

Let us consider the gamma function T(k - v + 1) in the denominator 
and let v approach closely to a positive integer n. 

Then T(k - v + 1) —> T(k - n + 1). 

When k — n + 1 < 0, i.e. when k <(n- 1), then T(k — n + 1) is infinite. 
The first finite value of T(k - n + 1) occurs for k = n. 

When values of T(k - v + 1) are infinite the coefficients of J- V (x ) are 
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zero 


The series, therefore, starts at k = n 

. r (x)= (*Yf' _ (- 1 )** 2 * 

• • y -" w \2j fa 2 2k (kl)F(k -n + 1) 

» (_1 f x 2k-n 

~ jfa 2 zk ~ n (k\)r(k -n + 1 ) 

^ (-1 )P+ n x 2 P+ n 

~ fa 2 zp+n (kl)(k — «)! 

(-1 fx 2 P+ n 
p6 2 2p+n (P'-)(P + n)\ 

= V (~ 1 ) Px2P 

1 1 \2) fa2 2 P(pr)(p + n)\ 

( (- 1 )** 2 * 

^ } \2J fa 2 2k (k\)(k + n)\ 

/_„(*)= (-i)7«W 

So, after all that, the series for J n {x) =. 


Put k = p fan 



W = I {* - (iip) (0 2+ <2pi) © 4+ " •} 


Bessel functions for a range of values of n and x are tabulated in 
published lists of mathematical data. Of these, Jo(x) and Ji(x) are most 
commonly used. 
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Graphs of Bessel functions / 0 (x) and /,(x) 

y 

10 

0*5 

0 

Legendre's equation 




Another equation of special interest in engineering applications is 
Legendre's equation of the form 

(1 - x 2 )y" — 2xy' + k(k + 1 )y = 0 
where k is a real constant. 

This may be solved by the Frobenius method as before. In this case, 
the indicial equation gives c = 0 and c = 1, and the two corresponding 
solutions are 


(a) c 


= 0: y = aoj 


1 - 


k(k+l)o , *(*-2)(*+!)(* +3) 


or + 


x 4 - .. 


(b) c = 1: y = ai^x- ( k 1 ^ + 2 ) x 3 


(k-l)(k-3)(l: + 2)(l: + 4) . 


x 5 - ... | 


where ao and a\ are the usual arbitrary constants 


Legendre polynomials 

When k is an integer (ri), one of the solution series terminates after a 
finite number of terms. The resulting polynomial in x, denoted by 
P„(x), is called a Legendre polynomial, with a 0 or a x being chosen so that 
the polynomial has unit value when x= 1. 

For example p 2 (x) = . 
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Because, in P 2 (x), n — k — 2 

y = <z 0 1 1 — + 0 + 0 + ... | 

= ao{l - 3x 2 } 

The constant a 0 is then chosen to make y — 1 when x = 1 
i.e. l=a 0 (l-3) a^--\ 

Pz(x) = -|(1 - 3x 2 ) = §(3x 2 - 1) 

Similarly P 3 (x) =. 


P 3 (x) = -(5x 3 -3x) 


Here n = k = 3 


y = 


2x5 3 - - 

-Jj- x 3 + 0 + 0 + 

5x 3 ) 


y = 1 when x = 1 ai f 1 - -J = 1 a\ 

p 3 (x) = -= \ ( 5 * 3 - 3x ) 


Rodrigue's formula and the generating function 

Legendre polynomials can be derived by using Rodrigue's formula 

_ , . 1 d" / o ^ \ n 




so using this formula 


P*(x) = 
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Because 


P*(x) 


= __ (x 2 - l) 4 
2 4 4! dx i K > 

= ^&(* 8 ~ 4 * 6+6 * 4_4 * 2+1 ) 
= ( 8x7 - 24x5 + 24x3 - 8x ) 

= 3 ^ 4 ^ ( 56x6 - 120x4 + 72x2 - 8 ) 

= 3 ^ 4 ^ ( 336 * 5 - 480x3 + 144x ) 

= ~ (I680x 4 - 1440x 2 + 144) 

= | (35x 4 - 30x 2 + 3) 


In addition to Rodrigue's formula, the function 


1 

y/1 - 2 Xt + t 2 




w=0 


|f|<i 


is called the generating function for Legendre polynomials and can be 
used to obtain some of their properties. For example using this 
generating function we find that 

Pn( 1 ) = . 





314 Programme 8 


110 


Pn( 1 ) = 1 



Because 

When x = 1 the generating function becomes 

1 oo 

. - = V Pn(l)P, Itl < 1 

Vi-2 t + t 2 tf* y ’ 11 


Noting that 


1-2 1 + t 2 


1_ 1 

1^2 1 — t 


= (1 - t) 1 , the left- 


hand side is expanded by the binomial theorem to give 

OO 

(i - ty l = i + t + f 2 + f 3 + ... = ^~V. 

«=0 

oo oo 

Therefore 53 f” = and SO T„(l) = 1 


17O 


n =0 


By a similar reasoning 


^(-i) = 


Pn(~ 1 ) = (- 1 )” 


Because 

When x = -1 the generating function becomes 

1 oo 

. = Y^Pni- 1)«" 

Vl + 2 t + t 2 ^ 


Noting that 


1 + 2t + t 2 


1 + 


>2 1 + t 


= (1 + f) *, the left- 


hand side is expanded by the binomial theorem to give 

oo 

(1 + t) _1 = 1 - t + f 2 - f 3 + ... = 53(- 1 )" t ”- Therefore 


17=0 


53(-i)"f”=^ so p «( _1 ) = (- 1 )” 


17=0 


17=0 


Legendre's equation, whose solutions are expressed in terms of 
Legendre polynomials, is an example of a particular class of 
differential equations referred to as Sturm-Liouville systems. In 
the following frames we shall look at such systems more closely. 

So on to the next frame 
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Sturm-Liouville systems 

A boundary value problem that is described by a differential equation 
of the general form 

(p(x)y')'+{q(x) + X r{x))y = 0 for a <x <b and r[x) > 0 
where the boundary conditions can be written in the form 
ni y(a) 4- ot 2 y f (a) = 0 and Piy{b) + (3 2 y r {b) = 0 

is called a Sturm-Liouville system. Solutions of such a system are in 
the form of an infinite sequence of eigenfunctions y n , each correspond¬ 
ing to an eigenvalue X n of the system for n = 0, 1 , 2 ,.... 

For example, consider the differential equation 

y” + Ay = 0 for 0 < x < 5 
where here, a = 0 and b = 5. Also 
y(0) = 0 and y(5) = 0 

By comparing this equation with the general form given above we can 
see that 

/>(*) =.; q(*) = .; r (*) =.; 

az = .; fh = . 

p{x) = 1; q(x) = 0; r(x) = 1; a 2 = 0; /3 2 = 0 

Because 

By performing the differentiation on the left-hand term of 
(pMyO+(<?(*) + A r(x))y = 0 we find that the differential equation 
can be written as 

p(x)y" +p’(x)y l + (q(x) + Xr(xj)y = 0 

By inspection, comparing this form with the differential equation 
y" 4- Ay = 0 it is easily seen that p(x) = 1, q(x) = 0, r(x) = 1 and 
comparing boundary conditions gives a 2 = 0 and f3 2 = 0. 

To solve the equation y" + Ay = 0 we use the auxiliary equation 
m 2 + A = 0 which has solutions m = ± /VA (refer to Engineering 
Mathematics (Fifth Edition), page 1077). This means that the solution 
can be written in the form 

y = A sin.+ B cos. 


Because 

When the solutions to the auxiliary equation are of the form 
m = a± j/3 the solution to the differential equation is of the form 

y = e ax (A sinftx + B cos fix) and here a = 0 and (3 = \/A 

Applying the boundary condition y(0) = 0 then B = . 












316 Programme8 


(ED 

Because 

y = A sin y/Xx + B cos y/Xx and so y(0) = AsinO + BcosO = B = 0. 
Therefore y = A sin y/Xx 

Applying the boundary condition y(S) = 0 then 

A =. 




Because 

y = A sin y/Xx therefore y(5) = A sin y/X5 =0. If A = 0 the solution 
reduces to the trivial solution y = 0. For a non-trivial solution 
sin y/XS = 0 and so y/XS = mr, n = 0, 1, 2, 3,.... This means that 

n 2 7r 2 




tlTT 


and so A = 


25 


There is an infinity of eigenvalues, the nth eigenvalue being denoted 

n 2 !! 2 

by X n where X n = and to each eigenvalue there is an eigenvector 


solution y n = A n sin 


25 
mrx 


[117] Orthogonality 


If two different functions f(x) and g(x) are defined on the interval 
a <x <b and 

rb 

f(x)g(x) dx = 0 


Ja 


then we say that the two functions are mutually orthogonal. If, on 
the other hand, a third function w(x) > 0 exists such that 


f 


f(x)g(x)w(x) dx = 0 

then we say that f(x) and g(x) are mutually orthogonal with respect to 
the weight function w(x). 

One important property of the solutions to a Sturm-Liouville 
system is that the solutions are all mutually orthogonal with respect to 
the weight function r(x). For instance, in the previous example the 
individual solutions were given as 

mrx 


y n — A n sin 

o 

and so if m^n 


where r(x) = 1 


f 


y m (x)y„(x)r(x) dx = 
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Summary 

1 A Sturm-Liouville system is a differential equation of the form 

p{x)y" + p'{x)y f + ( q(x ) + A r(x))y = 0 for 
a < x <b and r(x) > 0 



where the boundary conditions can be written in the form 

aiy(a) + a 2 y\a) = 0 and f3iy(b) + /3 2 y'(b ) = 0 

2 Solutions y n to a Sturm-Liouville system are called eigenvectors, 
each corresponding to an eigenvalue X n for n = 0, 1, 2,.... 

3 The solutions y n are mutually orthogonal with respect to the 
weighting r(x). That is 

f ym(x)y n (x)r(x) 6x = 0 (m^n) 

Ja 

Keep going 


Legendre's equation revisited 

The equation (l - x 2 )y" - 2xy' + n(n + l)y = 0 is Legendre's equation 
and has Legendre polynomials as solutions. That is 



y n = P n (x) where P„(l) = 1 and P„(-l) = (-1)" 


This equation is an example of a Sturm-Liouville system 
p(x)y" + p'(x)y f + (q(x) + A r(x))y = 0 with boundary conditions 

aiy(a ) + a 2 y'(a) = 0 and f3iy(b) + f3 2 y'(b ) = 0 where 

P(*) =.; =.; r(x) = .... .; 

; Pi, Pi = . 


Oil, (y 2 = 
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p(x) = 1 - x 2 ; q(x) = 0; r(x) = 1; a lf a 2 = 1, 0; fa, (3 2 = 1, 0 


Consequently, Legendre polynomials are mutually orthogonal. That 
is, if m^n 

J Pm{x)Pn{x) d* =. 



Polynomials as a finite series of Legendre polynomials 

Many differential equations cannot be solved by the normal analytical 
means and solution by power series provides a powerful tool in many 
situations. Furthermore, any polynomial can be written as a finite 
series of Legendre polynomials. 


Example 1 

Show that f(x) = x 2 can be written as a series of Legendre polynomials. 
Assume that 


tv 

fix) = x 2 = ^2a„P n (x), then 

n =0 

x 2 = a 0 P 0 (x) + aiPi(x) + a 2 P 2 (x) + ... 

_ N . 3x 2 - 1 5x 3 - 3x 

— Uo(l) + Ui(x) + U 2 -—-b Cl3 - 2 -1" • • • 

Since the left-hand side is a polynomial of degree 2 then any Legendre 
polynomial on the right-hand side containing powers of x greater 
than 2 must be excluded. Therefore 03 = a 4 = ... = 0, so that 

2 ^2 3 o • « 2 « u 2 _ 

XT =ao- — + a 1 x + - a 2 * giving a 2 = -, a x = 0, a 0 - — = 0 


therefore ao = -, and 
X 2 =\pq{x) +|p 2 (x) 


Now you try one 


Example 2 

The polynomial 1 + x + x 3 can be written as a series of Legendre 
polynomials in the form 

1+x + x 3 = . 
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1+X + X 3 = P 0 {x) + f Pl(x) + 1^3 W 

o o 



Because 


1 + x + x s = a 0 Po(x) + aiPi(x) + a 2 P 2 (x) + ... 

— 1 Sx^ — 3x 

= Oo(l) + ai (*) + a 2 + as-*-+ ■. • 


Since the left-hand side is a polynomial of degree 3 then any Legendre 
polynomial on the right-hand side containing powers of x greater 
than 3 must be excluded. Therefore a 4 = a 5 = ... = 0, so that 


1+x + x 3 = a 0 -Tr + 



X 


3 

+ ~a 2 x 


2 


5 

+ ^3* 


3 


2 3 ci 

This gives a 3 =~, a 2 = 0, ai - -a 3 = 1, a 0 - = 1 therefore cz 0 = 1, 

5 Z Z 

. 8 
and ai = — so 

o 


1 + x + x 6 = 


+ jPl(x)+jP 3 (x) 


As usual, the main points that we have covered in this Programme are 
listed in the Revision summary that follows. Read this in 
conjunction with the Can You? checklist and note any sections that 
may need further attention: refer back to the relevant parts of the 
Programme, if necessary. There will then be no trouble with the Test 
exercise. The set of Further problems provides an opportunity for 
further practice. 



Revision summary 8 

1 Higher derivatives 
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2 Leibnitz theorem — nth derivative of a product of functions. 

Ity — uv 

=u^V + n ^ n ^ u^ n ~^v^ 

+ n(n - 1)(" - 2) u ,»- 31v (3, + 

| n(n - l)(n - 2)... (n - r +1) ^ fB _ r y r) + _ _ 

r! 

CO 

i.e. y (M) = ^"C r u("-'V r >. 

r=0 

(mv) ( w ^ can be obtained by expanding (u + v)^ using the binomial 
theorem where the 'powers' are interpreted as derivatives. 

3 Power series solution of second-order differential equations 

(a) Leibnitz-Maclaurin method 

(1) Differentiate the equation n times by the Leibnitz 
theorem. 

(2) Put x = 0 to establish a recurrence relation. 

(3) Substitute n = 1, 2, 3,... to obtain y\ y" , y m , ... at x = 0. 

(4) Substitute in Maclaurin's series and simplify where 
possible. 

(b) Frobenius' method 

Assume a series solution of the form 

y = x c {ao + a\x + a^x 1 + ... + a r x T + ...} a 0 ^ 0 

(1) Differentiate the assumed series to find y f and y n . 

(2) Substitute in the equation. 

(3) Equate coefficients of corresponding powers of x on each 
side of the equation - usually written with zero on the 
right-hand side. 

(4) Coefficient of the lowest power of x gives the indidal 
equation from which values of c are obtained, c = C\ and 

c = c 2 . 

Case 1: c\ and c 2 differ by a quantity not an integer. Substitute 
c — c\ and c — c 2 in the series for y. 

Case 2: C\ and c 2 differ by an integer and make a coefficient 
indeterminate when c = c\. Substitute c = c\ to obtain the 
complete solution. 

Case 3: c\ and c 2 (a < c 2 ) differ by an integer and make a 
coefficient infinite when c = c\. Replace a 0 by k{c-c\). 
Two independent solutions then obtained by putting 

dy 

c = ci in the new series for y and for 

oc 


► 
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In general if C\ - C 2 = n where n is a non-zero integer, the 
solution is of the form 

y = (1 + klnx)x Cl {cio + a\x + a 2 x^ + • • •} 

+ x Cl {b 0 + bix + b 2 x 2 +...} 

Case 4: c\ and c 2 are equal. Substitute c = C\ in the series for y 

dy 

and for Make the substitution after differentiating. The 
oc 

second solution will consist of the product of the first 
solution and lnx, together with a further series. 

In general if C\ — c 2 — c, the solution is of the form 

y — (1 + klnx)x c {ao + a\x + a 2 x 2 + ...} 

+ x c {bix + b 2 x 2 + ...} 


4 Bessel's equation 

x 2 y n + xy f + (x 2 - v 2 ) = 0 


where v is a real constant. 

Bessel functions: Express the two solutions obtained in terms of 
gamma functions. 

T(A_( X Vf 1 X 2 X ^ 

JvW - [ 2 ) |f(v+l) ~2 2 (l!)r(v + 2) + 2 4 (2!)r(v + 3) 

This is the Bessel function of the first kind of order v - valid for v not a 
negative integer. 

Also /_ v (x) = (-) j r(1 _ v) - 2(l!)r(2 — v) + 2 2 (2!)T(3 - v) 

provided that v is not a positive integer. 

Complete solution is therefore y = AJ v (x) + J5/_ v (x). 




When v = n (an integer) /- w (x) = (-1 ) n J n (x) 

1 /x\ 6 

(3!)(n + 3)! V2 ) + ' 


In particular 


Jo(x) 


1 /x\ 2 1 

( l!) 2 ^27 + ( 2!) 2 



and 


JL (T) 6 + 

(3!) 2 W 




(3ipj(l) + ’"} 
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5 Legendre's equation 

(1 - x 2 )y " - 2xy f + + 1 )y = 0 

where k is a real constant. 


Solution by Frobenius gives 

n L k(k + 1) 2 Jk(Jk — 2)(Jk + l)(Jk + 3) 4 

c = 0: y = fl 0 n- — jr + 


c = 1: y 


= ai|x - 


2 ! 

(*-l)(k + 2) 3 
3! * 


4! 


- 


(*-l)(*-3)(* + 2)(* + 4) * 
+ 5! 




6 


When k is an integer, one series terminates. The resulting 
polynomial in x, P n (x), is a Legendre polynomial, with ao or a\ 
being chosen so that the polynomial has unit value when x — 1. 

Rodrigue's formula 


Pn(x) 


1 d n 
2 n n\ Ax n 




n 


Generating function 


1 

Vl - 2 xt + t z 


OO 


J2 P n( X ) t ” 

n —0 


7 Sturm-Liouville systems 

(pixyf+iqix) + A r(x))y — 0 for a < x < b and r(x) > 0 with 
boundary conditions ai y(a) + azy f (a) = 0 and /3iy(b) + pzyfb) = 0 

Solutions y n to a Sturm-Liouville system are called eigenvectors, 
each corresponding to an eigenvalue X n for n = 0, 1, 2 ,... 

8 Orthogonality 

If two different functions f(x) and #(x) are defined on the interval 
a <x<b and 

[ f(x)g(x)dx = 0 
Ja 

then the two functions are orthogonal to each other. If a 
function w(x) > 0 exists such that 

[ f(x)g(x)w(x) dx = 0 

Ja 

then f(x) and g(x) are orthogonal to each other with respect to the 
weight function w(x). 

The solutions of a Sturm-Liouville system y n are mutually 
orthogonal with respect to the weighting r(x). That is 

f y m (x)y n (x)r(x) dx = 0 (m^n) 

Ja 
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9 Legendre polynomials are mutually orthogonal 
If m / ft then 

| P m (x)P n (x)dx = 0 

The orthogonality of the Legendre polynomials permits any 
polynomial to be written as a finite series of Legendre polynomials. 
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Checklist 8 

Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that Frames 

you can: 

• Obtain the nth derivative of the exponential and 
circular and hyperbolic functions? 

Yes □ □ □ □ □ No 

• Apply the Leibnitz theorem to derive the nth derivative 

of a product of expressions? 1 no I to 

Yes n n n n n no 

• Apply the Leibnitz-Maclaurin method of obtaining a 
series solution to a second-order homogeneous 
differential equation with constant coefficients? 

Yes □ □ □ □ □ No 

• Apply Frobenius' method of obtaining a series solution 
to a second-order homogeneous differential equation 
for different cases of the indicial equation? 

Yes □ □ □ □ □ No 

• Apply Frobenius' method to Bessel's equation to derive 
Bessel functions of the first kind? 

Yes \J \3 \3 \3 \3 No 

• Apply Frobenius' method to Legendre's equation to 
derive Legendre polynomials? 

Yes n n n n n no 

• Use Rodrigue's formula to derive Legendre polynomials 
and the generating function to obtain some of their 
properties? 

Yes □ □ □ □ □ No 




to 87 



88 1 to 1104 


iWlto 107 



to 
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• Recognise a Sturm-Liouville system and the 
orthogonality properties of its eigenfunctions? 

Yes n n n n n no 

• Write a polynomial in x as a finite series of Legendre 
polynomials? 

Yes □ □ □ □ □ No 




1221 to 




Test exercise 8 



1 


2 

lfy = e x +x , show that y" = y'(2x + 1) + 2y and hence prove that 
y ( n + 2 ) = (2x + i)y("+i) + 2(n + l)y w . 


2 Obtain a power series solution of the equation 

(1 + x 2 )y" - 3 xy' - 5y = 0 

up to and including the term in x 6 . 


3 Determine a series solution for each of the following. 

(a) 3 xy u + 2 y* + y = 0 

(b) y" + x 2 y = 0 

(c) xy" + 3y f - y = 0. 


4 


Use Rodrigue's formula P«(x) 


1 d n 
2 n n\ dx n 



1) to derive the Legendre 


polynomials P 2 W and Ps(x), and show that P 2 W and Ps(x) are 
orthogonal on (-1, 1). 


5 Write f(x) = 1 - 2x 2 as a series of Legendre polynomials. 


/- ,m \ 



Further problems 8 



(a) Use the Leibnitz theorem for the following. 

1 If y = x 3 e 4x , determine y( 5 ). 

2 Find the nth derivative of y = x 3 e~ x for n > 3. 

3 If y = x 3 (2x + l) 2 , find y( 4 K 

4 Find the 6th derivative of y = x 4 cosx. 

5 If y — e~ x sin x, obtain an expression for y( 4 \ 
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6 Determine y when y = x 4 In x. 

7 If x 2 y" + xy 1 + y = 0, show that 

* 2 y (H+ 2 ) + (2n + l)x/” +1 > + (n 2 + l)yM = 0. 


9 If y = e x cos x, show that jX 4) + 4y = 0. 

10 Find the (2n)th derivative of (a) y = x 2 sinhx 

(b) y = x 3 coshx. 

11 If y — (. x 3 + 3x 2 )e t3L f determine an expression for y( 6 \ 

12 Find the nth derivative of y = e°* cos ax and hence determine y^. 

^ xr sinx 

13 If y = --=■, show that 

1 -x 2 

(a) (1 - x 2 )y" - 4 xy 1 - (1 + x 2 )y = 0 

(b) y("+ 2 ) - (n 2 + 3/I + 1 )yW - n(n - l)y(" -2 ) = 0 at x = 0. 

(b) Use the Leibnitz-Maclaurin method to determine series solutions for the 
following. 

14 (1 + x 2 )y n + xy' -9y = 0. 

15 (x + 1 )y n + (x - 1 )y' - 2y = 0. 

16 (1 - x 2 )y" - 7xy f — 9y = 0. 

17 (1 - x 2 )y ,f - 2 xy f + 2y = 0. 

18 xy" + y 1 + 2 xy — 0. 


(c) Use the method of Frobenius to obtain series solutions of the following. 

19 3xy" + y f - y = 0. 

20 y” + y = 0. 

21 y"-xy = 0. 

22 3 xy" + 4y' + y = 0. 

23 y" - xy' + y = 0. 

24 xy" - 3y f + y = 0. 

25 xy" +y' - 3y = 0. 
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Verify that y" + Ay = 0 where y'(0) = 0 and y(2) = 0 is a Sturm- 
Liouville system. Find the eigenvalues and eigenfunctions of the 
system and prove that they are orthogonal in (0, 2). 

Series solutions of the equation y" - 2 xy f + 2 ny = 0 are known as 
Hermite polynomials, H n (x), where 

_, - , v7 v 2 d f -i/2 \ 


«.<*>=(- xrs—{c-*) 


Derive the first four Hermite polynomials and show that they are 
orthogonal with respect to the weight e~* z in (-oo, oo). 

Series solutions of the equation xy" + (1 - x)y f + ny = 0 are known as 
Laguerre polynomials, L n (x), where 

Derive the first four Laguerre polynomials and show that they are 
orthogonal with respect to the weight er x in (0, oo). 

Given the generating function for Laguerre polynomials L n (x) as 
e -*t/(i-Q ~L n (x). n 

h " ! 

show that L n ( 0) = n\ 

Given the generating function for Hermite polynomials H n (x) as 

e 2tx-t z _ yy'Hnjx) t n 
n =0 n * 

show that H 2n+ i(0) = 0. 

Given the generating function for Legendre polynomials P n (x) as 


'l-2xt+~t 2 


wv 

= Y^p n (x)t n 


n=0 


show that Pzn+ 1 ( 0 ) = 0. 



Numerical 
solutions of 
ordinary 
differential 
equations 

Learning outcomes 

When you have completed this Programme you will be able to: 

• Derive a form of Taylor's series from Maclaurin's series and from it 
describe a function increment as a series of first and higher-order 
derivatives of the function 

• Describe and apply by means of a spreadsheet the Euler method, 
the Euler-Cauchy method and the Runge-Kutta method for first- 
order differential equations 

• Describe and apply by means of a spreadsheet the Euler second- 
order method and the Runge-Kutta method for second-order 
ordinary differential equations 

• Describe and apply by means of a spreadsheet a simple predictor- 
corrector method. 


Frames 

rn to riFi 




Prerequisite: Engineering Mathematics (Fifth Edition) 
Programme F.4 (Uses of a spreadsheet) 
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Introduction 


[ 1JThe range of differential equations that can be solved by straightfor- 

ward analytical methods is relatively restricted. Even solution in series 
may not always be satisfactory, either because of the slow convergence 
of the resulting series or because of the involved manipulation in 
repeated stages of differentiation. 

In such cases, where a differential equation and known boundary 
conditions are given, an approximate solution is often obtainable by 
the application of numerical methods, where a numerical solution is 
obtained at discrete values of the independent variable. 

The solution of differential equations by numerical methods is a 
wide subject. The present Programme introduces some of the simpler 
methods, which nevertheless are of practical use. 


Taylor's series 


Let us start off by briefly revising the fundamentals of Maclaurin's and 
Taylor's series. 



Maclaurin's series for f(x) is 

m = m+ xf\ o)+^r (o)+...+^pco)+... a) 

and expresses the function f(x) in terms of its successive derivatives at 
x = 0, i.e. at the point K. 

Therefore, at P, f(h) = . 
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If the y-axis and origin are moved a units to the left, the equation of 
the same curve relative to the new axes becomes y = f(a + x) and the 
function value at K is f(a). 

At P, f{a + h) = f{a) + hf'(a) +^f"(a) +... + + • • - 

This is one common form of Taylor's series. 

Make a note of it and then move on 


Function increment 



If we know the function value f(a) at A, i.e. at x = a, we can apply 
Taylor's series to determine the function value at a neighbouring 
point B, i.e. at x = a + h. 

na+h)=m + hf{a )+Jr («)+Jr («)+• • ■ (3) 

The function increment from A to B = Ay = f(a + h) - f(a) 
i.e. f(a + h) = f(a) + Ay 

where Ay = hf'(a) + J/ 7 "(a) + J/ 7 '"( a ) + • • • 

This entails evaluation of an infinite number of derivatives at x = a: in 
practice an approximation is accepted by restricting the number of 
terms that are used in the series. 
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This approximation of Taylor's series forms the basis of several 
numerical methods, some of which we shall now introduce. It should 
be noted that these early examples have been selected because exact 
solutions can also be found. The purpose of this is to enable a 
comparison between the results obtained by a particular method with 
those obtained from an exact solution, and so to demonstrate the 
accuracy of the method. 

On then to the next frame 


First-order differential equations 



Numerical solution of 


6y 

Ax 


= f(x,y) with the initial condition that, at 


x = x 0 ,y = y 0 . 


Euler's method 

The simplest of the numerical methods for solving first-order 
differential equations is Euler's method , in which the Taylor's series 

f{a + h)=f{a) + hf{a) j +~f"{a) + Jf» + •■• 


is truncated after the second term to give 

f (a + h)& f(a) + hf'(a) (4) 

This is a severe approximation, but in practice the 'approximately 
equals' sign is replaced by the normal 'equals' sign, in the knowledge 
that the result we obtain will necessarily differ to some extent from the 
function value we seek. With this in mind, we write 


If h is the interval between two near 
ordinates and if we denote f(a) by 
yo , then the relationship 

f(a + h) = f(a) + hf'(a) 

becomes 

yi=yo + Wy' ) 0 ( 5 ) 

Hence, knowing yo, h and (y') 0 , we can compute y\, an approximate 
value for the function value at B. 

Make a note of result (5): we shall be using it quite a lot. 

Then move on for an example 


f(a + h) = f(a) + hf'(a) 
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Example 1 



d y 


Given that ^ = 2(1 + x) - y with the initial condition that at x = 2, 
y = s, we can find an approximate value of y at x = 2*2, as follows. 
We have y' = 2(1 +x) —y with xq = 2, yo = 5 

(yO o —. 



We obtain this by substituting xo and y 0 in the given equation: 

(y% = 2(l+xo)-yo = 2(l + 2)-S (y\ = 1 

So we have *o = 2; yo = 5; (y') 0 = 1; X\ = 2*2; /z = 0-2. 

By Euler's relationship: 

yi = yo + W )o yi =. 
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Q/)i = 2(1 + xi) -yi= 2(1 + 2-2) - 5-2 = 1-2 



*0 *1 


If we take the values of x, y and y' that we have just found for the point 
B and treat these as new starter values Xo, yo, (y%, we can repeat the 
process and find values corresponding to the point C. 

At B, x 0 = 2-2; y 0 = 5*2; (y% = 1-2; Xi = 2-4. 

Then at C: yi = .; {y / ) 1 = . 


y\ = 5-44; (y l \ = 1-36 


yi = yo + h(y% = 5-2 + (0-2J1-2 = 5-44 

(/)i = 2(1 + xi) -yi= 2(1 + 2-4) - 5*44 = 1-36 

So we could continue in a step-by-step method. At each stage, the 
determined values of x\ f y\ and (y f ) 1 become the new starter values xo, 
yo and (y') 0 for the next stage. 

Our results so far can be tabulated thus 


Xo 

yo 

OOo 

■ 

Xl 

yi 

(A 

20 

50 

10 


s2-2 

5-2 

1-2 

2-2 

5-2 

1-2 ^ 


^2-4 

5-44 

1*36 

2-4 

5-44 

1-36^ 






Continue the table with a constant interval of h = 0-2. The third row 
can be completed to give 

*1 =.; n = .; (y')i =. 
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X\ = 2*6; y\ = 5-712; (y')i = 1*488 



Because 

X\ — Xq -J- h — 2*4 -f- 0*2 = 2*6 
n = yo + h(y') o = 5-44 + (0*2)1*36 = 5-712 
(/)i = 2(1 + xi) - yi = 2(1 + 2*6) - 5*712 = 1*488 

Now you can continue in the same way and complete the table for 

x = 2*0, 2*2, 2*4, 2*6, 2*8, 3*0 

Finish it off and compare results with the next frame 



Here is the result. 


*0 

yo 

(y') 0 

i 

Xl 

yi 

(y')i 

2*0 

5*0 

1*0 

■ 

2*2 

5*2 

1*2 

2*2 

5*2 

1*2 

1 

2*4 

5*44 

1*36 

2*4 

5*44 

1*36 

I 

2*6 

5*712 

1*488 

2*6 

5*712 

1-488 

I 

2-8 

6*009 6 

1*5904 

2*8 

6*009 6 

1*5904 

1 

3-0 

6*327 68 

1-67232 

3*0 

6*327 68 

1*67232 

1 





In practice, we do not, in fact, enter the values in the right-hand half 
of the table, but write them in directly as new starter values in the left- 
hand section of the table. 


*0 

yo 

(y ') 0 

2*0 

5*0 

1*0 


5*2 

1*2 

2*4 

5*44 

1*36 

2*6 

5*712 

1*488 

2-8 

6*009 6 

1*5904 

3-0 

6*327 68 

1*67232 


The particular solution is given by the values of y against x and a graph 
of the function can be drawn. 

Draw the graph of the function carefully on graph paper. 
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d v 

Graph of the solution of = 2(1 + x) — y with y = 5 at x = 2. 




It is an advantage to plot the points step-by-step as the results are built 
up. In that way, one can check that there is a smooth progression and 
that no apparent errors in the calculations occur at any one stage. 

dy 

The differential equation -j^ = 2(l + x) — y can be solved by the 


integration factor method (see Engineering Mathematics, Fifth Edition , 
Programme 24) to give the solution 


y = 2x + e z x 


and in the following table we compare our results with the actual 
values to determine the errors. 


X 

y 

(Euler) 

y 

(actual) 

Absolute 

error 

2*0 

50 

50 

0 

2*2 

5-2 

5-218 731 

0-018 731 

2-4 

5-44 

5-470320 

0-030 320 

2-6 

5-712 

5-748 812 

0-036812 

2*8 

6-009 6 

6-049 329 

0-039 729 

30 

6-327 68 

6-367 879 

0-040199 


The errors involved in the process are shown. These errors are due 
mainly to. 
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the fact that Taylor's series was truncated after the second term 



By now you will appreciate the amount of arithmetic manipulation 
involved in solving these differential equations - a large amount of 
which is repetitive. To avoid the tedium and to make the computa¬ 
tions more efficient we shall resort to the use of a spreadsheet. If the 
use of a spreadsheet is a totally new experience to you then you are 
referred to Programme F.4 of Engineering Mathematics , Fifth Edition, 
where the spreadsheet is introduced as a tool for constructing graphs 
of functions. If you have a limited knowledge then you will be able to 
follow the text from here. The spreadsheet we shall be using here is 
Microsoft Excel, though all commercial spreadsheets possess the 
equivalent functionality. Alternatively, an iteration process can be 
used in any computer algebra package such as Derive , Maple or 
Mathematica. 

Open your spreadsheet and in cell A1 enter the letter n and press 
Enter. In this first column we are going to enter the iteration 
numbers. In cell A2 enter the number 0 and press Enter. Place the cell 
highlight in cell A2 and highlight the block of cells A2 to A12 by 
holding down the mouse button and wiping the highlight down to 
cell A12. Click the Edit command on the Command bar and point at 
Fill from the drop-down menu. Select Series from the next drop¬ 
down menu and accept the default Step value of 1 by clicking OK in 
the Series window. 



In cell B1 enter the letter x - this column is going to contain the 
successive x-values for which the y-value is going to be enumerated. In 
cell B2 enter the number 2 - the initial x-value. We now could fill the 
column in much the same way as we filled the first column, but we 
have a better way. 

Place the cell highlight in cell FI and enter the number 0-2 - this is 
the value of h, the increment in x. Now place the cell highlight in 
cell B3 and enter the formula 

= B2 + $F$ 1 followed by Enter (uppercase or lowercase, it does not 

matter) 

The number 2-2 appears in cell B3. Place the cell highlight in cell B3, 
click the Edit command and select Copy from the drop-down menu. 
You have now copied the contents of cell B3 to the clipboard. Now 
place the cell highlight in cell B4 and highlight the block of cells from 
B4 to B12. Click the Edit command again but this time select Paste 
from the drop-down menu. 

The cells B4 to B12 fill with the numbers. 
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The numbers 2-4 to 4*0 in intervals of 0-2 


How has this happened? When you typed in the cell reference B2 into 
the formula in cell B3, the spreadsheet understood this to mean the 
contents of the cell immediately above current cellB3. When the formula is 
copied into cell B4 it means the contents of the cell immediately above 
current cell B4 . Entered in this way the address B2 is a relative address. 
On the other hand, when you typed in $F$1 the spreadsheet 
understood this to mean the contents of cell FI and that meaning 
remains when it is copied - the dollar signs indicate an absolute 
address. So as you move down the column the contents of a cell 
contain the contents of the cell immediately above it plus the 
contents of cell FI. You will shortly see the advantages of all this. 

For now, place the cell highlight in cell Cl and enter the letter y - 
this column is going to contain the computed y-values against the 
corresponding x-values in column B. Place the cell highlight in cell C2 
and enter the number 5 - the initial y-value. Before we can compute 
the y-values in column C we need to be able to tabulate the values of y' 
- the derivatives of y. Place the cell highlight in cell D1 and enter y' - 
this column will contain the values of the derivatives of y against the 
corresponding x-values. Cell D2 will contain the initial value of y' 
which can be computed from the equation 

y' = 2(1 +x)-y 

When x = Xo =2 and y = y 0 — 5 then 

/o = 2(1 + xo) - yo = 2(1 + 2) - 5 = 1 

so place the cell highlight in cell D2 and enter the formula 

= 2 * (1 + B2) - C2 (B2 contains xo and C2 contains y 0 ) 

The number 1 appears in cell D2. We need to copy this formula down 
the y 1 column. Place the cell highlight in cell D2, click Edit and select 
Copy. Now place the cell highlight in cell D3 and highlight the block 
of cells D3 to D12. Click the Edit command again and select Paste. 

The cells D3 to D12 fill with. 
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The numbers 6-4 to 10 0 in intervals of 0*4 


Because the cells in the C2 column are currently empty, these values 
are just 2 * (1 + B2) - 0. 

Now, to compute the y-values we use the equation yi = yo + h(y ') 0 . 
Place the cell highlight in cell C3 and enter the formula 

= C2 + $F$1 * D2 (C2 contains y 0 , FI contains h and D2 contains 

(y 1 ) o) 

and the number 5*2 appears. That is, y\ = 5 + (0-2)(l) = 5-2. This now 
completes the sequence of operations required to find y\. To find the 
values of y% = y{x 2 ) = y( 2-4) this sequence is repeated and, to ensure 
this, all that remains is to copy the formula in cell C3 into cells C4 
to C12. So do this to reveal the following display 


n 

X 

y 

0 

2 

5 

1 

2-2 

5-2 

2 

2-4 

5-44 

3 

2-6 

5-712 

4 

2-8 

6-0096 

5 

3 

6-32768 

6 

3-2 

6-662144 

7 

3-4 

7-0097152 

8 

3-6 

7-36777216 

9 

3-8 

7-734217728 

10 

4 

8-107374182 


y' 0*2 

1 

1-2 

1-36 

1-488 

1-5904 

1-67232 

1-737856 

1-7902848 

1-83222784 

1-865782272 

1-892625818 


Now that was a lot easier than all that arithmetic manipulation by 
hand, wasn't it? We can tidy this display up by using the Format 
command and by using the various options on the tool bars to change 
the column widths and to display the numbers in a regular format of 
10 decimal places to produce a display that is easier to read. 

Next frame 
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n 

X 

y 

y' h=0-2 

0 

2-0 

5-0000000000 

1-0000000000 

1 

2-2 

5-2000000000 

1-2000000000 

2 

2-4 

5-4400000000 

1-3600000000 

3 

2-6 

5-7120000000 

1-4880000000 

4 

2-8 

6-0096000000 

1-5904000000 

5 

30 

6-3276800000 

1-6723200000 

6 

3-2 

6-6621440000 

1-7378560000 

7 

3-4 

7-0097152000 

1-7902848000 

8 

3-6 

7-3677721600 

1-8322278400 

9 

3-8 

7-7342177280 

1-8657822720 

10 

4-0 

8-1073741824 

1-8926258176 

Notice that we have added h= in 

cell El and justified it to the right 

and then justified the number 0-2 in F2 to the left so that together 
they read as an equation. The advantage of isolating the step value 0-2 

in cell FI, as 

we have done, is that we can change the value and 

immediately see the effects on the calculations. For example, if the 
contents of FI are changed to 0-1 the display changes automatically to 

n 

X 

y 

y' h =0-1 

0 

2-0 

5-0000000000 

1-0000000000 

1 

2-1 

5-1000000000 

1-1000000000 

2 

2-2 

5-2100000000 

1-1900000000 

3 

2*3 

5-3290000000 

1-2710000000 

4 

2-4 

5-4561000000 

1-3439000000 

5 

2-5 

5-5904900000 

1-4095100000 

6 

2-6 

5-7314410000 

1*4685590000 

7 

2-7 

5-8782969000 

1-5217031000 

8 

2-8 

6-0304672100 

1*5695327900 

9 

2*9 

6-1874204890 

1-6125795110 

10 

30 

6-3486784401 

1-6513215599 


Notice that the different values of h produce different corresponding 
values in the tables. For example, for h = 0-2 we find that 
y(3*0) = 6-3276800000 whereas for h = 0-1 we have y(3-0) = 
6-348 678 4401. The smaller the value of h then, the smaller the errors 
in the calculation - we shall see this demonstrated explicitly in the 
next frame. 


Go to the next frame 
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The exact value and the errors 

The differential equation 
y' = 2(1 + x)-y 

can be solved using the integration factor method (see Engineering 
Mathematics, Fifth Edition , Programme 24) to give the solution 

y = 2x + e 2 ~ x 

We can programme this into the spreadsheet to compare the exact 
solution with the solution obtained numerically and compute the 
actual errors. Place the cell highlight in cell El and highlight cells El 
and FI. Click Insert on the Command bar and select Columns. 
Immediately two new columns appear. Notice that the numbers in the 
display do not change despite the fact that the ft-value of 0*2 has 
moved from FI to HI - all the formulas in the spreadsheet will have 
automatically adjusted themselves. You can check this by highlighting 
a cell with a formula in it to see the change. 

In cell El enter the word Exact and in cell FI enter Errors (%). In 
cell E2 enter the right-hand side of the equation y = 2x -b e 2 ~ x by using 
the formula 

= 2 * B2 + EXP(2 - B2) (the EXP stands for the exponential 

function) 

and copy this into the block of cells E3 to E12. In cell F2 enter the 
formula for the error 

= (E2 - C2) * 100/E2 (the error as a percentage of the exact value) 

and copy this into the block of cells F3 to F12 to produce the following 
display 


n 

X 

y 

y' 

Exact 

Errors 

(%) 

0 

2-0 

5 0000000000 

1 0000000000 

5-0000000000 

0-00 

1 

2-2 

5*2000000000 

1-2000000000 

5-2187307531 

0-36 

2 

2-4 

5*4400000000 

1-3600000000 

5-4703200460 

0-55 

3 

2-6 

5*7120000000 

1-4880000000 

5-7488116361 

0-64 

4 

2-8 

6*0096000000 

1-5904000000 

6-0493289641 

0-66 

5 

3-0 

6*3276800000 

1-6723200000 

6*3678794412 

0-63 

6 

3-2 

6*6621440000 

1-7378560000 

6-7011942119 

0-58 

7 

3-4 

7*0097152000 

1-7902848000 

7*0465969639 

0-52 

8 

3-6 

7*3677721600 

1-8322278400 

7-4018965180 

0*46 

9 

3-8 

7*7342177280 

1-8657822720 

7-7652988882 

0-40 

10 

4-0 

8*1073741824 

1-8926258176 

8-1353352832 

0*34 
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Change the value of h to 0*1 and produce the following display 


n 

X 

y 

r 

Exact 

Errors 

(%> 

0 

2-0 

5-0000000000 

1-0000000000 

5-0000000000 

0-00 

1 

2-1 

5-1000000000 

1-1000000000 

5-1048374180 

0-09 

2 

2-2 

5-2100000000 

1-1900000000 

5-2187307531 

0-17 

3 

2-3 

5-3290000000 

1-2710000000 

5-3408182207 

0-22 

4 

2-4 

5-4561000000 

1-3439000000 

5-4703200460 

0-26 

5 

2-5 

5-5904900000 

1-4095100000 

5-6065306597 

0-29 

6 

2-6 

5-7314410000 

1-4685590000 

5-7488116361 

0-30 

7 

2-7 

5-8782969000 

1-5217031000 

5-8965853038 

0-31 

8 

2-8 

6-0304672100 

1-5695327900 

6-0493289641 

0-31 

9 

2-9 

6-1874204890 

1-6125795110 

6-2065696597 

0-31 

10 

30 

6-3486784401 

1-6513215599 

6-3678794412 

0-30 


When h = 0-2 the error in y(3-0) is 0*63% whereas when h — 01 the 
error in y(3-0) is 0*30%. 



The smaller the value of h the 


smaller the error 


Having completed your first spreadsheet you can now use it as a 
template for similar problems. 

To avoid losing the work that you have already done, save your 
spreadsheet under some suitable name. When that is complete, 
highlight all the cells from A1 to G12 and copy them onto the 
clipboard using the Edit-Copy sequence of commands. Now click the 
Sheet 2 tab at the bottom of your spreadsheet to reveal a blank 
worksheet. Place the cell highlight in cell Al, click Edit and select 
Paste. The entire contents of Sheet 1 are now copied to Sheet 2 in 
readiness for editing to accommodate a new problem. 

So let's look at another example. 


Example 2 

Obtain a numerical solution of the equation 

d y 


dx 


=l+x-y 


with the initial condition that y = 2 at x = 1, for the range 
x = 10(0-2)3 0, that is from x = TO to x = 3*0 with step length x = 0-2. 


As initial conditions, we have 


x o = 


and yo = 
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*0 = 1 , yo = 2 



Because 

*o = l and yo = 2 are given initial conditions. 

These values can now be inserted into the 
spreadsheet in cells. 


xi = 1 in B2, yo = 2 in C2 



Notice how the numbers in column B have changed to accommodate 
the new sequence of ^-values. The contents of the cells in column C do 
not need to be changed as they refer to the equation 

yi=Yo + h(y') o 

which is the same in this spreadsheet as it was in the previous 
spreadsheet. The contents of column D do have to be changed because 
they currently refer to the equation to be solved in the previous 
problem. The equation to be solved here is 

y' = 1 + x -y 


so in cell D3 the contents need to be changed to 


= 1 + B2 - C2 



This formula must then be copied into cells C3 to C12. Finally, the 
Exact column needs to be amended to reflect the exact solution to 
this equation, which is again found by using the integration factor 
method as 

y = x + e l ~ x 

So, in E2, enter the formula. 
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= B2 + EXP(1 - B2) 


This formula needs to be copied into cells E3 to E12. This completes 
the editing of the spreadsheet to reflect the new problem to give the 


n 

display 
x y 

y' 

Exact 

Errors 

0 

1-0 

2 0000000000 

0-0000000000 

20000000000 

(%) 

0-00 

1 

1*2 

2-0000000000 

0-2000000000 

20187307531 

0-93 

2 

1-4 

20400000000 

0-3600000000 

2-0703200460 

1-46 

3 

1-6 

2-1120000000 

0-4880000000 

2-1488116361 

1-71 

4 

1-8 

2-2096000000 

0-5904000000 

2-2493289641 

1-77 

5 

2*0 

2-3276800000 

0-6723200000 

2-3678794412 

1-70 

6 

2*2 

2-4621440000 

0-7378560000 

2-5011942119 

1-56 

7 

2*4 

2-6097152000 

0-7902848000 

2-6465969639 

1-39 

8 

2-6 

2-7677721600 

0-8322278400 

2-8018965180 

1-22 

9 

2-8 

2-9342177280 

0-8657822720 

2-9652988882 

1-05 

10 

30 

3-1073741824 

0-8926258176 

3-1353352832 

0-89 


A plot of the graph of y against x for both the computed value and the 
exact value looks as follows 
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Graphical interpretation of Euler's method 



If AT is the tangent to the curve 
at A, 




NT = h(y') o 


At x = Xi, MT = y 0 + h(y') 0 


By Euler's relationship, yi = y 0 + h(y r )o i e - MT. 

The difference between the calculated value of y, i.e. MT, and the 
actual value of the function y, i.e. MB, at x = X\, is indicated by TB. 
This error can be considerable, depending on the curvature of the 
graph and the size of the interval h. It is inherent to the method and 
corresponds to the truncation of the Taylor's series after the second 
term. 

Euler's method, then 

(a) is simple in procedure 

(b) is lacking in accuracy, especially away from the starter values of 
the initial conditions 

(c) is of use only for very small values of the interval h. 

In spite of its practical limitations, it is the foundation of several more 
sophisticated methods and hence it is worthy of note. 

Here is one more example to work on your own. 


Example 3 


dy 


Obtain the solution of = x + y with the initial condition that y 

dx 

at x = 0, for the range x = 0(01)0*5. 


- 1 


By using a previously constructed spreadsheet as a template, the 
solution is 




The function values are given in the next frame 
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n 

X 

y 

Y 

Exact 

Errors h = 0-1 
(%) 

0 

0-0 

1-0000000000 

1-0000000000 

1-0000000000 

0-00 

1 

01 

1-1000000000 

1-2000000000 

1-1103418362 

0-93 

2 

0-2 

1-2200000000 

1-4200000000 

1-2428055163 

1-84 

3 

0-3 

1-3620000000 

1-6620000000 

1-3997176152 

2-69 

4 

0-4 

1-5282000000 

1-9282000000 

1-5836493953 

3-50 

5 

0-5 

1-7210200000 

2-2210200000 

1-7974425414 

4-25 

6 

0-6 

1-9431220000 

2-5431220000 

2-0442376008 

4-95 

7 

0-7 

2-1974342000 

2-8974342000 

2-3275054149 

5-59 

8 

0-8 

2-4871776200 

3-2871776200 

2-6510818570 

6-18 

9 

0-9 

2-8158953820 

3-7158953820 

3-0192062223 

6-73 

10 

10 

3-1874849202 

4-1874849202 

3-4365636569 

7-25 


Because 

The initial conditions are entered as 

0 in cell B2 (the initial x-value) 

1 in cell C2 (the initial y-value) 

0*1 in cell HI (the x step length) 

The formulas are entered as 

= B2 + C2 in cell D2, copied into cells D3 to D12 

(the successive y'-values) 

= C2+ $H$1 * D2 in cell C3 copied into cells C4 to C12 

(the successive y-values) 

The exact solution found by using the integration factor method is 
y = 2e* — x — 1 and so 

= 2 * EXP(B2) - B2 - 1 is entered into cell E2 and copied into cells E3 
to E12 

Notice how the errrors here are significant, which is very evident from 
the graphs of the computed values and the exact values. 



0 


0-2 


0-4 
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The Euler-Cauchy method - or the improved 
Euler method 




h 


In Euler's method, we use the slope (y') 0 at A (xq, yo) across the whole 
interval h to obtain an approximate value of y\ at B. TB is the resulting 
error in the result. 



In the Euler-Cauchy method, we use the slope at A (xq, y 0 ) across 
half the interval and then continue with a line whose slope 
approximates to the slope of the curve at x\. 

Let y t be the y-value of the point at T. 

The error (MB) in the result is now considerably less than the error 
(TB) associated with the basic Euler method and the calculated results 
will accordingly be of greater accuracy. 
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Euler-Cauchy calculations 

The steps in the Euler-Cauchy method are as follows. 

1 We start with the given equation y' = f(x, y) with the initial 
condition that at x = Xo, y = yo. We have to determine function 
values for x = Xo(h)x n . 

2 From the equation and the initial condition we obtain 

(y% = f(xo,yo)- 

3 Knowing Xo, yo , (y') 0 and h, we then evaluate 

(a) xi = Xo + h 

(b) the auxiliary value of y, denoted by y where 

? 1 = yo + Ji(y%.This is the same step as in Euler's method. 

(c) Thenyi = yo+\h{{y% + f(*i>Fi)} 

Note that f(x i, yi) is the right-hand side of the given equation 
with x and y replaced by the calculated values of x\ and y v 

(d) Finally (y')i = f(*i,yi)- 

We have thus evaluated X\, y\ and (y')i- 
The whole process is then repeated, the calculated values of x\, yi 
and (y'^ becoming the starter values xo , yo, (y') 0 for the next stage. 

Make a note of the relationships above. We shall be using them 
quite often. 

Then on to the next frame for an example of their use 



Example 1 

Apply the Euler-Cauchy method to solve the equation 

y' =x + y 

with the initial condition that at x = 0, y = 1, for the range 
* = 0 ( 01 ) 10 . 

We proceed as before by copying our template solution to a new 
worksheet. Before we continue we need to decide what the entries are 
going to be in our spreadsheet. 

1 We are going to have to enter new initial conditions, so 

Enter 0 in cell B2 that is x 0 = 0 

Enter 1 in cell C2 that is yo = 1 

Enter 01 in cell HI this is the x step length 

2 The equation to be solved is y' = x + y, so enter the formula 

= B2 + C2 in cell D2 and copy the contents of D2 into cells D3 
to D12 

3 The Euler-Cauchy method tells us that 

yi =yo+l i H(y')o+f(x,fi)} 

where y 1 = y 0 + h(y') 0 so that 

fi x i> ?i) = *i + Fi = *i + yo + fc(y')o 

Therefore yi =. 
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Because 

By replacing f(x y x ) with Xi+yo + h(y') 0 in the expression 
yi = yo + $h{(y') 0 +f(xi, ft)} 
we find that 

yi=yo+%h{{y%+x 1 +y 0 + h(y') 0 } 

= y 0 + lh{x 1 +y 0 + (l + h)(y') 0 } 

In cell C3 enter the formula... 





Because 

y 0 is in cell C2, h is in cell HI, X\ is in cell B3 and (y') 0 is in cell D2. 
Copy the contents of cell C3 into cells C4 to C12. 


4 Finally, for comparison purposes, the exact solution of this 
equation is y = 2e * — x — 1 and this is 


entered into E2 by the formula 
and copied into cells. 


= 2*EXP(B2) - B2 - 1 and copied into cells E3 to E12 



The resulting display looks as follows 


n 

X 

y 

y' 

Exact 

Errors 

<%) 

0 

00 

1-0000000000 

1 0000000000 

1-0000000000 

0-00 

1 

0*1 

1-1100000000 

1-2100000000 

1-1103418362 

003 

2 

0-2 

1-2420500000 

1-4420500000 

1-2428055163 

0-06 

3 

0-3 

1-3984652500 

1-6984652500 

1-3997176152 

0-09 

4 

0-4 

1-5818041013 

1-9818041013 

1-5836493953 

0-12 

5 

0-5 

1-7948935319 

2-2948935319 

1-7974425414 

0-14 

6 

0-6 

2-0408573527 

2-6408573527 

2-0442376008 

0-17 

7 

0-7 

2-3231473748 

3-0231473748 

2-3275054149 

0-19 

8 

0*8 

2-6455778491 

3-4455778491 

2-6510818570 

0-21 

9 

0-9 

3-0123635233 

3-9123635233 

3-0192062223 

0-23 

10 

1-0 

3-4281616932 

4-4281616932 

3-4365636569 

0-24 
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Comparing these results with the same equation being solved by the 
Euler method demonstrates how much more accurate the Euler- 
Cauchy method is, as can be seen from the following table of 
comparative errors 


X 

Euler 

Euler-Cauchy 

0-0 

0-00 

0*00 

0-1 

0-93 

0*03 

0-2 

1*84 

0*06 

0-3 

2*69 

0*09 

0-4 

3*50 

0*12 

0-5 

4*25 

0*14 

0-6 

4*95 

0*17 

0-7 

5*59 

0*19 

0-8 

6*18 

0*21 

0-9 

6*73 

0*23 

1-0 

7*25 

0*24 


Next frame 



Now for another example, but before that, complete the following 
without reference to your notes - if possible. In the Euler-Cauchy 
method the relevant relationships are 


*i = 


y i = 


y i = 



i — 


Next frame 



x\=x 0 + h 

Fi = yo + Hy')o 

yi =yo + ^h{(y') 0 +f(x u f 1 )} 

(y')i = f(*i, yi) 


Example 2 

Determine a numerical solution of the equation y f = 2(1 + x) — y with 
the initial condition that y = 5 when x = 2, for the range 2 0(0-2)4 0. 
Try this one yourself. 

The exact solution is given as y = 2x + e -2 * 
and the final display of results is. 
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n 

X 

y 

y' 

Exact 

Errors h = 0-2 
(%) 

0 

20 

5*0000000000 

1-0000000000 

5-0000000000 

0*00 

1 

2-2 

5*2200000000 

1-1800000000 

5-2187307531 

-002 

2 

2*4 

5-4724000000 

1-3276000000 

5*4703200460 

-0*04 

3 

2-6 

5-7513680000 

1-4486320000 

5*7488116361 

-0*04 

4 

2*8 

6-0521217600 

1-5478782400 

6-0493289641 

-0*05 

5 

3*0 

6*3707398432 

1*6292601568 

6-3678794412 

-0*04 

6 

3*2 

6-7040066714 

1-6959933286 

6-7011942119 

-0*04 

7 

3*4 

7-0492854706 

1*7507145294 

7-0465969639 

-0*04 

8 

3-6 

7*4044140859 

1-7955859141 

7-4018965180 

-0*03 

9 

3-8 

7-7676195504 

1-8323804496 

7-7652988882 

-0-03 

10 

4*0 

8*1374480313 

1*8625519687 

8-1353352832 

-0*03 



Because 

1 The initial conditions are entered as 

Enter 2 in cell B2 (that is xo = 2); enter 5 in cell C2 (that is 

yo = 5) 

Enter 0*2 in cell HI (this is the x step length) 

2 The equation to be solved is y* = 2(1 + x) - y, so enter the formula 

= 2* (1 + B2)-C2 in cell D2 and copy the contents of D2 into 
cells D3 to D12 

3 The Euler-Cauchy method tells us that 

1 _ _ 

yi = yo + 2 h {(y')o+f( x i> yi) } where y 1 =y 0 + h{y') 0 so that 
f{x i, f t ) =2(1+ x 1 )-f 1 = 2(1 +xi)-y 0 - h(y') 0 therefore 

yi = yo +^h{(y')o+2(l + *i) - y 0 - h(y') 0 ) that is 

yi = yo + ^h{2(1 +Xi) -yo + (l- h)(y%} 

This is accommodated by the formula in C3 (copied into cells C4 
to C12) 

= C2 + (0-5)*$H$l*(2*(l + B3) -C2 + (l - $H$1)*D2) 

4 Finally the exact solution y = 2x + e~ 2x is entered into cell E2 as 
= 2*B2+EXP(-2*B2) and copied into cells E3 to E12. 

Refer to Frame 19 for a comparison of errors between this method and 
the Euler method. Then another example for you to try just to make 
sure you are clear about the processes involved. 


Next frame 
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Example 3 

Solve the equation y' =y 2 + xy with initial condition that at x = 1, 
y= 1, for the range x = 1 0(0-1)1-7. Use the Euler-Cauchy method and 
work to 6 places of decimals. 

The solution is. 


n 

X 

y 

y' 

h = 0-1 


10 

1 000000 

2-000000 


1 

1-1 

1-238000 

2*894444 


2 

1-2 

1-591023 

4-440583 


3 

1-3 

2-152410 

7-431004 


4 

1-4 

3-145846 

14*300528 


5 

1-5 

5-251007 

35-449581 


6 

1-6 

11-595613 

153*011211 


7 

1*7 

57*704110 

3427-861242 



Because 

1 The initial conditions are entered as 

Enter 1 in cell B2 (that is Xo = 1); enter 1 in cell C2 (that is 
yo = i) 

Enter 0*1 in cell HI (this is the x step length) 

2 The equation to be solved is y' = y 2 + xy, so 

Enter the formula =C2 A 2 + B2*C2 in cell D2 and copy the 
contents of D2 into cells D3 to D9. Note that C2 A 2=C2*C2 - 
the 'hat' indicates raising to a power. 

3 The Euler-Cauchey method tell us that 

1 _ _ 

yi=yo + 2 h {(y')o+f( x i>yi)} where ^ = y 0 + h(y ') 0 so that 
f(*i> ?i) = fi Z + x ifi = (yo + ft(y')o) 2 +*i(yo + h (y')o) therefore 
yi = yo+^{(y') 0 +(yo + fr(y')o) 2 +*i(yo + &(y') 0 )} 

This is accommodated by the formula in C3 (copied into cells C4 
to C9) 

= C2 + (0-5) * $F$ 1 * (D2 + (C2 + $F$ 1 * D2)) A 2 + 

B3*(C2+$F$1*D2)) 

The table shows that as x increases, the computed values of y and its 
derivative increase dramatically. This is an indication that the exact 
solution increases without bound near to the larger values of x 
considered, so bringing the accuracy of these computed values into 
question. This emphasises the importance of checking every method 
against a known solution so as to form some idea of the method's 
accuracy. However, all numerical methods produce significant 
accuracies whenever the exact solution diverges in this way. 
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Runge-Kutta method 

The Runge-Kutta method for solving first-order differential equations 
is widely used and affords a high degree of accuracy. It is a further step- 
by-step process where a table of function values for a range of values of 
x is accumulated. Several intermediate calculations are required at 
each stage, but these are straightforward and present little difficulty. 
In general terms, the method is as follows. 

To solve y l = f(x , y) with initial condition y = y 0 at x = xq, for a range 
of values of x = xq (h)x n . 

Starting as usual with x = xo,y = yo, y' = ( y') 0 and h, we have 
*1 = *o + h 

Finding y\ requires four intermediate calculations 
fci = hf(x 0 ,y 0 ) = h(y% 
k 2 = hf{x Q + \h, yo + lh) 
k z = hf{x 0 + \h, yo + %k 2 ) 
fc 4 = hf{xo + h, y 0 + k 3 ) 

The increment Ay 0 in the y-values from x = xq to x = x\ is then 

Ayo = \ {^i 2^2 + + k/f) 

and finally y\ — yo + Ayo* 


We shall be using these repeatedly , so make a note of 
them for future reference . Then let us see an example 
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Example 1 

Find the numerical solution of y f = x + y using the Runge-Kutta 
method with y = 1 and x = 0 for values in the range x = 0(01)10. 

We shall proceed with the solution of this differential equation 
using a spreadsheet in much the same manner as before. However, we 
are going to require a different structure in order to accommodate the 
four variables * z - for i = 1, 2, 3, 4. The structure we shall use is 
headed by 

ABCDEFGHI 

1 n x kl k2 k3 k4 y y' ft = 

where the value of h is held in cell Jl. 

1 Enter the values 0 to 10 in column A from A2 to A12 using the 
Edit-Fill-Series sequence of commands. These are the iteration 
numbers. 

2 Enter the x step value of 01 in cell Jl. 

3 Enter the initial value of x in cell B2 as 0 and in B3 enter the 
formula =B2+$J$1. Now copy the contents of B3 into cells B4 
to B12. 

4 Enter the initial value of y in cell G2 as 1. 

We can now progressively enter the table of values from the left. 

5 *i = hf(xo, yo) = h(y f ) 0 - the y'-values are in column H, so in cell 
C2 enter the formula =$J$1*H2. Copy the contents of C2 into 
cells C3 to C12. 

6 k 2 = hf(xo+lh,yo + lki)=h(xo+%h + yo + lki), so in cell D2 
enter the formula = $J$l*(B2 + 0-5*$J$l + G2 + 0-5*C2). Copy 
the contents of D2 into cells D3 to D12. 

7 k 3 = hf(x 0 + \h, y 0 + \k 2 ) = h(x 0 + \h + yo + so in cell E2 
enter the formula =$J$l*(B2+0-5*$J$l + G2 + 0-5*D2). Copy 
the contents of E2 into cells E3 to E12. 

8 * 4 = hf(x 0 + h, yo + k 3 ) =h(xo + h + y 0 +k 3 ), so in cell F2 enter 
the formula = $J$1 * (B2 + $J$1 + G2 + E2). Copy the contents of F2 
into cells F3 to F12. 

9 yi =yo + l{ki + 2*2 4- 2*3 -b * 4 }/ so in cell G3 enter the formula 
= G2+(l/6) * (C2 + 2*D2 + 2*E2 + F2). Copy the contents of G3 
into cells G4 to G12. 

10 y 1 = x + y, so in H2 enter the formula = B2 + G2. Copy the contents 
of H2 into cells H3 to H12. 


The results are displayed in the next frame 
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o 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


with the following errors 


n 

X 

Exact 

Error (%) 

Error (%) 

0 

0*0 

1 0000000 

0-0000000 

0-00 

1 

0*1 

1 1103418 

0-0000153 

0-93 

2 

0*2 

1-2428055 

0-0000301 

1-84 

3 

0*3 

1-3997176 

0-0000444 

2-69 

4 

0*4 

1-5836494 

0-0000578 

3-50 

5 

0*5 

1-7974425 

0-0000703 

4-25 

6 

0*6 

2-0442376 

0-0000820 

4-95 

7 

0*7 

2-3275054 

0-0000929 

5-59 

8 

0*8 

2-6510819 

0-0001030 

6-18 

9 

0*9 

3-0192062 

0-0001124 

6-73 

10 

1*0 

3-4365637 

0-0001213 

7*25 


The column to the far right contains the errors using the Euler method 
and, as you can see, the Runge-Kutta method provides a significant 
improvement in accuracy. 

Now, without reference to your notes, complete the following 
expressions for 

ki = . 

fe = . 

*3 =. 

^4 —. 

Ay 0 =. 

yi = . 

It speeds up your working if you can remember them. 


x kl k2 k3 

0-0 0*1000000 0*1100000 0*1105000 
0*1 0*1210342 0*1320859 0*1326385 
0*2 0*1442805 0*1564945 0*1571052 
0*3 0*1699717 0*1834703 0*1841452 
0*4 0*1983648 0*2132831 0*2140290 
0*5 0*2297441 0*2462313 0-2470557 
0*6 0*2644236 0*2826448 0-2835558 
0*7 0*3027503 0*3228878 0*3238947 
0*8 0*3451079 0*3673633 0*3684761 
0*9 0*3919203 0*4165163 0*4177461 
1*0 0*4436559 0*4708387 0*4721979 


k4 y y' = 0*1 

0*1210500 1-0000000 1*0000000 
0*1442980 1-1103417 1*2103417 
0*1699910 1*2428051 1*4428051 
0*1983862 1-3997170 1*6997170 
0*2297677 1*5836485 1*9836485 
0-2644497 1-7974413 2*2974413 
0-3027792 2*0442359 2*6442359 
0*3451398 2*3275033 3*0275033 
0*3919555 2*6510791 3*4510791 
0-4436949 3*0192028 3-9192028 
0*5008757 3*4365595 4*4365595 








354 Programme 9 


l 




With those in mind, let us move on to a further example . Next frame 



Example 2 


Solve y l = i/x 2 + y for x = 0(0-2)2 0 given that at x = 0, y = 0-8. 

Using the spreadsheet for the previous example as a template 
for this example. The solution is. 


n 

X 

kl 

k2 

k3 

k4 

y 

y' h= 0*2 

0 

00 

0*1788854 

0-1896779 

0-1902460 

0*2030021 

0*8000000 

0*8944272 

1 

0-2 

0*2030063 

0-2174206 

0-2180825 

0*2339548 

0-9902892 

1*0150316 

2 

0-4 

0*2339473 

0*2510185 

0*2516977 

0-2698134 

1-2082838 

1*1697366 

3 

0*6 

0*2698011 

0*2887709 

0*2894271 

0-3091435 

1*4598160 

1*3490055 

4 

0-8 

0*3091304 

0*3294604 

0*3300769 

0*3509482 

1*7490394 

1*5456518 

5 

1*0 

0*3509358 

0*3722562 

0-3728285 

0*3945492 

2-0788983 

1*7546790 

6 

1*2 

0-3945381 

0-4165946 

0*4171237 

0*4394829 

2-4515074 

1*9726904 

7 

1-4 

0*4394732 

0-4620889 

0*4625781 

0*4854274 

2*8684170 

2*1973659 

8 

1*6 

0-4854190 

0-5084682 

0*5089213 

0*5321545 

3*3307894 

2*4270948 

9 

1-8 

0*5321472 

0-5555390 

0*5559599 

0*5794989 

3*8395148 

2*6607358 

10 

2-0 

0-5794925 

0*6031595 

0-6035518 

0*6273385 

4*3952888 

2*8974625 



Because 

1 The initial conditions are entered as x 0 = 0 and y 0 = 0-8. The x step 
length is entered as 0-2 

2 The formula for the variable k\ remains the same as = $J $ 1 * H2 

3 The formula for the variable k% is changed to 

= $J$ 1 * (((B2 + 0-5 * $J$ 1) A 2 + G2 + 0*5 * C2) A 0*5) 

4 The formula for the variable k$ is changed to 

= $J$1 * (((B2 + 0-5 * $J$l) A 2 + G2 + 0-5 * D2) A 0*5) 

5 The formula for the variable is changed to 
= $J$ 1 * (((B2 + $J$ 1) A 2 + G2 + E2) A 0-5) 

6 The formula for y remains the same as 
= G2+{l/6) * (C2 + 2 * D2 + 2 * E2 + F2) 

7 The formula for y l is changed to =(B2 A 2+G2) A 0-5 

That is it. Now move on to the next frame where we make a new 
start and apply similar methods to the solution of second-order 
differential equations by numerical methods. 
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Second-order differential 
equations 


Euler second-order method 

The first method we will deal with is really an extension of the Euler 
method for the first-order equations and is a direct application of a 
truncated form of Taylor's series. We anticipate, therefore, that the 
method will be relatively easy, but the results will not be accurate to a 
high degree. 

Taylor's series: 

nx+h)=f(x) + h f\x) +(*)+ Y\f m (*)+■ • • 

Differentiating term by term with respect to x, we obtain 

f'{x + h) = f'{x) + hf"(x) +^f'"(x) + ^ f""{x ) +... 

If we neglect terms in f"'(x) and subsequent terms in each of these two 
series, we have the approximations 

f(X + h)z a. 

f'(x + h) «. 


nx+ h)~f(x)+hnx)+-r(x) 

f\x + h) « f'(x) + hf"(x) 


Although these are approximations, in practice we tend to write them 
with the 'equals' sign. Therefore, at x = a, these become 


and 


f(a + h) = f{a) + hf'{a)+-f"{a) 
f'{a + h)=f\a)+hf"{a) 


and these, with the notation we have previously used, can be written 

n = yo + h(y% +1|- iy") o 

0')i = (y')o + h (y") o 

Thus, if xo, yo, (y')o an d (y") o known, we can find an approximate 

value of yi at x\ = xo + h. 

Make a note of these two relationships: then we can apply them. 
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[47 J Example 

Solve the equation y" = xy' + y for x = 0(0-2)2 0 given that at x = 0, 
y = 1 and y' = 0. 

We shall set about finding the numerical solution to this equation 
as we have done previously by using a spreadsheet. The headings for 
the sheet will be 

ABCDE F G H 

1 n x y y' y" Exact Errors (%) h= 

The entries will then be 

1 Column A contains the iteration number from 0 in A2 to 10 
in A12. 

2 Cell II contains the x step length which is 0*2. 

3 Column B contains the successive x-values from 0-0 to 2*0 in steps 
of 0-2. The initial value of xo = 0 is entered into cell B2 and the 
formula =B2+ $I$1 is entered into cell B3 and copied into cells B4 
to B12. 

4 Column C contains the computed y-values. The initial value of 
yo = 1 is entered into cell C2 and the equation 

yi =yo + h(y') 0 +^(y ") 0 

is represented in cell C3 by the formula 

= C2 + $1$ 1 * D2 + ($1$ 1 A 2) * E2/2 
copied into cells C4 to Cl2. 

5 Column D contains the computed y'-values. The initial value of 
( y') 0 = 0 is entered into cell D2 and the equation 

(/) i= (y')o+h(y ") 0 

is represented in cell D3 by the formula =D2 + $I$1*E2 copied 
into cells D4 to D12. 

6 Column E contains the y "-values which are obtained from the 
equation y" =xy'+y which is represented in cell E2 by the 
formula =B2*D2+C2 copied into cells E3 to E12. 

7 Column F contains the values obtained from the exact solution 
which can be shown to be y = e* 2 / 2 . This is represented in cell F2 
by the formula =EXP((B2 A 2)/2) copied into cells F3 to F12. 

8 Column G contains the percentage errors. In cell G2 enter the 
formula =(F2 - C2) * 100/F2 copied into cells G3 to G12. 

Your spreadsheet should now look like the one on the next page (with 
the appropriate formatting to make it easier to read). 
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n 

X 

y 

r 

y" 

Exact 

Errors 

(%) 

0 

00 

10000000 

0-0000000 

1-0000000 

1-0000000 

0*00 

1 

0-2 

10200000 

0-2000000 

1-0600000 

1-0202013 

0*02 

2 

0-4 

1-0812000 

0-4120000 

1-2460000 

1-0832871 

0*19 

3 

0*6 

1-1885200 

0-6612000 

1-5852400 

1-1972174 

0*73 

4 

0*8 

1-3524648 

0-9782480 

2-1350632 

1-3771278 

1*79 

5 

10 

1-5908157 

1-4052606 

2-9960763 

1-6487213 

3*51 

6 

1*2 

1-9317893 

2-0044759 

4-3371604 

2-0544332 

5*97 

7 

1*4 

2-4194277 

2-8719080 

6-4400989 

2-6644562 

9*20 

8 

1*6 

3-1226113 

4-1599278 

9-7784957 

3-5966397 

13*18 

9 

1*8 

4-1501667 

6-1156269 15-1582952 

5-0530903 

17*87 

10 

20 

5-6764580 

9-1472859 23-9710299 

7-3890561 

23*18 


You will notice that the errors are significant and grow dramatically as 
the value of x increases. The main cause of errors is. 


the truncation of the Taylor's series on which the method is based 


A greater degree of accuracy can be obtained by using the Runge-Kutta 
method for second-order differential equations, which is an extension 
of the method we have already used for first-order equations. As 
before, more intermediate calculations are required, but the reliability 
of results reflects the extra work involved. 

Runge-Kutta method for second-order differential 
equations 

Starting with the given equation y" = f(x,y,y') and initial conditions 
that at x = xo, y = yo and y* = (y') 0 , we can obtain the value of y\ at 
x\ = *o + h as follows. 

(a) We evaluate 

yo,(y , )o}=^h 2 {y'% 

k 2 = \h 2 f jxo + ift, yo + \h(y ’)o + \kx, <y% + 
k3 =^h 2 f^x 0 +jh, yo+\h(y') 0 +\ki, (y')o + "j~j 
*4 = j*o + h, yo + h(y% + k 3 , (y') 0 

(b) From these results, we then determine 

P = f {ki + } 

Q = l {^1 “F 2^2 “F 2k 3 -\~ k^} 

► 
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(c) Finally, we have 
xi =x 0 + h 

yi=y 0 + My') o +p 

(y')i = (y') 0 +§ 

It is not as complicated as it looks at first sight. Copy down this list of 
relationships for reference when dealing with some examples that 
follow. 

Then move on 


Note the following 

1 Four evaluations for k are required to determine a single new point 
on the solution curve. 

2 The method is self-starting in that no preliminary calculations are 
required. The equation and initial conditions are sufficient to 
provide the next point on the curve. 

3 As with the Runge-Kutta method for first-order equations, the 
method contains no self-correcting element or indication of any 
error involved. 

Example 1 

Use the Runge-Kutta method to solve the equation y" = xy' + y for 
x = 0 0(0-2)2 0 given that at x = 0, y = 1 and y' = 0. 

This is the same problem that we have just encountered and in due 
course we shall compare results. As expected, we shall use a 
spreadsheet to derive the solution. The headings for the sheet this 
time will be 

ABCDEFGHIJKL 

1 n x kl k2 k3 k4 P Q y y' y" h = 

The entries will then be 

1 Column A contains the iteration number from 0 in A2 to 10 
in A12. 

2 Cell Ml contains the x step length which is 0-2. 

3 Column B contains the successive x-values from 0*0 to 2*0 in steps 
of 0-2. The initial value of Xq = 0 is entered into cell B2 and the 
formula =B2 + $M$1 is entered into cell B3 and copied into cells 
B4 to B12. 

4 Column C contains the computed k\ -values and the equation 

k\ = \h 2 {y") o is represented in cell C2 by the formula. 
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= (0*5) * ($M$1 A 2) *K2 



The contents of cell C2 are then copied into cells C3 to C12. 


5 


Column D contains the computed ^-values and the equation 

k 2 = \h z f{xo+\h, yo + ih(y') 0 +lk lr (y')o+*i/*0 
= lh 2 ((xo + 2 h)((y') 0 +ki/h) +yo +^h{y') 0 +\ki) 
is represented in cell D2 by the formula. 


=(0-5) * ($M$1 A 2) * ((B2 + 0-5 * $M$1) * G2 + C2/$M$1) 
+12 + 0-5 * $M$1 *J2+0-25 *C2) 


The contents of cell D2 are then copied into cells D3 to D12. 

6 Column E contains the computed k $-values and the equation 
k 3 =l1t z f(xo +\h, y 0 +ih(y%+ik ll (y%+k 2 /h) 

= \h 2 [(x o + ^h)((y') 0 +kz/h) + yo + |M>' , )o+i^i) 
is represented in cell E2 by the formula. 

=(0-5) * ($M$1 A 2) * ((B2 + 0-5 * $M$1) * G2 + D2/$M$1) 

+ 12 + 0*5 * $M$1 *J2+0*25 *C2) 



The contents of cell E2 are then copied into cells E3 to E12. 


7 


Column F contains the computed -values and the equation 

&4 = | h 2 f(x.o + h, yo + h(y r ) 0 +ks, (; y f ) 0 -\-2ks/h ) 

= %h 2 ((x 0 + h)((y') 0 +2k 3 /h) +y 0 + h(y') 0 +k 3 ) 

is represented in cell F2 by the formula. 


=(0*5) * ($M$1 A 2) * ((B2+ $M$1) * G2 + 2* E2/$M$1) 

+ I2+$M$1*J2 + E2) 


The contents of cell F2 are then copied into cells F3 to FI2. 

8 Column G contains the computed P-values and the equation 
P = ^(ki +kz + fc 3 ) is represented in cell G2 by the formula 
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=(1/3)*(C2 + D2 + E2) 


The contents of cell G 2 are then copied into cells G3 to G12. 

9 Column H contains the computed Q-values and the equation 
Q = + 2kz + 2&3 + * 4 ) is represented in cell H2 by the formula 


1 55) 


uu 


=(1/3) * (C2 + 2 *D2 + 2 * E2 + F2) 

The contents of cell H2 are then copied into cells H3 to HI2. 

10 Column I contains the computed y-values. The initial value of 
y 0 = 1 is entered into cell 12 and the equation 

yi=yo + h(y%+P 

is represented in cell 13 by the formula. 


= 12 + $M$ 1 * J2 + G2 



The contents of cell 13 are then copied into cells 14 to 112. 

11 Column J contains the computed y '-values. The initial value of 
(y f ) 0 = 0 is entered into cell J2 and the equation (y')i= (y l )o+Q/h 
is represented in cell J3 by the formula. 


=J2 + H2/$M$1 


The contents of cell J3 are then copied into cells J4 to J12. 

12 Column K contains the y "-values which are obtained from the 
equation y" = xy' + y which is represented in cell K2 by the 
formula. 
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= B2*J2 + I2 



The contents of cell K2 are then copied into cells K3 to K12 and the 
final spreadsheet looks like the following 


n 

X 

kl 

k2 

k3 

k4 

P 

Q 

y 

r 

y" 

0 

00 

0 0200000 

0-0203000 

0-0203030 

0*0212182 

0-0202010 

0-0408081 

1-0000000 

0-0000000 

1-0000000 

1 

0-2 

0*0212202 

0-0227790 

0*0228258 

0-0251351 

0-0222750 

0-0458550 

1-0202010 

0-2040403 

1-0610091 

2 

0-4 

0*0251322 

0-0282477 

0*0284035 

0-0325752 

0-0272612 

0*0570033 

1*0832841 

0-4333153 

1-2566102 

3 

0-6 

0*0325641 

0*0378798 

0-0382519 

0-0451961 

0-0362319 

0-0766745 

1*1972083 

0-7183318 

1*6282074 

4 

0-8 

0*0451694 

0-0538673 

0-0546501 

0-0660061 

0-0512289 

0-1094035 

1-3771066 

1-1017045 

2*2584702 

5 

1-0 

0*0659480 

0-0801269 

0-0816865 

0-1003762 

0-0759205 

0-1633170 

1-6486764 

1-6487218 

3-2973982 

6 

1-2 

0 1002542 

0-1236497 

0*1266912 

0-1579840 

0-1168650 

0-2529733 

2-0543413 

2-4653068 

5-0127095 

7 

1-4 

0*1577302 

0-1970991 

0-2030044 

0-2565931 

0*1859446 

0-4048434 

2-6642677 

3-7301734 

7*8865105 

8 

1-6 

0-2560654 

0-3238945 

0-3354254 

0-4295622 

0-3051284 

0-6680891 

3-5962469 

5-7543906 

12*8032719 

9 

1-8 

0-4284592 

0*5483881 

0-5711745 

0-7411112 

0*5160073 

1-1362318 

5*0522535 

9-0948361 

21*4229585 

10 

20 

0-7387844 

0-9567270 

1-0024949 

1-3181400 

0-8993354 

1-9917894 

7*3872279 

14-7759954 

36-9392186 


The errors have been dramatically reduced, as can be seen from the 
following table in comparison with those in Frame 47. 


n 

X 

Exact 

Error (%) 

0 

0*0 

1*0000000 

0*00 

1 

0*2 

1*0202013 

0*00 

2 

0*4 

1*0832871 

0*00 

3 

0*6 

1*1972174 

0*00 

4 

0*8 

1*3771278 

0-00 

5 

1*0 

1*6487213 

0*00 

6 

1*2 

2*0544332 

0*00 

7 

1*4 

2*6644562 

0*01 

8 

1*6 

3*5966397 

0*01 

9 

1*8 

5*0530903 

0*02 

10 

2*0 

7*3890561 

0*02 


Next frame 


Now here is one for you to do entirely on your own. The method is 
exactly the same as before and there are no snags. Use the spreadsheet 
that you created for the previous example as a template for this one. 



Example 2 

Solve the equation 
y" = x — y** 

for x = 0 0(0*2)2-0 where at x = 0, y = 0 and y f = 0. 

When you have finished , check the results with the next frame 
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n 

X 

kl 

k2 

k3 

k4 

P 

Q 

y 

Y 

y " fc = 0‘2 

0 

0-0 

0-0000000 

0-0020000 

0-0020000 

0-0039999 

0-0013333 

0-0040000 

0-0000000 

0-0000000 

0-0000000 

1 

0-2 

00040000 

0-0059996 

0-0059996 

0-0079974 

0-0053331 

0-0119986 

0-0013333 

0-0199999 

0-1999982 

2 

0-4 

0-0079977 

0-0099915 

0-0099915 

00119731 

00093269 

0-0199789 

0-0106664 

0-0799930 

0-3998862 

3 

0-6 

0-0119741 

0-0139351 

0-0139351 

0-0158524 

0-0132814 

0-0278556 

0-0359919 

0-1798875 

0-5987046 

4 

0*8 

0-0158546 

0-0177065 

0-0177065 

0-0194436 

0-0170892 

0-0353748 

0-0852508 

0-3191655 

0-7927323 

5 

1-0 

0 - 01 94477 

0-0210264 

0-0210264 

00223594 

0-0205002 

0-0419709 

0-1661731 

0-4960396 

0-9723865 

6 

1-2 

0-0223654 

0-0233782 

0-0233782 

0-0239421 

0-0230406 

0-0466068 

0-2858812 

0-7058940 

1-1182719 

7 

1-4 

0-0239482 

0-0239504 

0-0239504 

0-0232394 

0-0239497 

0-0476631 

0-4501006 

0-9389280 

1-1974094 

8 

1-6 

0-0232395 

0-0216639 

0-0216639 

0-0191107 

0-0221891 

0-0430019 

0-6618359 

1-1772436 

1-1619732 

9 

1*8 

0-0190914 

0-0153806 

0-0153806 

00105578 

0-0166175 

0-0303905 

0-9194737 

1-3922530 

0-9545681 

10 

20 

0-0104978 

0-0043750 

0-0043750 

- 0-0026809 

0-0064159 

0-0084390 

1-2145418 

1-5442053 

0-5248882 


Because 

The only items that need amending from the previous spreadsheet 
are the references to the actual differential equation. Consequently 

The formula in D2 for k 2 now reads as 

= (0- 5) * ($M$ 1 A 2) * (B2 + 0* 5 * $M$ 1 - 

(12 + 0-5 * $M$ 1 * J2 + 0-25 * C2) A 2) 
The formula in E2 for k 2 now reads as 
= 0*5 * ($M$1 A 2) * (B2 + 0-5 * $M$1 - 

(12 + 0*5 * $M$ 1 * J2 + 0*25 * C2) A 2) 
The formula in F2 for & 4 now reads as 
= 0*5 *($M$1 A 2) * (B2+$M$1 - (12 + $M$ 1 * J2 + E2) A 2) 

The formula in K2 for y" now reads as 
= B2 - I2 A 2 


Predictor-corrector methods 



So far, all the methods that we have used for the numerical solution of 
differential equations have been single-step methods. By this is meant 
that, given the differential equation y f = f(x, y), a set of starting values 
(xo and yo) and a step length ( h ), we can then find the value of y\. The 
values of x\ and y\ become the starting values for the next iteration 
and so the procedure goes on, one step at a time. More accurate 
methods employ a multi-step procedure where, instead of starting with 
just a single set of initial values, we use a collection of previously 
calculated values. 

A very simple multi-step method is given by the equations 

Y\ = Yo + hf(x o, yo) 

n=yo + zHfUo, yo) + f(x u ft)) 

Here we calculate y 1 first from the given initial conditions xo and yo . 
We call this equation the predictor because it gives y x as a first estimate 
of y\. Using y x in the second equation then gives a more accurate value 
for y\. We call this equation the corrector. 





Numerical solutions of ordinary differential equations 

An even better pair of predictor-corrector equations is given by 

y i+ 1 = yi + | h{ 3 f(x tl yt) - f(xi- 1, y-,-i)) 

y.'+i = yt + yi) + f(x i+ i, y i+1 )) for i = 0, 1, 2, 3,... 

Here, in order to use the predictor for the first time when i = 0we need 
to know the value of f(x o_i, yo-i) =f(x~i, y~ i), which we do not. 
Instead we shall use the equation = yo 4- hf(x o, yo) when i = 0. 

In the next frame we shall look at an example 


Example 

Solve the equation y f =x + y for x = 0 0(01)1*0 where y — 1 when 
x = 0. 

We have solved this equation before in Frame 32 using the Euler- 
Cauchy method and have viewed the accuracy of this method when 
compared with the exact solution. Here we shall see that this 
predictor-corrector method is even more accurate. Set up the 
following heading on your spreadsheet 

A B C D E F G 

1 n x y* y Exact Errors (%) h= 

As usual, column A contains the iteration numbers 0 to 10 in cells A2 
to A12 and column B contains the x-values stepped according to the 
step length h = 01 which is in cell HI. The initial value of y = 1 must 
be entered into cell D2. 

Column C contains the predictor values given by the equations 
Fi = yo 4- hf(x 0 , y 0 ) 

y i+ i =yt + 1 h ( 3 f(xu yd - f(x t -i, yt- 0) for i > o 

To accommodate these equations in cell C3 enter the formula 


= D2+ $H$1 * (B2 + D2) 


And in cell C4 enter the formula 


= D3 + 0-5*$H$l*(3*B3 + 3*D3 - B2 - D2) 



And copy into cells C5 to C12. 

Column D contains the corrector values given by the equation 
yi+ x = yt + \ h (f(x it y t ) + f(x i+ll y i+l )) 

To accommodate this equation in cell D3 enter the formula 
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And copy into cells D4 to D12. 

We have seen that the exact solution to this equation is 2e* - x - 1, 
so this can be programmed into the sheet entering the formula 

= 2 * EXP(B2) - B2 - 1 in cell E2 and then copying it into cells E3 

to E12. 

The final table looks as follows 


n 

X 

y* 

y 

Exact 

Error (%) 

0 

00 


1-0000000 

1-0000000 

000 

1 

0*1 

1-1000000 

1-1100000 

1-1103418 

0*03 

2 

0*2 

1-2415000 

1-2425750 

1-2428055 

0*02 

3 

0*3 

1-3984613 

1-3996268 

1-3997176 

0*01 

4 

0*4 

1-5824421 

1-5837303 

1-5836494 

-0*01 

5 

0*5 

1-7963085 

1-7977322 

1-7974425 

-0*02 

6 

0*6 

2-0432055 

2-0447791 

2-0442376 

-0*03 

7 

0*7 

2-3266093 

2-3283485 

2-3275054 

-0*04 

8 

0*8 

2-6503618 

2-6522840 

2-6510819 

-0*05 

9 

0*9 

3-0187092 

3-0208337 

3-0192062 

-0*05 

10 

1*0 

3-4363445 

3-4386926 

3-4365637 

-0*06 


Here the errors are significantly reduced, as seen from the comparisons 


below. 

1 

2 

3 

0*00 

0*00 

0*00 

0*93 

0*03 

0*03 

1*84 

0*06 

0*02 

2*69 

0*09 

0*01 

3*50 

0*12 

-0*01 

4*25 

0*14 

-0*02 

4*95 

0*17 

-0*03 

5*59 

0*19 

-0*04 

6*18 

0*21 

-0*05 

6*73 

0*23 

-0*05 

7*25 

0*24 

-0*06 


Here 1 refers to Euler, 2 refers to Euler-Cauchy and 3 refers to the 
predictor-corrector method just used. 

And that is it. There are many other more sophisticated methods for 
the solution of ordinary differential equations by numerical methods 
and a detailed study of these is a course in itself. The methods we have 
used give an introduction to the processes and are practical in 
application. 

The Revision summary and Can You? checklist now follow as 
usual. Check them carefully and refer back to the Programme for any 
points that may need further brushing up. Then you will be ready for 
the Test exercise, and the Further problems provide further 
practice. 
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Revision summary 9 

1 Taylor's series 


f(a + h) = f(a) + hf(a) +~f"{a) + |f>) + - 


2 Solution of first-order differential equations 

Equation y' = f{x,y) with y = y 0 at x = x 0 for x 0 (h)x n . 

(a) Euler's method 

yi = yo + ft(y')o- 

(b) Euler-Cauchy method 

Xi =x 0 + h 

fi=yo + h(y') o 

yi = yo + \h{iy') 0 + f(Xi ji)} 

(y') i = f(*i, y0- 

(c) Runge-Kutta method 

Xi=xq + h 

h = hf(x 0 , y 0 ) = h(y') 0 
k 2 = hf{x 0 +\h, yo+^kx) 
k 3 = hf{x 0 +\h, y 0 +\k 2 ) 
k 4 = hf(xo + h, y 0 + k 3 ) 

Ayo — g {ki + Zk 2 + 2k 3 + k .\) 
yi = y 0 + Ayo 

(y')i = yi)- 



3 Solution of second-order differential equations 

Equation y" = f(x,y,y') with y = y 0 and y' = (y') 0 at x=x 0 for 
* = x 0 {h)x„. 


(a) Euler's second-order method 

y^yo + hiyX+^iyX 
(y')i = (y’)o+h(y")o- 
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(b) Runge-Kutta method 
Xi = x 0 + h 

*t = \&f{x o, yo, (y%} = |fc 2 (y")o 

k 2 = \h 2 flx 0 + \h, y 0 + |fc(y') 0 + l*i, (y') 0 +^} 

fc 3 =Z^ 2 f|^ 0 + 5 ^ yo+lvto+^l. (y%+7f} 

^4 = i#i 2 f(xo + h,y 0 + h(y% + k 3 , (y% + ^ j 

P = 3 (h + k 2 + k 3 ) 

Q = j (k i + 2 k 2 + 2 k 3 + /C4) 

yi =y 0 + h(y') Q +P 

(y')i = (y %+§ 

(y")i = f{xi, yi, (y')i}- 

4 Predictor-corrector 

Equation y' = f{x, y) with y = yo and y f = (y') 0 at x = xo for 
x = xo (h)x n , then 

Predictor 

y i+ 1 = yi + %h(3f(Xi, yi) - f(Xi-u y t - 1 )) for i = 1,2,3,... 

?i=yo + hf(x 0, yo) for i = 0 
Corrector 

yt+1 = yi +1 h(f(Xi, yi) + f(x i+u y {+1 )) for i = 0, 1, 2, 3,... 
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Checklist 9 

Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that 
you can: 

• Derive a form of Taylor's series from Maclaurin's series 
and from it describe a function increment as a series of 
first and higher-order derivatives of the function? H 


Yes 


No 


Describe and apply by means of a spreadsheet the 
Euler method, the Euler-Cauchy method and the 
Runge-Kutta method for first-order differential 
equations? 

Yes □ □ □ □ □ No 

Describe and apply by means of a spreadsheet the Euler 
second-order method and the Runge-Kutta method for 
second-order ordinary differential equations? 

Yes □ □ □ □ □ No 

Describe and apply by means of a spreadsheet a simple 
predictor-corrector method? 

Yes □ □ □ □ □ No 


Frames 



4 I to I 4i 




Test exercise 9 


Apply Euler's method to solve the equation 

^ = 1 + xy for x = 0(01)0*5 

given that at x = 0, y — 1. 

d y o 

The equation = x — 2y is subject to the initial condition y = 0 at 

x = 1. Use the Euler-Cauchy method to obtain function values for 
x = 1*0(0*2)2*0. 

Using the Runge-Kutta method, solve the equation 
^—=1 +y-x for x = 0(01)0-5 
given that y — 1 when x = 0. 
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4 Apply Euler's second-order method to solve the equation 

y" = y - x for x = 20(01)2-5 
given that at x = 2, y — 3 and y' = 0. 

5 Use the Runge-Kutta method to solve the equation 

y” = {y l /x) + y for x = 10(01)1*5 
given the initial conditions that at x = 1*0, y = 0 and y' = 10. 

6 Use the predictor-corrector method in the text to solve the equation 

y l = 1 + xy for x = 0(01)1 
given that x = 0 when y = 0. 


£ Further problems 9 



Solve the following differential equations by the methods indicated. 
Euler's method 


1 y l = 2x-y 

X 

II 

o 

n; 

II 

x = 0(0-2) 10 

2 y 1 = 2x + y 2 

Euler-Cauchy method 

X 

II 

o 

II 

x = 0(01)0-5 

3 y r — 2-y/x 

x =l,y = 2 

x = 10(0-2)20 

4 y f = x 2 -2x + y 

X 

II 

o 

n; 

II 

o 

On 

x = 0(01)0-5 

5 y' = (y-x 2 )* 

x = 0, y = 1 

x = 0(01)0-5 

, , X + y 

6 y =-- 

xy 

x = 1, y = 1 

x = 1-0(01)1-5 

7 y l = y sinx + cosx 

Runge Kutta method 

x = 0, y = 0 

x = 0(0-l)0-5 

8 y f = 2x - y 

x = 0,y = \ 

x = 0(0-2) 1-0 

vo 

n; 

**>■ 

II 

X 

1 

n; 

to 

x = 0, y = 1 

x = 0(01)0-5 

10 y'=y 2 -xy 

• 

o 

© 

II 

x = 0(0-2) 1-0 

11 y' = ^2x + y 

x = l,y = 2 

x = 10(0-2)20 

12 y' = 1 - x 3 jy 

x = 0,y=l 

x = 0(0-2)10 

13 y^~ x 
y + x 

X 

II 

o 

n; 

II 

x = 0(0-2) 1-0 
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Euler second-order method 


14 

y" = {x + \)y' + y 

X 

II 

o 

II 

t— 1 

x = 0(01)0-5 

15 

y" = 2(xy' - 4y) 

X 

II 

o 

n; 

II 

00 

n; 

**>■ 

II 

O 

x = 0(0-l)0-5 

Runge-Kutta second-order method 


16 

II 

X 

1 

n; 

1 

**>■ 

X 

II 

o 

n; 

II 

o 

n; 

II 

x = 0(0-2)10 

17 

y" = (l-x)y'-y 

x = 0,y=l,y' = l 

x = 0(0-2)l-0 

18 

y" = 1 + x - y z 

x = 0, y = 2, y' = 1 

x = 0(0-1)05 

19 

y" = {x + 2 )y - 2y l 

X 

II 

o 

n; 

II 

n; 

II 

O 

x = 0(0-2) 1-0 

20 

y » = y-xy' 

y v 2 

x = 1, y = 0, y' = 1 

x = 1-0(0-2)20 


Predictor-corrector 

21 y' = 2-y/x 

22 y'= 2x-y 

23 y' = y/2x~+y 
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x = 1, y = 2 
x = 0,y=l 
x = l,y = 2 


x = 10(0-2)20 
x = 00(0-2) 10 
x = 10(0-2)20 
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Partial 

differentiation 


Frames 



Learning outcomes 

When you have completed this Programme you will be able to: 

• Derive the expression for a small increment in an expression of two 
real variables using Taylor's theorem 

• Apply the notion of small increments in expressions in two and 
three real variables to a variety of problems 

• Determine the rate of change with respect to time of an expression 
involving two or three real variables 

• Differentiate implicit functions 

• Determine first and second derivatives involving change of 
variables in expressions of two real variables 

• Use the Jacobian to obtain the derivatives of inverse functions of 
two real variables 

• Locate and identify maxima, minima and saddle points of 
functions of two real variables 

• Solve problems where the independent variables are constrained by 
using the method of Lagrange undetermined multipliers for 
functions of two and three real variables 


Prerequisite: Engineering Mathematics (Fifth Edition) 

Programmes 9 Differentiation applications 2, 10 Partial 
differentiation 1 and 11 Partial differentiation 2 
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Partial differentiation 


Small increments 


Taylor's theorem for one independent variable 

Taylor's theorem expands f(x + h) in terms of f (x), powers of h and 
successive derivatives of f (x), and can be stated as 

h 2 h n 

f(x + h)= f{x) + hf'(x) + 2 jf"{x) +... + —-f [n) {x) + ... 

where f^ n \x) denotes the nth derivative of f(x). You will also, no 
doubt, remember that, by putting x = 0 in the result and then letting 
h = x, we obtain Maclaurin's series 

Ij2 1-jit 

f(h) = m + hf'(O) + 2 , f "(0) + ... + ~f n \ 0) + ... 


Taylor's theorem for two independent variables 

If we consider z = f(x, y) where z is a function of two independent 
variables x and y, then, in general, increases in x and y will produce a 
combined increase in z. 

So, if z = f(x, y) then z + 8z = f(x + h, y + k) 


h = increase in x 
k = increase in y. 

O x 



For JR: f(x + h,y) = f(x, y) + hf x (x, y) + -^fxx{x, y) + ... (1) 

d d 2 

where f x (x, y) denotes — f(x, y); f xx (x, y) denotes {x, y) etc. 

From R to Q: (x + h) is constant; y changes to (y + k) 

f(x + h, y + k) - f(x + h, y)+kf y (x + h, y)+^fyy(x +h, y) + ... (2) 

To express (2) in terms of f(x f y) we can substitute result (1) for the 
first term f(x + h, y) and similar expressions which we shall obtain for 
f y (x + h, y), fyy(x + h, y) and so on. 

If we differentiate (1) with respect to y, we have 

f Y {x + h, y) =. 
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fy{x + h, y ) fy{x, y) + hfyx(x, y) + ^ fyxx(x, y) H- - ■. 


If we now differentiate this result again with respect to y 

fyy(x + h,y) = . 


fyy(X + h,y)= fyy(X, y) + hfyy x {x, y) + yfyyxxi*, >')+-•• 


Then our previous expansion (2), i.e. 

k 2 

f(x + h,y + k) — f(x + h,y) + kf y (x + h,y)+—fyy(x + h,y) + ... 
now becomes 


f(x + h,y + k) = f(x, y) + hf x (x, y) + ^f X x(x, y) + ... 


+ k \fy( x , y) + Wyx(x, y) + -f yxx (x, y) + ...j 
+ 2 i \fyy( x > y) + tyyyx( x > Y) + 2 jfypoc( x > Y) + • * 


+ ... 


Rearranging the terms by collecting together all the first derivatives, 
and then all the second derivatives, and so on, we get 

f(x + h,y + k) = . 


f(x + h,y + k) = f(x,y) + { hf x (x,y ) + kf Y (x,y)} 

1 

* O yq V V v yq y v 


+ T .Wf X x{x,y) + 2 hkfxy(x,y) + k z fyy(x,y)} + 


This is Taylor's theorem for two independent variables. 










Partial differentiation 


Small increments 


+ . • - 


If z = fix, y), h = s.x, k = Sy, then Taylor's theorem can be written as 

f Bz Bz\ 1 f 2 ^ 2 z OT7 B 2 z 7 o d 2 z 1 
z + fe ,z+jl,- + ^| + -^ g? + 2M— + ^) + ^.. 

Subtracting z from each side: 

dz „ dz„ 1 (d 2 z,„ _ c^z „ . c^z,.. ,cl 


dz 9z 1 f^z 2 r,<rz d 2 z 2 ] 

Sz = Tx Sx + at Sy + 2>.W (Sx> +2 Wdi (SxSy) + W { y) } + '" 

Since fix and 8y are small, the expression in the brackets is of the next 
order of smallness and can be discarded for our purposes. Therefore, 
we arrive at the result 

Bz Bz 

If z = f(x,y) then 8z = --8x + —-8y 

As already explained above, this result is, in fact, an approximation 
since the smaller terms in the series have been neglected. For practical 
purposes, however, the result can be used as stated. Be sure to make 
a note of the result, for it is the foundation of much that 
follows. 
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It is worth noting at this stage that the result can be extended to the 
case of three independent variables, i.e. if u — f(x, y, z) 


du s du du 
8u = —8x + — 8y-\- — 8z 
dx dy dz 


One or two straightforward applications will lay the foundations for 
future development. 


Example 

A rectangular box has sides measured as 30 mm, 40 mm and 60 mm. If 
these measurements are liable to be in error by ±0-5 mm, ±0-8 mm 
and dhl’0 mm respectively, calculate the length of the diagonal of the 
box and the maximum possible error in the result. 



Because 

d 2 — a 2 + AC 2 = a 2 + b z + c z and so d = \/a z + b 2 + c z 

Then 6d = -8a + -^r8b + — 8c 

da ob oc 

We now determine the partial differential coefficients and obtain an 
expression for 8d, but all in terms of a, b and c. Do not yet insert 
numerical values. 


6d = 



8d = 


1 

Va 2 + b 2 + c 2 


{a8a + b8b + c8c} 


Now, substituting the values a = 30, b = 40, c = 60 
8a = =t0‘5, 8b = i0*8, 8c ==■ i 1*0 

the calculated length of the diagonal =. 

the maximum possible error =. 
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diagonal = V a 2 + b 2 + c 2 = 78 10 mm 
maximum error = ± 1*37 mm 


Because 


6d = {30(d= 0*5) + 40(± 0-8) + 60(± 1-0)} 

/o'lU 

Greatest error when the signs are the same 
• • &* = ==^ {±(15+ 32+ 60)} = ±1-37 mm 

/o- 1U 


Rates of change 

dz dz 

If z = fix. y), then we have seen that 6z = — 8x + — Sy 

dxdy 

Dividing through by St. | - +1| 


Then if St 0: 


dz dz dx dz dy 
d t dx dt + dy dt 


Note the result. Then on to an example. 


Example 

The base radius r of a right circular cone is increasing at the rate of 
1*5 mm/s while the perpendicular height is decreasing at 6 0 mm/s. 
Determine the rate at which the volume V is changing when 
r = 12 mm and h = 24 mm. 

dV 

1 • ^ r • < r _ 1 1 - _ 1 - • l_ • 


Find an expression for — in terms of r and h which is 
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dV 

2tt rh 

dr 7 rr 2 

dh 

dt ~ 

3 

+ 

dt 3 

dt 




OV dr dV dh 
dr d t + dh d t 


dV 2irrh dV _ ttt 2 
~dr~~ 3~ ; dh ~ 3 

dV _ 27rrfr dr 7rr 2 dJz 

d t 3 dt + 3 dt 


Finally, we insert the numerical values: 


. _ t dr 

r= 12; h = 24; — =1-5; 

dt 


d/z 

dt 


= —6 0 (h is decreasing) 


dV 

dt 


= 2887T — 2887T = 0 


At the instant when r = 12 mm and h = 24 mm, 

the volume is unchanging. 

Implicit functions 

dz dz 

The same initial result, 6z = —6x+—6y enables us to determine the 

dx dy ' 

derivative of an implicit function f(x, y) = 0, i.e. in a case where y is 
not defined explicitly in terms of x. 

If f (x, y) = 0 is an implicit function, we let z — f(x, y). 


Then, as before: 

Dividing through by 6x: 

Then, if 6x —> 0: 

dz 


But z = 0 


dx 


= 0 


dz dz 

8z = —8x + — 8y 
dx dy 

8z dz dz 8y 

8x dx + dy 8x 

dz dz dz dy 

dx dx dy dx 

dz dz dy 

dx + dy dx 


dy 

dx 


dz /dz 
dx/ dy / 


So, if x z -xy-y 2 = 0, 


dy 

dx 
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Putting z = x L - xy - y , — = 2x 
The rest follows immediately. 


, L/Z. _ 

y and — = —x - 2y 
dy 


Now on to the next frame 


The work so far, important though it is, is largely by way of revision of 
the more basic ideas of partial differentiation. We now extend these 
same ideas to further applications. 


Change of variables 

If z = f(x, y) and x and y are themselves functions of two new 

independent variables, u and v, then we need expressions for 

dz dz 

— and —. 
du dv 

Yet again, we start from the result we established at the beginning of 
this Programme. 

dz dz 

If z = fix, y) then 8z = — 6x + — 6y 

Dividing in turn by 8u and 8v: 

8z _ dz 8x dz 8y 
8u dx 8u + dy 8u 

8z _ dz 8x dz 8y 
8v dx 8v + dy 8v 

Then, as 8u —» 0 and —> 0, these become 
dz dz dx dz dy 
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Example 1 

If z = x 2 - y 2 and x = rcosO and y = rsinO , then 

dz __ dz dx dz dy 
dr dx dr + dy dr 
dz dz dx dz dy 
311(1 de = dx'd0 + dy'de 

We now need the various partial derivatives 


dz 

• 

ISP 

ii 


dx 

' dr 

.' dr 

dz 

dx 

• — 

. °y 

dy 

.' ae . 

.' ae 




Substituting in the two equations and simplifying: 

dz __ dz _ 

dr .' dO 


dz 

dr 


2xcos 9 - 2ysin0; 


dz 

do 


- (2 xr sin 9 4- 2yr cos 6) 



Finally, we can express x and y in terms of r and 6 as given, so that, 
after tidying up, we obtain 

dz _ dz __ 

dr = .' d6 = . 


— = 2r (cos 2 0 — sin 2 0 ); 
dr v 


dz 

dO 


-4T 2 sin 0 cos 9 


Of course, we could express these as 

dz dz 

— = 2r cos 20 and — = -2r 2 sin 29 
dr dO 

From these results, we can, if necessary, find the second partial 
derivatives in the normal manner. 


Similarly 


cPz 

dr 2 

d 2 z 

W 


d_(dz 

dr 


d 

= — (2 r cos 29) = 2 cos 29 


and 


d 2 z 

dim 
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g=-4^cos2»; J^=-4rsin29 


Because 


and 


cftz 

W 

d 2 z 

drdO 


d (dz 
d0\d9 

8 (dz 
dr\d6 


= ^(-2r 2 sin26i) 


= -4 r 2 cos 29 


= -4rsin2<9 


Example 2 

If z = jf(x, y) and x = \ (u 2 - v 2 ) and y = uv, show that 
dz dz V dz dz\ 

u ei- r m = 2 { x w~ y ^) 

Although this is much the same as the previous example, there is, at 
least, one difference. In this case, we are not told the precise nature of 
f(x, y). We must remember that z is a function of x and y and, 
therefore, of u and v. With that in mind, we set off with the usual two 
equations. 


dz dx dz dy 
dx du + dy du 

dz dx dz dy 
dx dv + dy dv 


From the given information: 
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dy 

w —— = v 

' du 

dy 

— V —T— — tl 

'dv 


1/ X. 

Whereupon — = 


dz dz 
U ——h v — 
dx dy 

dz dz 

- v ^ +u ^ 


If we now multiply the first of these by (-v) and the second by u and 
add the two equations, we get the desired result. 

dz dz 7 dz 

—v— = — uv -v — 

du dx dy 

dz dz 7 dz 

w—= -i/v—+ i/ z — 

dv dx dy 

AJJ . dz dz dz 9 2 \dz 

Adding u--v-,-2uv m +{u -v 2 )^ 

^ dz dz 
= -2y— + 2x— 
dx dy 

dz dz ( dz dz\ 

u ^- v ru =2 { x ^-yrx) 

With the same given data, i.e. 

z = f(x, y) with x = -(u 2 -v 2 ) and y = uv 

d 2 z d 2 z 2 2 f d 2 Z d 2 z\ 

we can now show that-^ + -^= (u 2 + ^)l — + — \. 


, 2 2\(& Z d 2 Z 

-(" + ^\fa2 + dy*J' 


In determining the second partial derivatives, keep in mind that z is a 

dz 

function of u and v and that both of these variables also occur in — 

dx 

dz 

and —. 
dy 

d 2 z 

du 2 
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Because 


d f 9 d\ . d ( d d\ 

sr(“a; +v ^J and ^-{- v rx +u r y ) 

d 2 z d / dz <9z\ dz d /<9z\ d /dz 
du 2 du\ U dx^ V dy) dx + U du / ~^ V du \dy 
dz ( d d\ dz ( d d\dz 

= ^ + T^ +v ^]^ + T^ +v ^v^ 

dz 2 d 2 z d 2 z d 2 z 2 d 2 z 

= 7—h M 77-s- + MV + UV —h V 77-y 

dx dx 2 dxdy dxdy dy 2 

d 2 z dz 2 d 2 z d 2 z 2 d 2 z 

* * o 9 = o —I - u ~o 7 + 2mv _ + v —-y 
$m 2 dx dx 2 dxdy dy 2 


_ . d 2 z 9 /dz\ d ( dz dz 

Uk ^ 1X ' W^Sy{sy) = Sv\- v Sx + U ay 




Because 


d 2 z _ d / dz dz\ dz d / dz\ d / dz 

dv 2 dv \ V dx U dy) dx ^ dv \dx ) + U dv \dy 

dz ( d d\ dz ( d d \ dz 
= di- V {- V d-x + U dt)d-x + U {- V dx + U dy)dy 


dz 2 d 2 z d 2 z d 2 z 7 d 2 z 

—-L v* -7/V- UV -1- U - 

dx dx 2 dxdy dxdy dy 2 


d 2 z „ d 2 z 

tt ^-2 UV-— + U 


dxdy 
2 9 2 z 


d 2 z dz 2 d 2 z n d 2 z ? d 2 z 
• • ^2=0 —v 73 7 ~ 2 UV —h u ? 

dv 2 dx dx 2 dxdy dy 2 

Adding together results (1) and (2), we get 




and that is it. 

Now, for something slightly different, move on to the next frame 
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Inverse functions 


If z = f(x, y) and x and y are functions of two independent variables u 
and v defined by u = g{x, y) and v = h{x, y), we can theoretically solve 
these two equations to obtain x and y in terms of u and v. Hence we 


Ox Ox Ov Ov Oz dz 

can determine , £ and then and — as required. 

du dv du dv dx dy 


In practice, however, the solution of u = g(x , y) and v = h(x, y) may 


well be difficult or even impossible by normal means. The following 


example shows how we can get over this difficulty. 


Example 1 

If z = f(x,y) and u = e x cosy and v = e~ x sin y, we have to find 
dx dx dy dy 
du' dv ’ du' dv 


We start off once again with our standard relationships 

c du c du _ 

$U = — Sx + — 8y 
dx dy / 

dv dv 
6v = —-8x + -—6y 
dx dy 


Now u = e x cos y and v = e~ x siny 

_ du du 

So dx = .' dy = 

dv dv 

dx .' dy 


a) 

( 2 ) 



Substituting in equations (1) and (2) above, we have 

8u = e* cos y 8x — e* sin y 8y 
8v = -e~ x siny 8x + e~ x cosy 8y 

Eliminating 8y from (3) and (4), we get 


(3) 

(4) 


8x = 







Partial differentiation 



Because 


(3) x e x cosy: e x cos y8u = cos 2 y 8x - siny cosy 8y 

(4) x e* siny: e? siny Sv = - sin 2 y 8x + siny cosy 8y 

Adding: e~ x cosy 8u + & siny 8v = (cos 2 y - sin 2 y) 8x 


But 


„ e~ x cosy^ ^smy r 

8x = - tz j ~8u H- zr-8v 

cos2y cos2y 

dx dx 

8x = -—8u + —8v 
ou ov 


dx _ e~ x cosy dx _e x siny 

du cos 2y an dv cos 2y 

which are, of course, two of the expressions we have to find. 
Starting again with equations (3) and (4), we can obtain 

= .. 



Because 

(3) x e~ x siny: e~ x siny 8u = siny cosy 8x - sin 2 y 8y 

(4) x e* cosy: e* cosy 8v = — siny cosy 8x + cos 2 y 8y 

Adding: e~ x siny 8u + e x cosy 8v = (cos 2 y - sin 2 y) 8y 

c e~ x siny c e*cosy,, 

8y = -+- -?-8v 

cos 2y cos 2y 


But, 8y = 


Finish it off. 
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So, collecting our four results together: 

dx _ e~ x cos y dx _ e* sin y 
du cos 2 y ’ dv cos 2 y 
dy e~ x sin y dy _e x cos y 
du cos 2 y ’ dv cos 2 y 

We can tackle most similar problems in the same way, but it is more 
efficient to investigate a general case and to streamline the results. Let 
us do that. 


General case 

If z = f(x, y) with u = g(x, y) and v = h(x, y), then we have 

_ du, du 
Su = -—6x + —6y 
dx dy 

dv ,dv 
Sv = —Sx + —6y 
dx dy 

We now solve these for Sx and 6y. Eliminating Sy, we have 


dv 

dv dv du dv du 

—— 8u = — •— 6x + — ■ — 
dy dy dx dy dy 

du 

< 2 >*r 

du du dv du dv 

dy dy dx dy dy 

Subtracting: 

dv _ du (du dv < 

op Su -^ 6v= {rx-^-: 


dv du 
— Su-— 6v 

■ sx = _ 

• du dv_dv du 

dx dy dx dy 

Starting afresh from (1) and (2) and eliminating 6x, we have 

fy = . 


(1) 

( 2 ) 




Partial differentiation 



The two results so far are therefore 


8x = 


dv du 

dy dy 
du dv dv du 

dx dy dx dy 


and 6y — 


du dv 

8v-—8u 
dx dx 

du dv dv du 


dx dy dx dy dx dy dx dy 

You will notice that the denominator is the same in each case and that 
it can be expressed in determinant form 

du dv 

du dv dv du _ dx dx 
dx dy dx dy du dv 

dy dy 

This determinant is called the Jacobian of u, v with respect to x, y and is 
denoted by the symbol /: 


i.e. 


J = 


du dv 

dx dx 
du dv 

dy dy 


J = 


d{u, v) 
9(x,y) 


and is often written as 

du dv 

dx dx 
du dv 

dy dy 


d(u, v) 
9(x,y) 


Our last two results can therefore be written 


8x = 


8y = 







Programme 10 



We can now get a number of useful relationships. 


(a) If v is kept constant , 8v = 0 
Dividing by 8u and letting 8u^ 0 
Similarly 

(b) If u is kept constant , 8u = 0 
Dividing by 8v and letting 8v —> 0 
Similarly 



dx dv j 
du dy/ 


dy _ dv 
du dx 



dy du 
dv dx 


So, at this stage, we had better summarise the results. 


Summary 

If z — f(x, y) and u = g(x, y) and v = h(x, y) then 

dx _dv j dx _ du j 
Hu = dy/ dv = —~dy/ 
dy _ dv i dy_duj 
du dx/ dv dx/ 

where, in each case 

du dv 
_ d(u , v) _ dx dx 
d(x,y) du dv 
dy dy 

Let us put this into practice by doing again the same example that 
we started with (Example 1 on page 382), but by the new method. First 
of all, however, make a note of the important summary listed above 
for future reference. 
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Example 1A 

If z = f(x, y) and u = e* cos y and v = e~ x sin y, find the derivatives 
dx dx dy dy 
du f dv’ du’ dv 


( 


u =e*cos y 
du 

— = (T cosy 
dx 

— = - e x siny 
dy 


v = e *siny 

dv . 

— = -e smy 


/ = 


d(u, v) 
9{x,y) 


dy 

du dv 
dx dx 
du dv 


= e~ x cos y 


e x cos y —e *siny 
-e*siny e~ x cosy 


I dy dy I 

= (e* cos y)(e _ * cosy) - (~e x sin y)(-e“* siny) 


= cos z y - 

^ dx dv / e~ x cosy 
du dy/ cos 2y 

dy dv / e~ x sin y 

du~ dx / cos 2y ’ 


sin 2 y 


dx _ du / e x siny 
dv~ dy j ~ cos 2y 


= cos 2y 
e*siny 


/ = 


e*cosy 

cos2y 


which is a lot shorter than our first approach. 

Move on for a further example 


Example 2 


If z = f(x,y) with u = x z -y z and v = xy, find expressions for —, 

dx dy dy 
dv’ du' dv 
First we need 


du 
; dy 


dv 
’ dx 


dv 
' dy 


du _ du _ dv dv 

= 2x; — = — 2y; — = y; — = x 

dx dy dx dy 


Then we calculate / which, in this case, is 
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J = 2(x 2 + f) 


Because 

du dv 

_ d(u, v) = dx Ox 2x y 
d(x, y) dv —2y x 

dy dy 

Finally, we have the four relationships 


d(u , v) 
d\x, y) 


2x y 
—2y x 


= 2x z + 


dx 

dv 

. 

dx 

du 

du 

dy! 

dv 

dy 

ii 

dv 

~dxi 

//-. 

dv 

du 

dx 


dx __ x 
du 2(x 2 + y 2 ) f 

dy -y . 

du 2{x 2 + y 2 Y 


y 

x 2 + y 2 
x 

x 2 +y 2 


And that is all there is to it. 

If we know the details of the function z = f(x, y) then we can go one 

dx dx dv dv dz dz 

stage further and use the results—, —, to find — and —. 

du dv du dv du dv 

Let us see this in a further example. 

Example 3 

If z = 2x 2 + 3 xy + 4 y 2 and u = x 2 + y 2 and v = x +2y, determine 


. , dx dx dy dy 
du' dv' du' dv 


dz dz 

(b) — and —. 
du dv 


Section (a) is just like the previous example. Complete that on 
your own. 
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dx _ 1 < dx_-y dy _ -1 . dy _ x 

du~ 2x-y* dv~2x-y f du 2(2x-y )' dv 2x-y 


Because if u = x L + y L and v = x + 2y 

du du dv dv 

~ = 2x; — = 2y, ^ = 1 ; - = 2 


/ = 


d{u, v) 


du dv 
dx dx 


2x 1 


d(x,y) du dv 2y 2 
dy dy 


= Ax-2y = 2(2x - 


_ dx dv j n » 1 

Then — = — J — 2 2(2x -y)= -z - 

du dy/ / K 2x-y 

%—%/’ = - 2y h 2s -r ) = W^y 


1= Tz/'= 7x / 2 v*-rt-izri 

dx _ 1 dx __ -y dy _ -1 dy __ x 

du~2x-y' dv~2x-y f du ~ 2(2x - y)' dv~2x-y 

Now for part (b). 

dz dz 

Since z is also a function of u and v, the expressions for — and — are 

du dv 


dz dx dz dy 
dx du + dy du 
dz dx dz dy 
dx dv + dy dv 


The only remaining items of information we need are the expressions 
dz dz 

for — and — which we obtain from z = 2x 2 + 3 xy + 4y 2 
dx dy / / 

dz dz 

— = 4x + 3y and — = 3x + 8y 
dx dy 

Using these and the previous set of derivatives, we now get 

dz dz 
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dz _ Sx - 2y dz _ 3x 2 + 4 xy - 3 y 2 

du 2{2x — y) f dv 2x — y 

Because 

dz dz dx dz dy 
du dx du + dy du 

• S = < 4 * + 3 >' ) {s^} + <3j: + 8, ' ) {j(ST^)} 

_ Sx -2y dz _ Sx - 2y 

~ 2(2x -y) du 2(2x - y) 

, dz dz dx dz dy 

and — — — *- 1 -- — 

dv dx dv dy dv 

S =(4 * +3,,) {2 + <3j+ 8>,) {ir^} 

_ 3x 2 + 4 xy - 3 y 2 m dz _ 3x 2 + 4 xy - 3 y 2 

~ 2x-y dv 2x-y 

They are all done in the same general way. 

Now on to the next topic 


Stationary values of a function 




You will doubtless remember that in earlier work you established the 
characteristics of stationary points on a plane curve and derived the 
conditions that enable these critical points to be calculated. 



At A and B 
For maximum 
For minimum 


f = 0 

dx 

d 2 y 


-fig is negative {x = x x ) 
is positive (x = x 2 ) 
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We now progress to the application of these same considerations to 
three dimensions, where z = f (x, y). The function is now represented 
by a surface and stationary values of the function z = f(x, y) occur 
when the tangent plane to the surface at a point P (a, b) is parallel to 
the plane z = 0, i.e. to the x-y plane. 

Let us take a closer look at this. 


Maximum and minimum values 




A function z = f(x, y) is said to have maximum value at P {a, b ) if 
f (a, b) is greater than the value at a near-by point Q (a + h t b + k) for 
all values of h and k however small, positive or negative, i.e. in all 
directions from P. 



Similarly, z = f(x , y) is said to have a minimum value at P (a, b) if 
f (a, b) is less than the value at a neighbouring point Q (a + h, b + k) in 
any direction from P. 

To establish maximum and minimum values, we must therefore 
investigate the sign of the value of f(a + h, b + k) - f(a, b). 

\if(a + h, b + k) -f (a, b) <0 we have a maximum value at P (a, b). 

If f(a + h, b + k) - f(a , b) > 0 we have a minimum value at P (a, b ). 
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To pursue this further we turn to the total differential 
df( x ,y)=¥ c dx + ?£dy 

The total differential measures the rise or fall in the tangent plane 
from the point of its contact with the surface at (x, y) to the point 
(x + dx, y + dy). 



If the point of contact is a maximum or a minimum then 




The tangent plane is parallel with the x-y plane and so the tangent 
plane neither rises nor falls, so that 


d f(*’ y^ = % dx+ jty d y =0 

df df 

Also because dx ^ 0 and dy ^ 0 then = 0 and ~~ = 0. 

dx dy 


Notice the logic here. If there is a maximum or a minimum, then 

^ = 0 and ^ = 0. However, just because ^ = 0 and = 0 at a point 
dx dy dx dy 

does not imply that a maximum or a minimum exists at that point. 

What we can say is that a stationary point exists at that point and, as 

we shall see later, not all stationary points are maxima or minima. 


Example 1 

Determine the values of x and y at which the stationary values of 
f(x, y) = x 2 + xy + y 2 + Sx — 5y + 3 


occur. 

or or 

All we need to do is to obtain expressions for -J- and 

dx dy 

equate each to zero and then solve the pair of simultaneous equations 
so obtained. In which case 


x = 


and y = 








Partial differentiation 



x = -5 and y = 5 


Because 


= 2x + y + 5 and ^ = x + 2y - 5 giving the pair of simultaneous 
dx / dy 

equations 

2x + y + 5 = 0 (1) 

* + 2y-5 = 0 (2) 

Adding (1) + (2) gives 3x + 3y = 0, that is y = —x 
Substitution in (1) gives x = -5 and so y = 5 

Although a stationary value occurs at (-5, 5) we have no evidence as 
to whether it is a maximum or a minimum value. Let us investigate 
further. 

From the previous definitions 

f(a, b) will be a maximum value if f(a + h, b + k) - f(a, b) < 0 
f (a, b) will be a minimum value if f(a + h, b + k) - f(a, b) > 0 

Now, from Taylor's theorem 

f{a + h, b + k) = f(a,b) + h^ + k ^ 


+ h ( hZ w + 2hk iJty +k2 |f) + 

and we have already seen that at a stationary value ^ = 0 and = 0. 
So, at a stationary point, Taylor's theorem becomes 

f(a + h t b + k)-f(a. b) = (h 2 ^-C + 2hk£-t- + k 2 ^-C\ +... 


f{a + h, b + k)- f{a, b )=^0 


&f ... d 2 f l2 d 2 f\ 

W + 2hk d^ +k df) + --' 


where subsequent terms are of higher orders of h and k and are 
neglected. 

The expression in the brackets on the right-hand side can be written 


1 

d 2 f 

dx 2 


h^L+k^L 

dx 2 dxdy 


+k 2(&f &f_ \d 2 f] 2 

dx 2 dy 2 dxdy 


Take a moment and expand the brackets and confirm that this is so. 
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dx 2 dxdy dy 2 


r < )Z f i 2 


d 2 f\\dx 2 + k dxdy) +k \dx 2 'dy 2 [dxdy 
dx 2 


Now + ^ dxdy ) ' k ein 8 a s q uare < is always positive and if 

d 2 f cff T d^f 1 2 

—• —hr > ^ ' the second term will also be positive. In that case 
dx 2 dy 2 [dxdy\ 

d 2 f 

the sign of the whole expression is given by that of at the front. 

.,d 2 f d 2 f (d z f X 2 . d 2 f d 2 f (d 2 f \ 2 n 

Furthermore, if w ^ ) , r.e. w ^ j > 0, 

d z f d 2 f 

this can be so only if —V and —have the same sign. Therefore, 

dx 2 dy 2 

d 2 f d 2 f 

for f (a, b) to be a maximum, and are both negative 

d 2 f d 2 f 

and for f (a, b) to be a minimum, and are both positive. 

So, to determine whether a known stationary value is a maximum or 

dfif d 2 f 

a minimum value, we must find the second derivatives —~ f and 

dx 2 dy 2 

d 2 f 

dxdy 

Then 

d 2 f d 2 f ( d 2 f \ 2 

(a) If —V ■ tt 4 - ' > 0, the stationary value is a true maximum 

dx 2 dy 2 \dxdy) 

or minimum value. 

(b) In that case 

d 2 f d 2 f 

(1) if -^2 and are both negative , f (a, b) is a maximum 

d 2 f d 2 f 

( 2 ) if 7^2 and are both positive , f(a, b) is a minimum. 

Make a careful note of the conclusions (a) and (b): then let us apply 
them. 
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Example 2 

Investigate further the stationary value of the function 
z = x 2 + xy + y 2 + Sx - 5y + 3 

We have already seen that this function has a stationary point at 

x = .; y = . 



fd 2 z\ (d 2 z\ ( d 2 z \ 2 

Next, we investigate the value of J ~ J ■ If this is 

greater than zero at (-5, 5), then either a maximum or a minimum 
occurs at that point. 

Check whether this is so. 


. If this is 



Because 


d 2 z 0 d 2 z 0 d 2 z 

d^ = ; df = f 

This confirms that (-5, 5) is either a maximum or a minimum. 


d 2 z 

To decide which it is, we note that —-=■ and 

dx 2 


d 2 z 

dy 2 


are both positive. 


at (-5, 5), z is a 
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minimum 


Of course to find the actual minimum value of z we substitute x = -5 
and y = 5 into the expression for z. That is really all there is to it. 
Another example. 

Example 3 

Determine the stationary values, if any, of the function 
z = x 3 - 6xy + y 3 

The four steps in the routine are: 

dz dz dz dz 

(a) Find — and — and solve the equations — = 0 and — = 0. 
dx dy ^ dx dy 


(b) Determine whether 


d 2 z\ (d 2 z 


dx 2 J \dy 2 


d 2 z 

dxdy 


> 0 . 


gftz d 2 z 

(c) If so, note the sign of —-=■ and —=■ to distinguish between max. and 

ox* dy* 

min / 


mm. 


(d) Evaluate the maximum or minimum value of z. 
In this example, stationary values occur at. 


z = 0 at (0, 0) and z = -8 at (2, 2) 


Because 


z = x 3 -6xy + y 3 —- = 3x 2 

dx 


= —6x + 3 y 2 


dz dz 

— = 0 and — = 0 x 2 - 2y = 0 and - 2x + y 2 = 0 
dx dy 1 

A possible stationary point exists when x 2 - 2y = 0 and -2x + y 2 - 
From the first equation y = x 2 /2 and substitution into —2x + y 2 
gives -2x -h x 4 /4 = 0. 

That is x 4 — Sx = x(x 3 — 8) = 0 and so x = 0 or x = 2. 

When x = 0 then y = 0 and when x = 2 then y = 2. 

There are stationary values at (0, 0) and (2, 2) 


Next we determine whether 


Result 


d 2 z\ (d 2 z 


dx 2 ) \dy 2 


d 2 z\ 2 
dxdy) 


>0 





Partial differentiation 


No max. or min. at (0, 0); Either max. or min. at (2, 2) 


Because 


dz 

dx 

dz 

dy 


3x 2 - 6y 
6x +3>' 2 


at (0, 0) 


At (2, 2) 



d 2 z 

dxdy 


d 2 z\ / d 2 z 
dx 2 ) 


d 2 z 

dxdy 


2 

= (0)(0) — 36 < 0 


. No max. or min. at (0, 0) 

S) ($) - {m)= < 12 >< 12 > - 36 > 0 

. Either max. or min. at (2, 2) 


We see that at (2, 2) both 
stationary value at (2, 2) is a 


d 2 z 

dx 2 



are positive. Therefore the 


minimum 



Finally, the minimum value of z is 


-8 


Therefore, Zmin = -8 and occurs at (2, 2) 

Before doing a further example, let us consider one other aspect of 
stationary values. 


On to a new frame 
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we found that this did not 


Saddle point 

In the previous example, when we substituted the coordinates (0, 0) in 

(dPz\{ei l z\ (d 2 z\ Z 

the expression Up1 J we found that this did not 

satisfy the condition that for a maximum or minimum value 
/ d 2 z\ /^z\ / cPz \ 2 

\dx 2 ) \dy 2 ) \dxdyJ > 


>0 


<0 


dz dz 

In fact, if ^- = 0 and ^- = 0 
dx dy 

- ( 0 W)-&° 

this is an indication of a form of stationary value described as a saddle 
point, as shown at P below. 

A saddle point is, in effect, a 
S' \. p ^ combined maximum and mini- 

/ _ —mum configuration in different 

j ( \ directions. Its name is obvious 

from the shape. 


P (a, b ) 


Add this then to the list of conditions for stationary values that we 
have built up. 


At this stage, one naturally asks, what is implied if 
/ d 2 z\ (d 2 z\ ( d^z \ 2 _ 

\dx 2 ) \dy 2 J \dxdy J 

In such a case, further detailed study of the function is necessary. 
Now for an example to see it all in practice. 


Example 4 

Determine the stationary values of z = Sxy - 4x 2 - y 2 

Stationary values (or turning points) occur where 

dz dz . 

— = 0 and — = 0, i.e. at . 

dx dy 


— 2x — y + 5. 




Partial differentiation 


x = l, y = 2 


1531 


Because 


= Sy - Sx - 2 


= 5x - 2y - 1 


8x- 5y + 2 = 0) 

> gives x = 1, y = 2 
5x — 2y — 1 = 0 J ° 

Therefore, the only stationary value occurs at (1, 2). 
Next we substitute these x and y values in 

(S)(S)“(S:) andfind " 


and find 


0 2 z\ /0 2 z 

0x2; ^2 


0 2 z 

dxdy 


<0 


( 54 ) 


Because 

d 2 z 0 2 z _ 

_= _»• _— _?• 


0 2 z 

OxOy 


= 5 


dx 2 ' dy 2 ' dxdy 

- ■ (S) (P) - & - 

The stationary value at (1, 2) is therefore a 


= (—8)(—2) — 25 = -9 i.e. <0 


saddle point 



Example 5 

Determine stationary values of z = x 3 - 3x + xy 2 and their nature. 
We go through the same routine as before. 

First find ^ and ^ and solve ~ = 0 and ^ = 0. 
dx dy dx dy 

Possible stationary values therefore occur at. 
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x = 0, y = ±V3; x = ±1, y = 0 


Because 

dz o _ o dz . „ „ 

— = 3x 2 - 3 + y 2 79- = 2xy x = 0 or y = 0 
dx dy 

If x = 0, y 2 = 3 y = ±\/3 X = 0, y = ±\/3 

If y = 0, 3x 2 = 3 x = ±1 x = ±1, y = 0. 

Now we need the second derivatives and the usual tests. Finish if off. 
The nature of the stationary values: 

(0, V3) .; (0, -v^3) . 

( 1 , 0 ) .; (- 1 , 0 ) . 


(0, V3) saddle point; 
(1, 0) minimum; 


(0, - y/%) saddle point 
(-1, 0) maximum 


Because 

d 2 z d^z 0 

dx*~ 6x; df~ 2x; 


cPz 

dxdy 


= 2y 


d 2 z\ / d 2 z\ 
dx 2 ) \dy 2 ) 

(0, v/3) 

(0, -V3) 
( 1 , 0 ) 

(- 1 , 0 ) 


d 2 z \ 2 
dxdy) 


( 0 )( 0 ) -12 
( 0 )( 0 ) - 12 
( 6 ) ( 2 ) — 0 
( 6)(—2) - 0 


i.e. < 0 
i.e. < 0 
i.e. > 0 
i.e. > 0 


saddle point 
saddle point 
minimum 
maximum 


and that just about does everything. 

Substitution of (1,0) and (-1,0) in z = x 3 -3x-hxy 2 gives the 
minimum and maximum values of z. 


-min 


— 2; z max — 2. 


The value of z at each of the saddle points is zero. 

Let's now look at some examples where the second derivative test fails 


Example 6 

Determine the stationary values of z 

TT ( . ^ <9z dz 

Here we see that — = 2x - 6y, — 

dx ' dy 

derivatives vanish when 


= x 2 - 6xy + 9 y 2 . 

= —6x + 18y and so these two 
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y = x/3 



Because 

dz 

— = 2x - 6y = 0 when 2x = 6y, that is when y = x/3 and 
Oz 

— = -6x -j- 18y = 0 when 6x = 18y, that is when y = x/3 , and so 
there is an infinity of stationary points lying along the line y = x/3. 


Now 


'd 2 z\ / d 2 z 
dx 2 ) ydy* 


d 2 z \ 2 
dxdy ) 


(60 



Because 
cfiz 


dx 2 


= 2 , 


(Pz 
dy 2 


= 18 and 


<9 2 z 


= —6 


so that 


dxdy 

£) (£0 2 - 36 -° 

So the second derivative test does not apply and we must look 
elsewhere to decide the nature of the stationary points. 

Since x 2 - 6xy + 9y 2 = (x - 3y) 2 then z > 0 for all values of x and y. 
Therefore the stationary points are minima - there is an infinity of 
minimum points along the line y = x/3. 



0 0 


► 
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Example 7 

Find the stationary points of z = x 4 - y 3 . 

dz dz 

Here we see that — = 4x 3 , — = -3y 2 and so these two derivatives 

dx dy / 


vanish when x =..., y = 


x = 0, y = 0 

Because 

dz dz 

— = 4x 3 = 0 when x = 0 and — = -2y 2 = 0 when y = 0, so there is 
dx dy 

just one stationary point at (0, 0). 

Now, at the stationary point 

f d 2 z ^ ^( d 2 z ^ 2 _ 

\dx 2 J \dy 2 ) \dxdyj 


0 

Because 

d*Z _ 2 , d 2 z _ , 

a? = 12 *' = and a^ = 0 so that at (°-°)= 

/a 2 z\/a 2 z\ 

Vax 2 J W 2 J 

So the second derivative test does not apply. However, in the z-x plane 
y — 0 and so z = x 4 , This means that the line of intersection of the 
surface with the z-x plane has a minimum at the origin. In the z-y 
plane x = 0 and so z = —y 3 . This means that the line of intersection of 
the surface with the z-y plane has a point of inflexion at the origin. 
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Lagrange undetermined multipliers 


Closely allied to the problem of locating the stationary points of some 
function u = f(x, y) is the problem of locating points where u = f(x, y) 
attains its greatest or its least value (an extremal value) subject to the 
condition that x and y are related to each other via the equation 

(j>{x, y) = 0 ( 1 ) 

The problem can be clarified if we consider it graphically. 

The graph of u = f(x, y) is a surface within the (x, y, u ) coordinate 
system. Selecting a plane parallel to the x-y plane on which the value 
of u is constant, u^, we see that the surface intersects the plane in a 
curve given by the equation f(x, y) = u^ 



This line of intersection can now be y 
projected onto the x-y plane to form 

what is known as a level curve. Different ^ -' ^ u n 

_ >» 

values of u% determine different planes v_ - u . 

(all parallel to the x-y plane), different -——- 

lines of intersection and hence different_ L !l^ 

level curves. Accordingly, an alternative * 

graphical description of u = f(x, y) is 


that of a family of level curves in the x-y plane with each member of 
the family being associated with a particular value of u^, where we 
assume that u\ < u 2 < m 3 < • -. < u n or u\ > u 2 > u 3 > ... > u n . 

We now superimpose onto this family of level curves the graph of 
the constraint equation <p(x, y) = 0. 

Clearly, in the figure alongside, u$ is 
the extremal value of f(x, y) that coin¬ 
cides with <j)(x , y) = 0, and at the point 
P where they meet they share the same 
tangent line dy/dx. Now, since 
<j)(x, y) = 0 we see that 

<fc = 

dx 
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d y _ d(j>Jdx 
dx d(j>/dy 


Because 


d(j) = ^dx + ^-dy = 0 so that 

dxdy dx 


d<j>/dx 

d(j>/dy 


The same tangent can be found from 



by equating the differential du = 0. Therefore 

d y df/dx d(f>/dx 

dx Of/dy dcf)/dy 


The latter two fractions are equivalent fractions which means that the 
two numerators and the two denominators each differ by the same 
multiplicative factor K f enabling us to say that 


dx dx 

£+a£ = o 

dx dx 

1 + ^ = 0 

dy dy 


and — 

dy 


K^- so that 
dy 


( 2 ) 

( 3 ) 


A = —K is called a Lagrange multiplier and equations (2) and (3), 
coupled with the constraint equation <j>{x, y) = 0, give us three 
relationships from which the values of x and y at the extremal points 
- and also the value of A if required - can be found. Quite often the 
value of A is not important. 

Let us see how it works in a simple example. 


Example 1 

Find the stationary points of the function u = x 2 + y 2 subject to the 
constraint x 2 + y z + 2x - 2y + 1 = 0. 

In this case, u = x 2 + y 2 

(j) = x 2 + y 2 + 2x - 2y + 1 


We need to know 

du du 

dx .' dy 

d(j> d<p 

dx . dy 






Partial differentiation 


dll dll _ dd) _ _ d<j) 

-tt=2x; -z- = 2y; = 2x + 2; —- = 2y - 2 

dx dy dx dy 


Then we form and solve 


together with 
which gives 


x = 


dx dx 

g + A^ = 0 

dy dy 

x 2 + y 2 + 2x — 2y + 1 


; y = 


A = 


\/2 y /2 r - 

x = -l±~; y = lTy; A = V2-1 

^+A^ = 0 2x + A(2x + 2)=0 x +A(x + 1) = 0 
^ + A^ = 0 2y + A(2x-2) = 0 y + A(y-l)=0 


x -A(x +1) 


•• y -x(y-i) •• ' 

Substituting this in <j> 
x 2 + x 2 + 2x + 2x + 1 = 0 


xy-x=xy + y y =-x 


But y = -x 


lx 2 + 4x + 1 = 0 

•• * = -1±- 2" 
. y /2 


y = i ; F 


To find A, we have x + X(x + 1) = 0 A = VZ =f 1 
As we have already said, we do not really need to find the value of A. 

On to the next 


Functions with three independent variables 

The argument is very much the same as before. 

To find stationary points of the function u = f(x, y, z) (1) 

subject to the constraint <j>{x , y, z) = 0 (2) 

Again we have, at stationary points 
du c du c du c _ 

a-x ix+ ^ s>,+ ai 6z=0 (3) 

and since <j>(x , y, z) = 0 

00 c , 00 c 00 c n 

then tt to 4- fy + - 7 T 8z = 0 

dx dy ' dz 

Multiplying each term in (4) by A and adding (4) to (3), we have 


( 4 ) 
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Equations (5), (6), (7), together with the constraint (2), provide all the 
information to determine x, y, z, and, if necessary, A. 


Example 2 

To find the stationary points of the function 
u = x 2 + 2 y 2 + z 

subject to the constraint <£(*, z) =x 2 - z 2 — 2 = 0. 

„ du du du 

So _= • _= • _= 

dx .' dy .' dz 

d(j) d<p d(j> 

dx * dy * dz 



Now compile the equations 




g + A^ = 0; ^ + A^ = 0 

dy dy dz dz 


and, together with the constraint </> = x 2 - z 2 
stationary points occur at. 


= 0, establish that 


(2 ’ 2) anc ^ ( 2 ’ 2) 


Because 

+ A^ = 0 2x + \2x = 0 A = -1 
dx dx 

£+*# = » 4, + A(0)-0 ,-.y- 0 


P +i 7r = ° 

dz dz 


1 - A2z = 0 


Z 2A 2 


<j> = x 2 -z 2 - 2 = 0 x 2 -\-2 = 0 jk = ±|. 

Therefore, stationary points at (§, 0, — |) and 0, 
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The method of Lagrange multipliers does not lend itself easily to 
give a distinction between the various types of stationary points. In 
many practical applications, however, whether a result is a maximum 
or a minimum value will be apparent from the physical consideration 
of the problem. 

Let us finish with one further example. 

So move on 

Example 3 

A hot water storage tank is a vertical cylinder 
surmounted by a hemispherical top of the 
same diameter. The tank is designed to hold 
400 m 3 of liquid. Determine the total height 
and the diameter of the tank if the surface heat 
loss is to be a minimum. 

We first write down the function for the total 
surface area, A. 

A = . 




Because 

The surface area of the hemisphere is 27ir 2 , the area of the base of the 
tank is 71 r 2 and the area of the cylindrical side is Inrh, giving a total 
area of 37 rr 2 + 2tt rh. 

This is the function which has to be a minimum. The constraint in this 
problem is that. 


So we have 

constraint 
So let 

We now want 


the volume is 400 m 3 


A = 37rr 2 + 2irrh 
V = Trr 2 h+ ^TTt 3 = 400 

o 

9 

4> = wr 2 h + —7r r 3 — 400 = 0 

O 



(1) 

( 2 ) 
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we eventually obtain r =.and ft =. 

Finish it off and hence find the total height and the diameter. 


r = 4-243 m; ft = 4-243 m 


Check the working: 

~77“ + = 0 671T + lirh + X(Znrh + 27 rr 2 ) = 0 

dr dr v ' 

U + A^ = 0 27ir + Awr 2 = 0 

dh dh 

2 

From (4): A = — - Substitute this in (3) 

2 

671T + 27 r/z — — ( 27 irh + 2 ttt 2 ) = 0 

6r + 2h - 4ft - 4r = 0 ft = r 

2 5 

Also tit 2 /* + -7rr 3 = 400 -7rr 3 = 400 r = 4-243 

o o 

Total height = ft + r = 8-49 m; Diameter = 8-49 m 


(3) 

(4) 


That brings us to the end of this particular Programme and to the 
usual Revision summary that follows. Check through the Can 
You? checklist and be sure to revise any section should you feel that is 
necessary. Then you will find the Test exercise straightforward - no 
tricks. The Further problems provide valuable additional practice. 
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Revision summary 10 

1 Small increments 


2 

3 

4 


5 


6 


z = f(x,y) 6z = ^6x + ^6y 

u = f(x,y,z) 6u = ^6x + ^6y + ^Sz 

Rates of change 

. dz dz dx dz dy 

dt-s dt+^ d? 


dz 


dz 

fy. 


Implicit functions 

§--(§/ 

Change of variables 

z = f(x,y) x and y are functions of u and v 
dz dz dx dz dy 

du dx du^ dy du 

dz dz dx dz dy 

dv dx dv^ dy dv 

Inverse functions 
z = f{x,y) u=g(x,y) 


dx dv I _ 
du == dy /f; 


v = h(x,y) 
dx du 
dv 


dy 

dy __ dv J dy du 
du dx I dv dx 


I 


j 


where J = 


9(u, v) 
d(x,y) 


du dv 

dx dx 
du dv 

dy dy 


Stationary points 

z = fi*,y) (a) 

(b) 


dz 


dx 
'dfiz 


= 0 and 

d 2 z 


dz 


= 0 


dx 2 

d 2 z 




dy 2 

d 2 z 


px 2 ) \dy 


dy 
( d 2 z \ ^ 

\ pxd y ) > ^ ^° r max ‘ or m ^ n * 
( ffiz \ ^ 

\dxdy) <0 for saddle P oint 



d 2 z 

dx 2 


&z 

dx 2 



d 2 z V 
dxdy) 


= 0 no decision 

without further 
information 

both negative for maximum 


(Pz 

dx 2 


and 


d 2 z 

dy 2 


both positive for minimum. 
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Lagrange multipliers 

Two independent variables 

u = f(x, y) with constraint <j>{x,y) = 0 


Solve 


with 


du d(j) 
+ A 


dx 


dx 

d(j> 


0 
0 

(j>{x,y) = 0. 


du 

dy + dy 


Three independent variables 
u = f(x,y,z) with constraint <j>{x,y,z) = 0 


Solve 



with </>(x , y , z) = 0. 



Can You? 



Checklist 10 

Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that Frames 

you can: 

• Derive the expression for a small increment in an 
expression of two real variables using Taylor's theorem? f ty] to 

Yes □ □ □ □ □ No 

• Apply the notion of small increments in expressions in 

two and three real variables to a variety of problems? js| to (7| 

Yes □ □ □ □ □ No 


• Determine the rate of change with respect to time of an 
expression involving two or three real variables? 

Yes □ □ □ □ □ No 



• Differentiate implicit functions? 

Yes □ □ □ □ □ No 




• Determine first and second derivatives involving 
change of variables in expressions of two real variables? 

Yes □ □ □ □ □ No 
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• Use the Jacobian to obtain the derivatives of inverse 

functions of two real variables? [H3 to G!l 

Yes n n n n n no 

• Locate and identify maxima, minima and saddle points _ _ 

of functions of two real variables? [ 38 | to | 57 | 

Yes □ □ □ □ □ No 

• Solve problems where the independent variables are 
constrained by using the method of Lagrange 

undetermined multipliers for functions of two and _ _ 

three real variables? |Slito |#g3 

Yes □ □ □ □ □ No 



Test exercise 10 


If z = , show that 

x-y 

, N dz dz 
(a) x— + y— — z 
w dx r dy 


(b) x 


2 & Z 
dx 2 


2^ Z n 

y — = 0 


df 


d 2 z _ dz dz 
Z dxdy dx dy' 



2 Two sides of a triangular plate are measured as 125 mm and 160 mm, 
each to the nearest millimetre. The included angle is quoted as 60° ± 1°. 
Calculate the length of the remaining side and the maximum possible 
error in the result. 


3 


4 


If z— (x 2 6 — y 2 ) lf2 and x is increasing at 3*5 m/s, determine at what rate 
y must change in order that z shall be neither increasing nor decreasing 
at the instant when x = 5 m and y — 3 m. 


If 2x 2 + 4 xy + 3 y 2 = 1, obtain expressions 


UJ 



5 If u = x 2 + y 2 and v = 4 xy, determine 

dx dx dy dy 
dll' dv' du 9 dv ’ 

6 Determine the position and nature of the stationary points of the 

functions: 

(a) z = lx 2 y 2 + 4 xy 2 - 4 y 3 + 1 6y + 5 

(b) z = 4 — 25x 2 + 20 xy - 4 y 2 . 
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7 A rectangular storage tank is to have a capacity of 10m 3 . If the tank is 
closed and the top is made of metal half as thick as the sides and base, 
use Lagrange's method of undetermined multipliers to determine the 
dimensions of the tank for the total amount of metal used in its 
construction to be a minimum. 

8 Use Lagrange's method of undetermined multipliers to obtain the 
stationary values of u = x 2 + y z + z 2 subject to the constraint 

(j> = 3x - 2y + z - 4. 



Further problems 10 


1 If z = 2x 2 - 3 y with u = x 2 si ny and v = 2ycosx, determine expressions 


dz 

for 7 ^- and 
du 


dz 

dv 



If z = f(x,y) where x = uv and y = u z - v 2 , show that 

, . n dz dz dz dz 

(a) 2x — + 2 y— = u— + v— 
dx dy du dv 

„dz 1 f dz dz] 

m 2 * = «nfTn“ar v *j- 


4 If V = f(x, y) and x = rcosO and y = rsin0, show that 

d 2 v d 2 v _ cPv idv i d 2 v 

dx 2, dy 2 dr 2 r dr r 2 d6 2 


5 


If z = cosh 2x sin 3y and u = e x (l-hy 2 ) and v = 2ye~ x , 

dx dx dy dy < 9 z 

expressions for — , — , ~~, and hence find — and 
r du dv du dv du 


determine 

dz 

dv * 


6 If z = f(u, v) where u = \ {x 2 — y 2 ) and v = xy, prove that 

d 2 z d 2 z / d 2 z d 2 z \ d 2 z dz 

dx 2 dy 2 \du 2 dv 2 ) ^ dudv du * 

7 Locate the stationary points of the following functions. Determine the 
nature of the points and calculate the critical function values. 

(a) z = y 2 + xy + x 2 + 4y — 4x + 5 

(b) z = y 2 + xy + 2x + 3y + 6 

(c) z = 3 xy - 6y 2 - 3x 2 -f 6y + 6x + 7. 
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8 Find the stationary points of the function 

z = (x 2 + y 2 ) 2 - S(x 2 - y 2 ) 
and determine their nature. 

9 Verify that the function z = (x + y - l)/{x 2 + 2 y 2 + 2) has stationary 
values at (2, 1) and (-§, - ^) and determine their nature. 

10 Locate stationary points of the function 

z = 4x 2 + lOxy + 4 y 2 - x 2 y 2 
and determine their nature. 

11 Find the stationary points of the following functions and determine 
their nature. 

(a) z = x{x 2 - 3) + 3 y(x - 1 f + 18y 2 (2y - 3) 

(b) z = x 2 y 2 -x 2 -y 2 . 

12 Find the stationary points of the following functions and determine 
their nature. 

(a) z = (x - y) (x 2 + xy + y 2 ) 

(b) z = 6 - x 2 + 8 xy - 1 6y 2 

(c) z = cos(x 2 + y 2 ). 

13 A metal channel is formed by turning up the sides of width * of a 
rectangular sheet of metal through an angle 6. If the sheet is 200 mm 
wide, determine the values of x and 6 for which the cross-section of the 
channel will be a maximum. 

14 A container is in the form of a right circular cylinder of length l and 
diameter d, with equal conical ends of the same diameter and height h. 
If V is the fixed volume of the container, find the dimensions l, h and d 
for minimum surface area. 

15 A solid consists of a cylinder of length l and diameter d, surmounted at 
one end by a cone of vertex angle 26 and base diameter d, and at the 
other end by a hemisphere of the same diameter. If the volume V of the 
solid is 50 cm 3 , determine the dimensions l, d and 6 so that the total 
surface area shall be a minimum. 

16 A rectangular solid of maximum volume is to be cut from a solid sphere 
of radius r. Determine the dimensions of the solid so formed and its 
volume. 

17 Use Lagrange's method of undetermined multipliers to obtain the 
stationary values of the following functions u, subject in each case to 
the constraint </>. 

(a) u = x 2 y 2 z 2 <j> = x 2 + y 2 -b z 2 - 4 = 0 

(b) u = x 2 + y 2 <j> = 4x 2 + 6xy + 4 y 2 = 9. 


Partial 
differential 
equations 

Learning outcomes 

When you have completed this Programme you will be able to: 

• Summarise the introductory methods of solving ordinary differ¬ 
ential equations 

• Solve partial differential equations that are amenable to solution by 
direct integration 

• Apply initial and boundary conditions 

• Solve the one-dimensional wave and heat equations by separating 
the variables and obtaining eigenfunctions and corresponding 
eigenvalues 

• Solve the two-dimensional Laplace equation in Cartesian coordi¬ 
nates 

• Recognise the need for alternative coordinate systems and solve the 
two-dimensional Laplace equation in plane polar coordinates 



1 


Frames 

to 



Prerequisite: Engineering Mathematics (Fifth Edition) 

Programmes 24 First-order differential equations and 
25 Second-order differential equations 


a 

J 





Partial differential equations 

Introduction 


The formation of ordinary linear differential equations and their 
solution by various methods were covered in some detail in 
Programmes 24 and 25 of Engineering Mathematics (Fifth Edition), and 
reference to these before undertaking the new work of this Programme 
could be beneficial - especially Programme 25 which dealt with 
second-order equations. Working through the Test exercise of that 
Programme would provide worthwhile revision. 

The main results obtained are listed here for convenience and easy 
reference. 


d 2 y dy 

1 Equations of the form -b b-^ + cy = 0 


Auxiliary equation am 2 + bm + c = 0. Solutions depend on the roots of 
this equation. 

(a) Real and different roots: m = m\ and m = 


Solution y = AeF 11 * + Be?* 2 * 



(b) Real and equal roots: m = mi (twice) 
Solution y = e miX (A + Bx) 



(c) Complex roots: m = a±jfi 

Solution y = e ax (A cos fix + B sin fix) 



d 2 

2 Equations of the form ± n 2 y = 0 


(a) + n 2 y = 0 m 2 + n 2 = 0 ,\ 

Solution y — A cos nx + B sin nx 

(b) - n 2 y = 0 m 2 -n z = 0 


7 7 

m = —n 


m = ±jn 


m 2 = n 2 


m = ±n 


Solution y = A cosh nx + B sinh nx 
or y = Ae nx + Be~ nx 
or y = A sinh n(x + <f>) 



In each case, A and B are arbitrary constants depending on the initial 
conditions, and in the last form <j> is an arbitrary constant. 
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Partial differential equations 


A partial differential equation is a relationship between a dependent 
variable u and two or more independent variables (x, and 

partial derivatives of u with respect to these independent variables. 
The solution is therefore of the form u = f{x, .). 

Solution by direct integration 

The simplest form of partial differential equation is such that a 
solution can be determined by direct partial integration. 


Example 1 


d 2 u 


Solve the equation = 12* 2 (£ + 1) given that at x = 0, u = cos 2 1 and 
du 

— = sin t. Notice that the boundary conditions are functions of t and 
dx 

d 2 u 

not just constants. = 12x 2 (t + 1). Integrating partially with respect 

du 

to x, we have — = 4 x s (t + 1) + <j>{t) where the arbitrary function <j>(t) 

l/A 

takes the place of the normal arbitrary constant in ordinary 
integration. Integrating partially again with respect to x gives 


u = 



u = x 4 (t + 1 ) + X(j>(t) + 0(t) 


where 6(t) is a second arbitrary function. 

To find the two arbitrary functions <j>{t) and 6(t), we apply the given 

initial conditions that at x = 0, ^ = sin t and u = cos 2t. Substituting 

dx 

these in the relevant equations gives 

<Kt) =.; 0(f) =. 
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Because 

d 2 u . , . du . . , .. . 

— = sin(x + y) — = -cos {x + y) + <f,(x). 

du 

Aty = 0, — =1 .*. l = -cos* + <£(*) .*. <£(*) = 1 +cos* 

75 - = -cos(* + y) + 1 + cos* 

<9* 


Integrating again partially, this time with respect to x, we have 
u = — sin(* + y) 4- * + sin* + 0(y) 

But at x = 0, u = (y— l) 2 . (y - l ) 2 = - siny + 0(y) 

0 (y) = (y - l ) 2 + smy 

m = - sin(* + y) + * + sin* + siny + (y - l ) 2 


Initial conditions and boundary conditions 

As with any differential equation, the arbitrary constants or arbitrary 
functions in any particular case are determined from the additional 
information given concerning the variables of the equation. These 
extra facts are called the initial conditions or, more generally, the 
boundary conditions since they do not always refer to zero values of the 
independent variables. 

Example 3 

d^u 

Solve the equation = sin*cosy, subject to the boundary condi¬ 
tions that at y = ^ = 2 * and at * = 7 r, u = 2 siny. 

Work through it: it is easy enough, u = . 



On to the next frame 
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Before we take a closer look at some of the more important partial 
differential equations occurring in branches of technology, let us 
recall the fact that if u = u\, u = U 2 f u = u^ f ... are different solutions of 
a linear partial differential equation, so also is the linear combination 

U = C\U\ + C2U2 + C3Z/3 + . • • 

where c\ t C2, C3, ... are arbitrary constants. 

There are many types of partial differential equations, some 
requiring special treatment in their solution. In this Programme we 
are concerned with a restricted number of such equations that occur in 
branches of science and technology, which can be solved by the 
method of separating the variables, and which also link up with the 
work we have done on Fourier series techniques. 

Let us make a new start 


The wave equation 



Consider a perfectly flexible elastic string stretched between two 
points at x = 0 and x = l with uniform tension T. If the string is 
displaced slightly from its initial position of rest and released, with the 
end points remaining fixed, then the string will vibrate. The position 
of any point P in the string will then depend on its distance from one 
end and on the instant in time. Its displacement u at any time t can 
thus be expressed as u — f(x, t) where x is its distance from the left- 
hand end. 


The equation of motion is given by 


d 2 u _ 1 d 2 u 
dx 2 c 2 dt 2 * 


T 

where c 2 = — in 
P 


which T is the tension in the string and p the mass per unit length of 


the string. The displacement of the string is regarded as small so that T 


and p remain constant. 


Now let us deal with the solution of this equation. 


On to the next frame 
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ition of the wave equation 

d 2 u 1 d 2 u 

The new equation ^ ‘ ^2 has a solution u ( x > f )- 


Boundary conditions: 

(a) The string is fixed at both ends, i.e. at x = 0 and at x = l for all 
values of time t. Therefore u(x,t) becomes 


u(0 , t) = 0 
u(l, t) = 0 


for all values of t > 0 


Initial conditions: 

(b) If the initial deflection of P at t = 0 is denoted by f(x), then 

u(x, 0) = f(x) 

(c) Let the initial velocity of P be g(x), then 



So now we have listed all the information available from the question. 
Next we turn to solving the equation. 


Solution by separating the variables 

We assume a trial solution of the form u(x, t) = X(x)T(t) where 

X(x) is a function of x only 
T(t) is a function of t only. 


If we simplify the symbols to u — XT and denote derivatives with 
respect to their own independent variables by primes, we have 


u = XT 



and 

and 



. d 2 u 1 d 2 u , , 

The wave equation can then be written as 
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X"T = 



, , , , . X" 1 T" 

and this can be transposed mto — = ^ — 

Notice that the left-hand side expression involves functions of x 
only and that the right-hand side expression involves functions of t 
only. Therefore, if these two expressions are to be equal for all values 
of the separate variables, then both expressions must be equal to 



a constant 


Denote this arbitrary constant by k. Then we have 


X" 

X 


= k 


X"-kX = 0 


and 

and 


c^‘T = K 
T" - c 2 kT = 0 


Let us consider the first of these two equations for different values of k . 

(1) If k = 0, X" = 0 X f = a X = ax + b. 

But X = 0 at x = 0 b = 0 X = ax 
and X = 0 at x = l a = 0 

X = 0 which is not oscillatory as the problem requires it to be. 

(2) If k is positive, let k=p 2 .\ X" - p 2 X = 0. 

The auxiliary equation is therefore m 2 - p 2 = 0 m 2 = p 2 

m — ±p 

X = AeP*+Be-* x 

But X = 0 at x = 0 0 +B B =-A 

and X = 0 at x = / 0 = Ae pl - Ae~ pl 0 = A(e pl - 

.*. A = 0 A = B = 0 
Here again X = 0 which is not oscillatory. 

(3) If k is negative, let k = —p 2 .'. X " +p 2 X = 0. 

This is one of the standard equations listed at the beginning of the 
Programme and gives a solution 

X = A cos px + B sinpx ( 1 ) 

which fits the requirements. 

The second equation T" — c 2 kT — 0 therefore now becomes 


I a = b = 0 
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T" + c 2 p 2 T = 0 



because the same value for k must apply. This equation is of the same 
form as before and gives the solution 

T = C cos cpt + D sin cpt (2) 

So our suggested solution u = XT now becomes 
u(x> t) = (A cos px + B sinpx) (C cos cpt + D sin cpt) 

and, if we put cp = A p = -, this becomes 


u(x, t) 


Acos-x + Bsin-x 
c c 


(C cos At + D sin At) 



where A, B, C, D are arbitrary constants. 

The result, of course, must satisfy the set of boundary conditions 
which we now turn to. 

(a) u = 0 when x = 0 for all values of t. From this, we get 


A = 0 



Because, substituting u = 0 and x = 0 in result (3) above 
0 = A(C cos \t+ D sin \t) for all t >4 = 0 

u{x, t) =Esin-*(CcosAt + DsinAt) 

(b) u = 0whenx = l for all t 0 = B sin—(Ceos At+ D sin At) 

Now £ / 0 or u(x , t) would be identically zero. sin — = 0. 

c 


.*. — = titt where n = 1, 2, 3,... .*. A = —for n = 1, 2, 3,... 

c / 

Note that we exclude n = 0 since this would also make m(x, t) 
identically zero. 
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As we can see, there is an infinite set of values of A and each separate 
value gives a particular solution for u(x,t). The values of A are called 
the eigenvalues and each corresponding solution the eigenfunction. 


Putting n = 1, 2, 3,... we therefore have 



Note that the constant B has been absorbed into the constants C and D 
so that BC = C n and BD = D n , where Ci, C 2 , C 3 ,... and D \, D 2 , D 3 ,... 
are arbitrary constants. 

Since the original wave equation is linear in form, we have already 
noted that if u = U\, u = U 2 , u = u$... are particular solutions, a more 
general solution is 



The more general solution is therefore 

, f vV . rirx ( rent . 
u(x, t) = 2^u r = sm— I C r cos —- + D r sin 

We still have to find C r and D r and for this we use the initial con¬ 
ditions which we have not yet taken into account. 

(c) At t = 0, u{x, 0) = f(x) for 0 < x < l 

OO y 

Therefore from (4), u(x, 0) = f(x) = ^ C r sin —. 

r—1 



3u 

(d) Also at t = 0, — = g(x) for 0 < x < l 

0 

We therefore differentiate (4) with respect to t and put t = 0, 
which gives 
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Because 


du ^ . next _ 
dt l \ 

r— 1 ^ 

du 


tc-k . rent ,, rc7r rent 
sm^^ + D r —cos 


l 


l 


GO 


l Z 
rCTT . T 7 TX 


With f = 0 , — = g(x) = Y^ D r— sin 


r=l 


z 


z 


^W=y^ D '' rsi 


oo 


sm 


ri tx 


r= 1 


l 


Finally we can draw on our knowledge of Fourier series techniques 
to determine the coefficients C r and D r . 


tttX 


C r = 2 x mean value of f{x) sin -y- between x = 0 and x = l 


■■■ *-?£«•> 


• r7rA: j 

sm-j-Qx 


r = 1, 2, 3,... 


and d/-^- = 2 x mean value of #(x) sin ^ between a: = 0 and x = l 


■ - Dr= jk \ g( * x) si 

TCK JO 


TTCX , 

sin—dx 


Z 


r= 1, 2, 3,... 


The general solution (4) then becomes 

rirw 

T 


«(*, t) = |^y f{w) sin 

2 r* 

— g( w ) si 
^Jo 


dw 


rc7rt . T'kx 
cos-^— sm 


Z 


Z 


T7TW , 

sm—— dw 


. rC7Tt . T7TA: 

sm—r- sin 


z 


z 


} 


( 5 ) 


Notice that the variable of integration has been changed from x to w 
because we wish to use the variable x in the final expression for u(x, t). 
The value of a definite integral depends only on the limit points of the 
integral and we are free to use any symbol that we desire for the 
variable of integration - we call such a variable a dummy variable. 
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At first sight, the solution seems very involved, but it can be 
analysed into a definite sequence of logical steps. Given the equation 
and relevant initial and boundary conditions, we go through the 
following stages. 

(a) Assume a solution of the form u = XT and express the equation in 
terms of X and T and their derivatives. 

(b) Transpose the equation by separation of the variables and equate 
each side to a constant, so obtaining two separate equations, one 
in x and the other in t. 

(c) Choose k = —p 2 to give an oscillatory solution. 

(d) The two solutions are of the form 

X = A cos px + B sin px 
T = C cos cpt + D sin cpt 

Then u(x, t) = {A co spx + B sin px}{C cos cpt + D sin cpt}. 

(e) Putting cp = A , i.e. p = - f this becomes 

*j{C cos At + D sin At}. 

(f) Apply boundary conditions to determine A and B. 

(g) List the eigenvalues and eigenfunctions for n = 1 , 2, 3,... and 
determine the general solution as an infinite sum. 

(h) Apply the remaining initial or boundary conditions. 

(i) Determine the coefficients C r and D r by Fourier series techniques. 

Make a list of these steps: then we can follow them with an example. 

Example 

u(x f 0 ) A stretched string of length 20 cm 

is set oscillating by displacing its 

mid-point a distance 1 cm from 

its rest position and releasing it 

with zero initial velocity. Solve 

0 10 20 x q 2 u 2 d 2 u 

the wave equation —= -=■ - —^ 

dx 2 c 2 dt 2 

where c 2 = 1 to determine the resulting motion, u(x, t). 

First we make a list of the boundary conditions from the data given in 
the question. 



u(x, t) = | A cos ^x + B sin ^ 


u(0 , t) = 
u(x, 0) = 


; i/(20, t) = 
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U(x, 0 ) 



Now we can apply our 
sequence of operations 
which we listed. 


So move on 



Assume a solution u = XT where X is a function of x only and T is a 

d 2 u d^u 

function of t only. Then the equation (since c = 1) 

dx L dt z 



becomes 




Because 
u = XT 
and 


du 

dx 

du 

dt 


=X f T 


= XT f 


d^u 
dx 2 
dPu 
dt 2 




= XT " 


_d 2 u 
dx 2 dt 2 


X"T = XT" 


(b) Next we rearrange the equation to separate the variables, giving 



X T 



(c) Since the two sides are equal for all values of the variables, each 
must be equal to a constant k and to give an oscillatory solution we 
put k = —p 2 . The two separate equations then are written 

. and . 
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(d) These have solution X = 

T = 

so that u(x, t) = . 


X = A cos px+B sin px\ T — C cos pt + D sin pt 
u(x, t) = {A cos px + B sin px}{C cos pt + D sin pt} 

(e) We normally now put cp = A, but in this case c = 1 p = A and 



(f) Now we determine A and B from the boundary conditions. 

(1) i/(0, t)=0 0 =A (Ceos At + D sin At) >4 = 0 

u(x, t) =B sin A x(C cos A t + D sin At) 

(2) i/(20, t) = 0 0 = B sin 20A(C cos A t + D sin At) 

B ± 0 or u would be identically zero. sin20A = 0. 

tin 


20A = tin A = 


20 


z n . titt f_ mr _ . tin 1 
. . U{x, 0 = sm—xjPcos—f + Qsm—f !• 

where P — B x C and Q = B x D. 

(g) The next step is to list the eigenvalues and eigenfunctions. 



Eigenvalues 

Eigenfunctions 

n 

777 T 

A “20 

u(x, t) = sin Ax{P cos At + Q sin At} 

i 

x - * 

Al 20 

. 7 TX f irt . 7 Tf'| 

“ , “ S,n 20r lC “2O + <iSm 20i 

2 

A - 2?r 

2 20 

. 2nx ( 2irt . 2nt\ 

U2 = sin 20 20 + sm 201 

3 

• 

3 20 

* 

. 37 rx f 37 rt . 37 rtl 

«3 = sm—— < P3 cos—— + Q3 sin— > 

20 [ 20 20/ 

• 

• 

r 

• 

A r = t7r 

20 

• 

• 

. rirx f nt . rwt\ 

20 cos 20 +sm 20} 


oo 


• “(*' f ) = E sin ^ { Pt cos ^ ^ sin 


T— 1 


U = Wi + «2 + »3 + - • • 
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u(x, 0) = y^P r sin 


TKX 


Then P T = 


r'KX 


2 x mean value of f(x) sin between x 
2 f 20 rnx 

= 20 Jo mSm 20^ 


= 0 and x = 20 


. rnx . 

S m—^ 


10P r = 


X . T7TA: , 

10 sm 20 d): + 


20 20 - x . rnx , 

-sm—cut 

10 10 20 


_( w x . 

Jo 10 S1 


• nx j 
Sln 20^ = 



_ 20 T7r 40 / . . r7r\ 


ir . n 20 T7T 40 . T7T 20 T7T 40 
Then 10P r =-cos—+ -^-^sin—H-cos— 


2 ' rV 2 1 ttt 


4U / . . T7T 

- -rr-T Sin T7T - sm — 
r z 7 r 2 V 2 > 


r 2 7 r 2 


For r = 1, 2, 3,... P T = -J^sin^ 

r z 7r z 2 

. / ^ . r^x f 8 . r? r r?rt _ . rTrf 

.. «(A£,f) = 2 _]sm—c-^-^sin—cos—+ Qrsm— 


20 I r 2 7r 2 


(2) Also at f = 


0 - 
' at 
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00 


Atf = 0, O^sin^ag ••• Qr = 0 

r= 1 


So finally we have u(x , t) = 


z . 8r^l , rra . tit rnt 

M ( x > f ) = rz 2^ ^ sm ^ sm ^ cos 


7 

r=l 


20 


20 


And that is it. 

Now let us turn to a slightly different equation, but one for which 
the method of solution is very much along the same lines. 


The heat conduction equation for a 
uniform finite bar 

The conduction of heat in a uniform bar depends on the initial 
distribution of temperature and on the physical properties of the bar, 
i.e. the thermal conductivity and specific heat of the material, and the 
mass per unit length of the bar. 

With a uniform bar insulated except at its ends, any heat flow is 
along the bar and, at any instant, the temperature u at a point P is a 
function of its distance x from one end and of the time t. 



The one-dimensional heat equation is then of the form 
d 2 u _ 1 du 

dx 2 c 2 dt 1 

k 

where c 2 = — in which k = thermal conductivity of the material; 

<rp 

a = specific heat of the material; p = mass per unit length of the bar. ^ 
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You will already have noticed that the heat equation differs from 
the wave equation only in the fact that the right-hand side contains 
the first partial derivative instead of the second. It is not surprising 
therefore that the method of solution is very much like that of our 
previous examples. 

Solutions of the heat conduction equation 

Consider the case where 

(a) the bar extends from x = 0 to x = Z 

(b) the temperature of the ends of the bar is maintained at zero 

(c) the initial temperature distribution along the bar is defined by f(x). 



The boundary conditions can be expressed as 


u( 0, t) = 0 and i/(Z, t) — 0 for all t > 0 
u(x, 0) = f(x) for 0 < x < Z 



As before, we assume a solution of the form u(x, t) = X(x)T(t) where 


X is a function of x only 
T is a function of t only. 


d^u 1 du 

Then, starting with u = XT we can write the equation ■ — 

terms of X and T, and separating the variables, we obtain 


m 


X" IT 

~X~d*‘T 



Arguing as before, since the left-hand side is a function of x only and 
the right-hand side a function of t only, for these to be equal each side 
must equal the same constant. Let this be (—p 2 ) as before. 

— = -p 2 /. X" + p 2 X = 0 giving X = A co spx -f B sin px 
X 

and 4 ^ = ~P 2 T'+p 2 c 2 T = 0 giving T = . 

C Ji 
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T = Ce-f c2t 

Because 

- -p 2 ^ In T = -p 2 c 2 t + Ci T — Ce~ pZcZt 
T 

u(x , t) = XT = {A co spx + B sin px} Ce~ p2 ° 2t 

u(x , t) = {P cosp* + Qsin px}e~ p2c2t where P = AC and Q = BC 

Now put pc = A p = — 

u(x,t) = <Pcos-* + Qsin-* 

I c c 

Applying the boundary condition i/(0, t) = 0 gives 

... and . 



P = 0 and t) = Qe A2f 



sin— a: 
c 


Also u(l , t) = 0 and from this we get 



77C7T 

A=_ r 


for t? = 1, 2, 3,... 


Because 

if u = 0 when x = l, 0 = Qe~ xZt sin— 

c 

Q ^ 0 or u(x, t) would be identically zero sin— = 0 

c 

XI x 7ZC7T „ „ 

— = ri7r A = — — 77 = 1,2,3,... 

c Z 
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Now we can compile the table of eigenfunctions. 


new 


2C7T 

T 

3C7T 

~T 


. . _\2 f . nirx 

u(x, t) = Qe sm -y- 

m = Qie _A i f sin^ 

_ _\ 2 f . 2i tx 
u 2 = Qj£ 2 sin— 

^ _ A 2 f . 37 TX 
U3=(he A 3 r S in— 


A r = 


rc7r 


_ _ X 2 t . rTr* 
u r = Qj e Arr sm— 


— Z/l T 1/2 T H 3 T • • • 


00 r 

u ( x > f ) = Si 

r=l ^ 


~ _ A 2 t . tTTX 
Qre Arr sm— — 


The remaining boundary condition still to be applied is that when 
t = 0, u(x, 0) = f(x) 0 <x<l 
This gives f(x) = . 



and from our knowledge of Fourier series techniques: 
Qr = . 


f'jlX 

Qr = 2 x mean value of f(x) sin-y- from x = 0 to x = l 


2 r 1 

Qr = 7 f(x) sin^^ch: and the final solution becomes 
I Jo I 


n tx 


u(x, t)= J 


X • rim A 1 -A 2 t • rirX \ 

ilU e sm— f~j 


TC7T 


where A r = — r = 1, 2, 3, . 


Now on to the next frame for an example 
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Example 

A bar of length 2 m is fully insulated along its sides. It is initially at a 
uniform temperature of 10°C and at t = 0 the ends are plunged into 
ice and maintained at a temperature of 0°C. Determine an expression 
for the temperature at a point P a distance x from one end at any 
subsequent time t seconds after t = 0. 

10 
U(x, 0) 

0 2m x 

10 
u(x, t) 

0 




d^u 1 du 

We have the heat equation = — • — with the boundary conditions 


and 


u(0, t) = 0; u(2, t) = 0; u(x, 0) = 10 


Assuming a solution of the form u = XT, we know that this gives for 
this equation X = A cos px+B sin px 

and T = Ce-f cH 


so that the general solution is 
u(x, t) = {P cos px + Q sin px}e~ pZc2t 

If we now write pc = X, p = - and the solution becomes 

c 


u(x,t) = |pcos^x + Qsin^xji 


a H 


Applying the first two of the boundary conditions gives us 
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P = 0 and u(x, t) = |q sin 




Because 


u(0, t) = o 0 = Pe~ xH P = 0 


u(x, t) = |Qsin^xle 


-\ 2 t 


Also u(2 


, t) = o o = XqsI 


= |q single AZ( 


^ ^ . 2A ^ 2A . new , _ „ 

Q^O sin— = 0 — = «7r A = —- n= 1,2,3,... 

c c z 


u(x, t) = 


|Qsi 


. TlTTXy _ A 2 t 

sin-^- >e A 1 


There is, of course, an infinite number of such solutions with different 
values of n. We can write the solution so far therefore as 

u(x, t) = . 



Finally, there is the remaining initial condition that at t = 0, u = 


u(x, 0) = f(x) = 10 = 


. ri tx 
sin—— 


Tmx 

where Qr = 2 x mean value of 10 sin-^- from x = 0 to x 

Qr =. 



= 0 (r even) and — (r odd) 

Ttt 

Therefore the required solution is 

u(x, f) = 
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oo 


/ -v 40 

77 r(odd)=l 


1 . T7TX 

-sin-— 
r 2 



where A r = 


rC7T 

“2~ 


r— 1,3,5,... 


By now you will appreciate that the approach to all these problems is 
very much the same, as indeed it still is with the next important 
equation. 


Laplace's equation 


The Laplace equation concerns the distribution of a field, e.g. 
temperature, potential, etc., over a plane area subject to certain 
boundary conditions. 



The potential at a point P in a plane can be indicated by an ordinate 
axis and is a function of its position, i.e. z = u(x, y) where u(x, y) is the 


solution of the Laplace two-dimensional equation 


cPu cPu 
dx z + dy 2 


Let us consider the situation in the next frame 
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Solution of the Laplace equation 



for the rectangle bounded by the lines x = 0, y = 0, x = a, y = b, 


subject to the following boundary conditions 

u = 0 when x = 0 0 <y <b 

u = 0 when x = a 0 <y <b 

u = 0 when y — b 0 <x< a 

u = f(x) when y = 0 0 < x < a 

i.e. u(0, y) = 0 and u(a, y) = 0 for 0 <y <b 
and u(x, b) = 0 and u(x, 0) = f(x) for 0 < x < a. 

The solution z = u(x, y) will give the potential at any point within the 
rectangle OPQR. 

We start off, as usual, by assuming a solution of the form 
u(x, y) = X(x)Y(y) where X is a function of x only and Y is a function 
of y only. We now express the equation in terms of X and Y and 
separate the variables to give 




Putting each side equal to a constant (— p 2 ) gives two equations 
X"+p 2 X = 0 and Y"-p 2 Y = 0 
X" +p 2 X = 0 has a solution X =. 
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X = A co spx + B si npx 



In the introduction to this Programme we said that the equation 
Y"-p 2 Y = 0 has a solution of the form Y = C coshpy + D sinh py 
which can also be expressed as Y = E sinh p(y + <j>). 

/. u(x, y) = {A cos px + B sin px}E sinh p(y + <j>) 
u(x, y) = {P cos px + Q sin px} sinh p(y + <f>) 

Now we apply the first of the boundary conditions. 

u(0, y) = 0 .*. 0 = Psinhp(y + 6) P = 0 
.'. u(x, y) = Q sin px sinh p(y + <£) 

From the second boundary condition, we have 

a(a, y) = 0 0 = Q sinpfl sinh p(y + $) sin pa = 0 

pa = H7 t for 7? = 1, 2, 3,... 

tl7T 

If we write A = p then A = — and u(x, y) = Q sin Ax sinh A (y + <j>) 

& 

Now from the third condition 

u(x, b) = 0 from which we have . 


m(x, y) = Q sin Ax sinh A (b — y) 


Because 

0 = QsinAxsinhA(& + <^) sinh X(b + </>) = 0 <fi = -b. 
u(x, y) = Q sin Ax sinh A (y - b) 

sinh A(y - b) = - sinh A (b -y) u(x, y) = Q sin Ax sinh A (b - y), 
the minus sign being absorbed in the symbol Q whose value has yet to 

tl7T 

be found. Now A = — with n = 1, 2, 3,... and there is therefore an 

a 

infinite number of values for A and hence an infinite number of 
solutions for u(x, y). Therefore, again using u = u\ + U 2 + W3 +... we 
have u(x, y) = . 
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u(x , y) = ^2 Or sin sinh X r (b - y) 

r=l 

Now there remains the fourth boundary condition to be applied. 

00 

u(x, 0) = f(x) f(x) = X^QrS inA r * sinh X T b 

r = 1 

Qr sinh A r & = 2 x mean value of f(x) sin A r x from a: = 0 to x = 

2 ( a 

= - fix ) sin X T x dx 
a Jo 


2 [ a 

= -\ f(*)s i 

0 Jo 


. r7rx 
sm —dx 
a 


from which the coefficients Qr can be found. 

Let us work through an example with numerical values. 

Example 

d 2 u d 2 u 

Determine a solution u{x, y) of the Laplace equation + ^2 = ^ 

subject to the following boundary conditions 

u = 0 when x = 0; u = 0 when x = n 
u —» 0 when y —» 00 ; u = 3 when y = 0 

As always, we begin with u(x, y) =X{x)Y(y), rewrite the equation in 
terms of X and Y and separate the variables. The equation then 
becomes 



Equating each side to —p 2 , we have X" + p 2 X = 0 and Y" —p 2 Y = 0. 

X" 4 - p 2 X = 0 has a solution . 


X — A cos px + B sin px 

The solution of Y" — p 2 Y = 0 can be stated in three different forms 
Y = Ccoshpy + Dsinhpy; Y = Y = Csinhp(y + (f>) 

On this occasion, we will use the second one 

Y = CeW + De~ py 

Then u(x, y) = {A cos px + B sin px}{Ce^ + De^} 

Application of the first boundary condition u( 0, y) = 0 gives 

. and . 
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A = 0 and u(x, y) = sin px{PeF? + Qe 


Because 

0 = A{C<w + De-W} A = 0 

and u(x, y) =B sin px{C^ + De = sin px{P + Qe 

The second boundary condition u(n, y) = 0 then gives 




Because 

u = 0 when x = it 0 = sinjp7r{P^ + Qe - ^} 

sin/?7r = 0 .'.p'K — ri'K :.p = n n= 1,2,3,... 
i/(*, y) = sin n* {Pe^ + Qe - ^} 

The third condition is that u —► 0 as y —> oo. 

Because —» 0 as y —» oo then 0 = sin/r^Pe”*'}, so that P = 0 

m(*, y) = Qe _w>/ sintt* 

But n can have an infinite number of values giving an infinite number 
of solutions 

u\ = Qxe~ y sin x 

U 2 = Q2^ _2>/ sin 2* 

1/3 = Q3e -3y sin 3x 



u T = Qre v sin rx 

So the solution at this stage can be written as 

«(*# y) = . 


u(x, y) = V Q-e r> ' sin rx 

r=l 


Now we turn to the final boundary condition that u = 3 when y = 0. 

00 

3 = Qr sin rx from which we obtain 

r= 1 

Qr —.- 







Partial differential equations 


Qr = 0 (r even); Qr = — (r odd) 

T'K 


Because 


= 2 x mean value of 3 sinrx between x = 0 and x = 

2 r 6 [ CO srxV 6 

= - 3 sm rx dx = --= — (1 - cos m) 

Jo 


.\ Qr = 


0 (r even) and — (r odd) 

T7T 


u(x, y) = 


u(x, y) 


12 

V —e _7y sin rx r= 1,3,5,... 

Z—/ xil 

r (odd)=l 

— {e~ y sinx + ~e~* y sin 3x + \e~ Sy sin 5x + ... 1 
7T f 3 5 J 


Laplace's equation in plane polar 
coordinates 

Laplace's equation 

d 2 u(x, y) d 2 u(x, y) _ Q 
dx 2 dy 2 

is often referred to as the potential equation because such physical 
entities as the electrostatic and gravitational potentials can be shown 
to satisfy it. It is an equation that is commonly met in science and 
engineering. Solving this equation inside a region of the x-y plane 
subject to some specified condition applied to u(x, y) on the boundary 
of the region is known as a Dirichlet problem. To solve this Dirichlet 
problem we proceed, as we have seen, by separating the variables to 
find the general solution and then matching up the general solution 
to the boundary conditions to find the specific solution. However, the 
process of finding the specific solution from the general solution is 
very sensitive to the shape of the boundary, and difficulties can arise if 
the symmetries of the boundary do not match the symmetries of the 
coordinate system used. For example, if the region under considera¬ 
tion is bounded by the circle 

x 2 + y2 = a 2 

employing Cartesian coordinates will create difficulties when we come 
to match up the general solution in Cartesians to the boundary 
conditions on the circular boundary. To avoid such difficulties we 
choose a coordinate system that has the same symmetries as the 
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boundary where the coordinate symmetries are exhibited when we let 
one variable vary while keeping all the others constant. The Cartesian 
coordinate system (x, y) produces straight lines x = constant as y varies 
and y = constant as x varies. The plane polar coordinate system (r, 0), 
on the other hand, produces circles r = constant when 0 varies and so 
is suitable for dealing with circular boundaries in the plane. 



r= constant 



Before we attempt to find the solution we must pose the problem from 
the beginning in terms of the coordinates that are appropriate to the 
boundary conditions. This means, of course, that Laplace's equation 
must also be given in the same coordinates. To convert Laplace's 
equation from its current form in Cartesians (x, y) to a new form in 
plane polar coordinates (r, 0) where 

x = rcos0 and y — r sin# 

requires manipulations using Frame 11 onwards of Programme 10. We 
shall not go into this here, suffice it to say that in plane polar 
coordinates Laplace's equation is 

d 2 v(r , 0) 1 <9v(r, 0) 1 ^ 2 v(r, 0) _ 

dr 2 r dr r 2 d0 2 

where v(r, 0) is the expression obtained by changing the coordinates 
in u(x, y) using x = r cos 0 and y = r sin 0. 

We shall now pose the problem anew in the next frame 

54f§ The problem 

Find the solution to 

d 2 v{r, 0) 1 9 v(r, 0) 1 d 2 v{r, 0) 

dr 2 r dr r 2 d0 2 

in the circular region x 2 + y 2 = a 2 (that is, for 0 < r < a) of the plane 
where 

1 v(r, 0) is finite for 0 <r < a and for all 0 

2 v(a, 0) = f{0) - the condition on the boundary of the circular 
region 

3 0 is unbounded but v(r, 0 + 27r) = v(r, 0) for 0 < r < a. That is, 
though 0 can take any finite value, the value of v(r, 0) repeats itself 
as 0 winds round every 27r. 

► 
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Separating the variables 

The variables are r and 0 and we assume they are separable and write 
v(r, 0 ) =R(r)G( 0 ). This form is then substituted into Laplace's 

r 2 

equation and the entire equation multiplied by - , — ^ to obtain 

R(r)Q( 0 ) 

.= 0 


r 2 d 2 R(r) r d R(r) 1 d 2 ©( 0 ) _ 
R(r) dr 2 R(r) dr + ©( 0 ) d0 2 ~ 


Because 


Substituting R(r)Q(0) for v(r, 9 ) gives 
d 2 R(r)O( 0 ) 1 dR(r)Q( 0 ) 1 d 2 R(r)S( 0 ) 


dr 2 


+ — 

r 


d0 2 


= 0 


That is 




dr 2 


de 2 


Multiplying the entire equation by then gives 


r 2 d 2 R(r) r d R(r) 1 d z ©( 0 ) _ 

R(r) dr 2 + R(r) dr + ©( 0 ) d 0 2 = ° 


From this result we can say that 

r 2 d 2 J?(r) r dR(r) 1 d 2 ©( 0 ) 


r z d Jl(r) r dfl(r) 
£(r) dr 2 + £(r) dr 




£(r) dr 2 R(r) dr 0 ( 0 ) d 0 2 

which gives rise to the two uncoupled, second-order ordinary 
differential equations 

j^d 2 ^ r dK£) 

R(r) dr 2 + R(r) dr * th t 

2 d 2 R(r) dR(r) 

r _ d^ _ + r_ dT- fcR(r) (1) 

and 


The general solution to equation ( 2 ) for k > 0 is 
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(-)„(()) = a„ cos n9 + b n sin n9 where n= 1,2,... 


Because 

d 2 ©^") d 2 &(0) 

To solve ' = -k&(9), that is , ; + kQ(9) = 0 we use the 

u0 z a 0 Z 

auxiliary equation m 2 + k = 0 with solutions m = ±jVk. This gives 
the solution, periodic with period 2i r as 

0(0) = A cos VkO + B sin VkO (3) 

provided k > 0 so that m is pure imaginary. If k < 0 then non¬ 
periodic solutions would result which would be physically incorrect. 
To ensure periodicity, that is to ensure that k > 0 write k = n 2 , 
n — 1 , 2, .... 

©„(0) = a n cos n6 + b n si nnO is a solution to equation (2). 

We shall look at the case n = 0 later. 

Substituting k = n 2 into equation (1) then gives 

,d 2 J?(r) dR(r) 2 „, . ... 

r J o +r- , K - - = rrR(r) (4) 

dr 2 dr 

As a trial solution to equation (4) let R(r) = pr q . Substitution into (4) 
gives 


q = ±n where n = 1, 2,... 


Because 


r dgO = = rpqr H i = Similarly = pq(q - 1 )r«. 

Therefore, substitution into r 2 ^ + r ~“j~ = n z R(r) gives 

[q(q - 1) + qlpr 9 = rc 2 pr^ and so [g 2 - rc 2 ]pr^ = 0 giving q = ±n 
where n = 1 , 2 , ... 

Therefore, a solution to equation (4) is 
R n (r) = c n r n + d n r~ n provided n ^ 0. The case n = 0 is special. 
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Summary 


To summarise the results so far, we have started to solve Laplace's 
equation 


d 2 v(r, 9) 1 dv(r, 9) 1 d 2 v(r, 9) 

dr 2 r dr r 2 d6 2 


= 0 


in the circular region x 2+y2 = a 2 

(that is, for 0 <r < a) of the plane 

where 


1 v(r, 6) is finite for 0 <r < a and for all 9 

2 v(a, 9) = f{9) 

3 6 is unbounded but v(r, 9 + 2rr) = v(r, 9) for 0 < r < a. 

We have found that, assuming v(r, 0) = R(r)S(9) then, provided rc ^ 0 

© M (0) = a n cos n9 + b n sin n9 
R n (r) = c n r n + d n r~ n 

So that 

v n (r, 9) — R n (r)S n (9) = (c„r" + d n r~ n )(a n cos n9 + b n sin n9 ) 

If we now apply the boundary condition 1 we find that 

d-n — . 



Because 

v(r, 9) is finite for 0 < r < a. In particular, the solution is finite when 
r = 0 and so we cannot have a term of the form r~ n . Accordingly 
d n = 0, so omitting the r~ n term the solution then becomes 

v n (r, 9) = c„r”(a„ cos n9 + b n sin nO) 

There is an infinite number of such solutions (eigenfunctions), one for 
each eigenvalue n. The complete solution to Laplace's equation is then 
a linear combination of all these eigenfunctions. That is 

oo oo 

= ^ ^ ^nVnij"t 9) = E r n (A n cos n9 + B n sin n9) 

nl n—1 


And now for the n = 0 case 
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The n=0 case 

When n = 0 then k = 0 and equation (1) becomes 


jz&m r d R(r) 


dr 2 


dr 


and if we let S(r) = 


= 0 


m) 

dr 


then this equation becomes 


r 2 + rS(r) = 0, that is r 


dr 
d5(r) 


dS(r) c , v 
r “dr 5(r) 


= 0 and so 


+ s(r) .«ffl = o 


dr w dr 
This has the solution 

rS(r) = a (constant) and so S(r) = 


dR(r) _ a 
dr r 


giving ,R(r) = alnr + f3 

When n = 0 then k = 0 and equation (2) becomes 
d 2 ©(0) 


d6> 2 


= 0 with solution 0(0) =70 + <5 


( 5 ) 


( 6 ) 


Applying the boundary conditions to the solutions (5) and (6) gives 

a = . and 7 =. 



a = 0 and 7 = 0 

Because 

(a) v(r, 0) is finite for 0 <r < a, in particular when r = 0, and so 

a = 0 

(b) v(r, 0 + 2ir) = v(r, 0). That is, though 0 can take any finite value, 
the value of v(r, 0) repeats itself as 0 winds round every 2n and 
this means that 7 = 0. 

So, when n = 0 the solution is Vo(r, 0) = constant. We therefore write 
the complete solution as 

An 

v ( r > 0) = ^(An cos n6 + B n sin n0) 

2 n=l 

Ao 

where the constant is taken to be in the form —. 

Applying the condition on the boundary where v(a, 0) = f(8) we see 
that 

f{9) =-^~ + ^2 a n (An cos nO + B n sin nO) 

2 n=l 

which is a Fourier series and hence the form of the constant term 
being taken as 
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The Fourier coefficients are then 

1 r 1 |*2 tt 

A » = 2^Jo m cosnede and B « = 2^J 0 

Example 

Solve Laplace's equation 

d 2 v(r, 0) 1 dv(r, 9) 1 d 2 v(r, 0) 

dr 2 r dr r 2 d0 2 

in the circular region x 2 + y 2 = a 2 of the plane where 

1 v(r, 0) is finite for 0 <r < a and for all 0 

2 v(a, 9) = sin 9 

3 v(r, 0 + 27r) = v(r, 0) for 0 < r < a . 

The solution, as we have seen, is 

v(r, 0) = + V] r" (A„ cos n9 + B n sin n9) where 

2 H=1 

v4„ =. and B n — . 



Because 


1 f 27r 


cos n0d0 = 


i r Z7r 

= -- si 

27Tfl” Jo 


sin 0 cos nO d0 = 0 and 


I /*27T 1 r*27T 1 


where £1 „ is the Kronecker delta 


That is, Bi = —, B n = 0 for n = 2, 3,.... The complete solution is then 

2(2 

v(r, 0) = - sin# 
a 


Notice that all three conditions in Frame 61 are satisfied by this 
solution, that is 


1 v(r, 9) = - sin 9 is finite for 0 <r < a and for all 9 

a ~ 

2 via, 9) — — sin 9 = sin 9 

a 

3 v(r, 0 + 27r) = -sin(0 4- 2ir) = -sin0 = v(r, 0) for 0 < r < a. 

^2 ^2 


That covers the main steps in the method of solving linear, second- 
order partial differential equations applied specifically to the wave 
equation, the heat conduction equation and Laplace's equation. The 
same approach can be made with other similar equations. 
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The Revision summary and the Can You? checklist now follow, 
then the Test exercise with problems like those we have considered. 
Although the solutions take rather more steps than with other forms 
of equations, the method is straightforward and follows a clear 
pattern. The Further problems give additional practice. 



Revision summary 11 

1 Ordinary second-order linear differential equations 

d 2 y dy 

(a) Equation of the form a+ b 3 - + C y = 0 


Auxiliary equation am 2 + bm + c = 0 

(1) Real and different roots: m = m\ and m = m 2 

y = A^ x + Be m2X 

(2) Real and equal roots: m = m\ (twice) 

y = A + Bx) 

(3) Complex roots: m = a±j(3 

y = e°*{A cos (3x + B sin / 3x }. 


(b) Equations of the form 



± n 2 y = 0 


(1) 

dry 2 
<ta* +n ’'- 0: 

y — A cos nx + B sin nx 

(2) 

d 2 y 2 

y = Acoshnx +Bsinhnx 


or 

y = Ae m + Be- m 


or 

y = Asir\hn{x + 4>). 


2 Partial differential equations Solution u = f(x, y, t,...) 

Linear equations: If u = ui,u = u 2 , u — u\ 3, ... are solutions, so 

00 

also is u = U\ -j- M2 “l - ^3 + ... + Uf ^ ^ Uj- . 

r—l 

(a) Wave equation - transverse vibrations of an elastic string 


d 2 u 

dx 2 


1 d 2 u 
c 2 dt 2 


T 

where c 2 — T = tension of string 

p p = mass per unit length. 


(b) Heat conduction equation - heat flow in uniform finite bar 


d 2 u 1 du 


where c 2 = 


dx 2 c 2 dt ap 

k = thermal conductivity of material 
cr = specific heat of the material 
p = mass per unit length of bar. 
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(c) Laplace equation - distribution of a field over a plane area 

cPu d^u _ 

- 1 -= 0 

dx 2 dy 2 

3 Separating the variables 

Let u(x, y) = X(x)Y(y) where X(x) is a function of x only 

and Y(y) is a function of y only. 

Then ~ = X'Y; P± = X"Y 

ox dx z 

du d^u „ 


= X"Y 


— = XY K 
dy ’ 


= XY” 


Substitute in the given partial differential equation and form 
separate differential equations to give X(x) and Y(y) by introdu¬ 
cing a common constant (- p 2 ). Determine arbitrary functions by 
use of the initial and boundary conditions. 

4 Laplace's equation in plane polar coordinates 

d 2 v(r, 9) 1 dv(r, 9) 1 d 2 v(r, 9) _ 

dr 2 r dr r 2 d9 2 


Separating the variables by v(r, 9) — R(r)S(9) produces two 
uncoupled, second-order ordinary differential equations 

2 d 2 jR(r) d R(r) 

r 2 ■ J 4 - + r — t- 1 = fcRW 
dr 2 dr v y 

and = ~ kQ ( 0 ) 

These two ordinary differential equations can then be solved 
under the application of appropriate boundary conditions. 


Can You? 


Checklist 11 

Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that 
you can: 

• Summarise the introductory methods of solving 
ordinary differential equations? 

Yes □ □ □ □ □ No 


Solve partial differential equations that are amenable to 
solution by direct integration? 

Yes □ □ □ □ □ No 


Frames 



into rr 
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• Apply initial and boundary conditions? 

Yes □ □ □ □ □ 


No 



5 to 7 



• Solve the one-dimensional wave and heat equations by 
separating the variables and obtaining eigenfunctions 
and corresponding eigenvalues? 

Yes □ □ □ □ □ No 



• Solve the two-dimensional Laplace equation in 
Cartesian coordinates? 

Yes □ □ □ □ □ No 




• Recognise the need for alternative coordinate systems 

and solve the two-dimensional Laplace equation in _ _ 

plane polar coordinates? Q| to Q 

Yes □ □ □ □ □ No 



Test exercise 11 


no 


1 Solve the following equations 

du 

(a) = 24 x 2 (t - 2), given that at x = 0, u = e 2t and — = 4t. 


(b) 


dx 2 

d 2 u 


dx 


du 


^ = 4e y cos 2x, given that at y = 0. — = cos* 

dxdy 6 r ’ dx 

and at * = n, u = y 2 . 


A perfectly elastic string is stretched between two points 10 cm apart. Its 
centre point is displaced 2 cm from its position of rest at right angles to 
the original direction of the string and then released with zero velocity. 

d 2 u 1 d 2 u 

Applying the equation = * ^2 ^ = determine the 

subsequent motion u(x,t). 

One end A of an insulated metal bar AB of length 2 m is kept at 0°C 

while the other end B is maintained at 50°C until a steady state of 

temperature along the bar is achieved. At t = 0, the end B is suddenly 

reduced to 0°C and kept at that temperature. Using the heat 

, .. .. d 2 u 1 du , . . _ 

conduction equation determine an expression for the 

temperature at any point in the bar distance * from A at any time t. 





Partial differential equations 


449 


A square plate is bounded by the lines x = 0, y = 0, x = 2, y = 2. Apply 

dftu 

the Laplace equation -f = 0 to determine the potential 

distribution u(x, y) over the plate, subject to the following boundary 
conditions. 


u = 0 when x = 0 0 < y < 2 

u = 0 when x = 2 0 <y <2 

u = 0 when y = 0 0 <x< 2 

u = 5 when y = 2 0 < x <2. 


5 Solve Laplace's equation in plane polar coordinates 

tf-vir, 6) 1 dv(r, 0) 1 5 2 v(r, 0) = 

dr 2 r dr r 2 dd z 

in the circular region X 2 + y 2 = 1 of the plane where 

(1) v(r, 0) is finite for 0 < r < 1 and for all 6 

(2) v(l, 0) = 5cos30 

(3) v(r, 6 4- 2tz) = v(r, 6) for 0 < r < 1. 


Further problems 11 


d 2 u 1 dftu 

Show that the equation = 0 is satisfied by 

u = f(x + ct) +F(x- ct) where f and F are arbitrary functions. 
cftu 1 ^ 1 / 

If —= -x • —r and c = 3, determine the solution u = fix , t) subject to 
ax z c z c/t z 

the boundary conditions 


i/(0, t) = 0 and m(2 , t) = 0 for t > 0 

\du 

u{x, 0) = *(2 — a:) and — =0 0 <x <2. 

J t=o 


The centre point of a perfectly elastic string stretched between two 
points A and B, 4 m apart, is deflected a distance 0 01 m from its 
position of rest perpendicular to AB and released initially with zero 

d 2 u 1 dftu 

velocity. Apply the wave equation where c — 10 to 

determine the subsequent motion of a point P distant x from A at time t. 


4 An elastic string is stretched between two points 10 cm apart. A point P 
on the string 2 cm from the left-hand end, i.e. the origin, is drawn aside 
1 cm from its position of rest and released with zero velocity. Solve the 
one-dimensional wave equation to determine the displacement of any 
point at any instant. 
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5 An insulated uniform metal bar, 10 units long, has the temperature of 
its ends maintained at 0°C and at t = 0 the temperature distribution 
f(x) along the bar is defined by f(x)=x(10-x). Solve the heat 

d 2 n 1 du 

conduction equation —~ • — with c 2 = 4 to determine the 

^ dx 2 c 2 dt 

temperature u of any point in the bar at time t. 

6 The ends of an insulated rod AB, 10 units long, are maintained at 0°C. 
At t = 0, the temperature within the rod rises uniformly from each end 
reaching 2°C at the mid-point of AB. Determine an expression for the 
temperature u(x,t) at any point in the rod, distant x from the left-hand 
end at any subsequent time t. 


A rectangular plate OPQR is bounded by the lines x = 0, y = 0, x = 4, 
y = 2. Determine the potential distribution u(x,y) over the rectangle 

d 2 u d 2 u 

using the Laplace equation ^2 + ^2 = subject to the following 


boundary conditions 


u(0,y) = 0 0<y<2 

u(4,y) = 0 0<y<2 

u(x, 2) = 0 0 < x < 4 

u(x, 0) = x(4 — x) 0 < x < 4. 


8 Two sides AB and AD of a rectangular plate ABCD lie along the x and y 
axes respectively. The remaining two sides are the lines x = 5 and y = 2. 
The sides BC, CD and DA are maintained at zero temperature. The 
temperature distribution along AB is defined by f{x)=x(x- 5). 
Determine an expression for the steady-state temperature at any point 
in the plate. 

9 Solve Laplace's equation in plane polar coordinates 

^v(r, 0) 13v(r, 6) 1 d 2 v(r, 0) 

dr 2 r dr r 2 d6 2 

in the circular region x 2 -b y 2 = 1 of the plane where 

(1) v(r, 6) is finite for 0 < r < 1 and for all 9 

(2) v( 1, 9) ~ sin 29-4 cos 9 

(3) v(r, 9 + 27r) = v(r, 9) for 0 < r < 1. 

10 Solve Laplace's equation in plane polar coordinates 

d 2 v(r, 9) 1 dv(r, 9) 1 <9 2 v(r, 9) _ 

dr 2 + r dr + r 2 09 2 

in the circular region x 2 -h y 2 = 1 of the plane where 

(1) v(r, 0) is finite for 0 < r < 1 and for all 9 

(2) v(l, 9) = 3sin 2 0 

(3) v(r, 0 + 2tt) = v(r, 0) for 0 < r < 1. 


Matrix algebra 


Frames 




Learning outcomes 

When you have completed this Programme you will be able to: 

• Determine whether a matrix is singular or non-singular 

• Determine the rank of a matrix 

• Determine the consistency of a set of linear equations and hence 
demonstrate the uniqueness of their solution 

• Obtain the solution of a set of simultaneous linear equations by 
using matrix inversion, by row transformation, by Gaussian 
elimination and by triangular decomposition 

• Obtain the eigenvalues and corresponding eigenvectors of a square 
matrix 

• Demonstrate the validity of the Cayley-Hamilton theorem 

• Solve systems of first-order ordinary differential equations using 
eigenvalue and eigenvector methods 

• Construct the modal matrix from the eigenvectors of a matrix and 
the spectral matrix from the eigenvalues 

• Solve systems of second-order ordinary differential equations using 
diagonalisation 

• Use matrices to represent transformations between coordinate 
systems 


Prerequisite: Engineering Mathematics (Fifth Edition) 

^Programmes 4 Determinants and 5 Matrices 
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Singular and non-singular matrices 




Every square matrix A has associated with it a number called the 
determinant of A and denoted by |A|. If |A| ^ 0 then A is called a non¬ 
singular matrix. Otherwise if |A| = 0, then A is called a singular matrix. 


Example 1 


Is A = 


12 8 
4 7 6 
9 5 3 


singular or non-singular? 



12 8 
4 7 6 
9 5 3 


= 1 


7 

5 


6 

3 


-2 


+ 8 


4 

9 


7 

5 


4 6 
9 3 

(21 - 30) - 2(12 - 54) + 8(20 

-9 + 84 - 344 

-269 


-63) 


Because |A| ^ 0 then A is non-singular. 


Example 2 


Is A = 


3 9 2 
15 6 
2 7 4 


singular or non-singular? 
A is. 


singular 


Because 


3 9 2 
15 6 
2 7 4 

3(20 - 42) - 9(4 - 12) + 2(7 - 10) 
—66 + 72 — 6 
0 


Because |A| = 0 then |A| is singular. 
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1 non-singular 
3 singular 


2 singular 
4 non-singular 


Because 

Straightforward evaluation of the relevant determinants gives 


1 IAI = 2 


2 IBI = 0 


3 C = 0 


4 Dl = —5 


Closely related to the notion of the singularity or otherwise of a square 
matrix is the notion of rank of a general nxm matrix. 

Rank of a matrix 

The rank of an n x m matrix A is the order of the largest square, non¬ 
singular sub-matrix. That is, the largest square sub-matrix whose 
determinant is non-zero. If n = m, so making A itself square, then this 
sub-matrix could be the matrix A itself. 


Example 


To find the rank of the matrix A = 


3 4 5 
12 3 

4 5 6 


3 4 5 

A|= 1 2 3 = 

4 5 6 


we note that 
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0 

Because 



3 4 5 
= 12 3 

4 5 6 

= 3(12 - 15) - 4(6 - 12) + 5(5 - 8) 


= -9 + 24 - 15 = 0 


Therefore we can say that the rank of A is 


not 3 

Because 

|A| = 0 and therefore A is singular. 

Now try a sub-matrix of order 2. 

^ \ = 6 — 4 = -2^0. Therefore the rank of A is 


2 

Because 

The largest square, non-singular sub-matrix of A has order 2 
therefore A has rank 2. 

This method of finding the rank of a matrix can be a very hit and miss 
affair and a better, more systematic method is to use elementary 
operations and the notion of an equivalent matrix. 

Next frame 


Elementary operations and 
equivalent matrices 



Each of the following row operations on matrix A produces a row 
equivalent matrix B, where the order and rank of B is the same as that 
of A. We write A ~ B. 

1 Interchanging two rows 

2 Multiplying each element of a row by the same non-zero scalar 
quantity 

3 Adding or subtracting corresponding elements from those of 
another row 

are operations called elementary row operations. There is a correspond¬ 
ing set of three elementary column operations that can be used to form 
column equivalent matrices. 
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Example 1 

Given A = | 

/3 4 5 
12 3 
\4 5 6 


3 4 5 
12 3 

4 5 6 



\o 


= B 


then 

-2 -4 
2 3 

5 6 

-2 -4 
2 3 

-3 -6 
-3 -6 
2 3 

-3 -6 
-3 -6 
2 3 

0 0 


by subtracting 3 times each 
element of row 2 from row 1 


by subtracting 4 times each 
element of row 2 from row 3 


by multiplying each element of 
row 1 by 3/2 


by subtracting corresponding 
elements of row 1 from row 3 


The row of zeros in matrix B means that its determinant is zero and so 
its rank is not 3. The largest sub-matrix with non-zero determinant has 
order 2 and so the rank of B is 2. Because matrix B is row equivalent to 
matrix A we can say that the rank of A is also 2. 


Example 2 

1 2 8 \ 

4 7 6 
9 5 3 / 

By taking 4 times the elements of row 1 from row 2 we obtain the 
equivalent matrix. 


(1 2 8 
0 -1 -26 
\9 5 3 



Determine the rank of A = 


By taking 9 times the elements of row 1 from row 3 we obtain the 
equivalent matrix. 



By multiplying the elements of row 2 by -13 we obtain the equivalent 
matrix. 
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/I 

2 

8 \ 

0 

13 

338 

\o 

-13 

-69 / 



By adding corresponding elements of row 2 to row 3 we obtain the 
equivalent matrix. 


/I 2 8\ 

0 13 269 

\0 0 -69 / 


Because all the elements below the main diagonal of this matrix are 
zero we call the matrix an upper triangular matrix. By inspection we can 
see that the determinant of this triangular matrix is non-zero, being 
the product of its three diagonal elements 1 x 13 x (-69) = -897. 
Therefore its rank is 3 and so the rank of matrix A is also 3. 

Try another one for yourself. 

Example 3 



The rank of A = 


3 9 2 
15 6 
2 7 4 


is 


2 


Because 


/3 9 2 
A- 1 5 6 
\2 7 4 












-6 

5 

7 

-6 
5 
-3 
3 
5 
-3 
3 8 
5 6 
0 0 


5 

3 


6 

8 


0 0 



Subtracting 3 times row 2 
from row 1 


Subtracting 2 times row 2 
from row 3 


Multiplying row 1 by -1/2 


Adding row 1 to row 3 


Interchanging rows 1 and 2 
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15 6 

and 0 3 8 = 0. So the rank of this matrix is not 3. The largest 
0 0 0 

square sub-matrix of this matrix with non-zero determinant is, by 
inspection, of order 2 and so the rank of this matrix, and hence the 
rank of the equivalent matrix A is 2. 

Finally try a non-square matrix. 

Example 4 

(2 2 3 1\ 

The rank of A = I 0 8 2 4 I is. 

\1 7 3 2/ 




Subtracting 2 times 
row 3 from row 1 

Multiplying row 1 
by 2/3 

Adding row 2 to 
row 1 


It is possible to find a 3 x 3 sub-matrix of this matrix that has non-zero 
determinant, namely 

/0 0 2 \ 0 0 2 

8 2 4 where 8 2 4 = 2(24 - 14) = 20. 

\7 3 2/ 732 

Consequently, this matrix and hence matrix A has rank 3. 
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Consistency of a set of equations 


In solving sets of simultaneous equations, we can express the 
equations in matrix form. For example 

^11*1 + 012*2 + 013*3 = b\ 

021*1 + 022*2 + 023*3 = ^2 
031*1 + 032*2 + 033*3 = ^3 

can be written in the form 

/ an an an \ /xi \ /2h\ 

I 021 022 023 *2 I = M>2 


031 032 033 


i.e. 


*3 ) \ 

Ax = b 


The set of three equations is said to be consistent if solutions for x\, % 2 , 
x 3 exist and inconsistent if no such solutions can be found. 

In practice, we can solve the equations by operating on the 
augmented coefficient matrix, i.e. we write the constant terms as a 
fourth column of the coefficient matrix to form A b . 

( 0n 012 013 bi \ 

021 022 023 bx I 

031 032 033 bz J 

which, of course, is a (3 x 4) matrix. 

The general test for consistency is then: 

A set of n simultaneous equations in n unknowns is consistent if the 
rank of the coefficient matrix A is equal to the rank of the 
augmented matrix A b . 

If the rank of A is less than the rank of A b , then the equations are 
inconsistent and have no solution. 


Make a note of this test It can save time in working 


Example 


If 


1 3 

2 6 


A = 


1 3 

2 6 



then 

13 4 
2 6 5 


1 3 

Rank of A: =6-6 = 0 

2 6 

1 3 

Rank of A b : = 0 as before 

2 6 

3 4 

but = 15 - 24 = -9 

6 5 

In this case, rank of A < rank of A b 


rank of A = 1 


rank of A b = 2 
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Remember that, for consistency, 

rank of A = 


rank of Ab 


Uniqueness of solutions 

1 With a set of n equations in n unknowns, the equations are 
consistent if the coefficient matrix A and the augmented matrix 
Ab are each of rank n. There is then a unique solution for the 
n equations. 

Note that if the rank of A = n then A is a non-singular sub¬ 
matrix of A b and so the rank of Ab = n also. Therefore there is no 
need to test for the rank of Ab in this case. 

2 If the rank of A and that of Ab is m, where m <n, then the matrix 
A is singular, i.e. |A| = 0, and there will be an infinite number of 
solutions for the equations. 

3 As we have already seen, if the rank of A < the rank of Ab, then no 
solution exists. 

Copy these up in your record book; they are important 

Writing the results in a slightly different way: 

With a set of n equations in n unknowns, checking the rank of the 

coefficient matrix A and that of the augmented matrix Ab enables us 

to see whether 

(a) a unique solution exists 

rank A = rank Ab = n 

(b) an infinite number of solutions exist 

rank A = rank Ab = m < n 

(c) no solution exists 

rank A < rank Ab 

Example 

(-8 lo)(S) = (-6) 

Finding the rank of A and of Ab leads us to the conclusion that 
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-4 5 

Rank of A: _ ^ = —40 + 40 = 0 Rank of A = 1 

-8 10 

—4 S S —3 —4 —3 

Rank of A b : o , =0- =0; o = 0 

-8 10 10 -6 -8 -6 

Rank of A b = 1 

Rank of A = rank of A b = 1 

But there are two equations in two unknowns, i.e. n = 2 

Rank of A = rank of A b = 1 < n 
Infinite number of solutions. 

4x\ - 3 

The solutions can be written as X\ arbitrary and Xz = —-—. 

You will recall that, for a unique solution of n equations in 
n unknowns 


rank A = rank A b = n 

Now for some examples for you to try. In each of the following cases, 
apply the rank tests to determine the nature of the solutions. Do not 
solve the sets of equations. 


Example 1 



(1 2 - 1 \ /1 2 -1 1 \ 

A = I 3 4 2 and Ab = 3 4 2 -2 

\1 4 3/ \1 4 3 3/ 

Finish it off and we find that. 
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a unique solution exists 


Because 

n = 3; rank of A = 3; rank of Ab = 3. 

rank of A = rank of A b = 3 = n Solution unique 

And this one. 


Example 2 



This time we find that 


no solution is possible 


Because 

(2 -1 7\ (2 -1 7 2\ 

A= 4 2 2; A b = 4 2 2 5 

\3 1 3/ V 3 1 3 1/ 

n = 3; rank of A = 2; rank of Ab = 3 

rank of A < rank of Ab 
No solution exists 

and finally 


Example 3 



In this case, we find that 
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23 


infinite number of solutions possible 


Because 


(1 2 -3 
A= 1 3 4 

\ 2 5 1 


and Ab 


12-31 
13 4 2 

2 5 13 


Rank of A: 


1 2 -3 
A= 1 3 4 

\2 5 1 




r>mf 




12-3 
0 17 
2 5 1 

12-3 
0 17 
0 17 
12-3 
0 17 
0 0 0 


and so rank of A is 2 by inspection. 


Rank of At-,: 


/I 2 -3 
A b = 1 3 4 

\2 5 1 


M 

2 ~ 
3/ 


nsj 


nsj 


1 2 
0 1 
2 5 
1 2 
0 1 
0 1 
1 2 
0 1 
0 0 


Subtracting row 1 from row 2 


Subtracting 2 times row 1 
from row 2 


Subtracting row 2 from row 3 


-3 1 
7 1 
1 3 
-3 1 
7 1 
7 1 
-3 1 
7 1 
0 0 


Subtracting row 1 
from row 2 


Subtracting 2 times 
row 1 from row 2 


Subtracting row 2 
from row 3 


and so rank of A b is 2 by inspection. 

Therefore rank of A = rank of A b = 2 < n (that is 3), therefore there 
is an infinite number of solutions. 


Now let us move on to a new section of the work 
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Solution of sets of equations 

1 Inverse method 

Let us work through an example by way of explanation. 

Example 1 

To solve 3*i 4- 2 x 2 - X 3 = 4 
2 xi - X 2 + 2 x 3 = 10 
Xi - 3x2 - 4x3 = 5. 

We first write this in matrix form, which is. 



/3 2 -1\ /xA / 4\ 

Then if A = 2 -1 2 then I x 2 ) = A -1 [ 10 J 

\1 " 3 "4/ \^3/ V 5/ 

where A -1 is the inverse of A. 

To A -1 

(a) Form the determinant of A and evaluate it. 

3 2-1 

|A| = 2 -1 2 = 3(4 + 6 ) — 2 (—8 — 2) — 1 (—6 + 1) = 55 

1 -3 -4 

(b) Form a new matrix C consisting of the cofactors of the elements 
in A. 

The cofactor of any one element is its minor together with its 
'place sign' 

(A n A 12 A 13 \ 
i.e. C = I A 21 A 22 A 23 I 
\ A 31 A 32 A 33 / 

where An is the cofactor of an in A. 


An — — 10 ; A\i = — 

-3 -4 z 1 

2 -1 

^ 4.13 = = —5 

1 -3 

2—1 ^ 
A21 =--3 -4 =11; A22= |l 

A23 = ~ 3 2 = 11 

1-3 


2 2 


= 10 ; 


= -H; 


A31 = 


A32 = 


A33 = 
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a 2 -1 „ . 3-1 Q . 32 _ 

A31 — 2 = A32 = ~ 2 2 = ^33 =2 _i = 


(10 10 — 5 \ 

So C = I 11 -11 11 

\ 3 -8-7/ 

We now write the transpose of C, i.e. C T in which we write rows as 
columns and columns as rows. 

C T =. 



This is called the adjoint (adj) of the original matrix A 
i.e. adj A = C T 

Then the inverse of A, i.e. A -1 is given by 


, , ( 10 11 3\ 

As a check that all the calculations have been done correctly and 
without error, the product of matrix A with its adjoint should be equal 
to the unit matrix multiplied by the determinant of A. That is 

A x adj A = det A x I 


For this case 


A x adj A = I 2 -1 2 I I 10 —11 —8 I 

\1 -3 —4/ \ —5 11 -7/ 

/ 55 0 0\ 

= 0 55 0 

\ 0 0 55/ 

= det A x I 

Thus all is well. We can now continue to find the solution. 


10 11 3 

10 -11 -8 
-5 11 -7 


becomes 


— 10 
55 -5 


-11 -8 
11 -7 
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.*. Xi = 3; x 2 = -2; *3 = 1 

The method is the same every time. 

To solve Ax = b x = A -1 b 

To find A" 1 

(1) Evaluate |A| 

If |A| / 0 then proceed to (2) 

If |A| = 0 then there is no inverse and hence no unique solution. 
Later we shall discover how to determine whether there is an 
infinity of solutions or none. 

(2) Form C, the matrix of cofactors of A 

(3) Write C T , the transpose of C 

(4) Then A -1 = rrr x C T . 

|A| 

Now apply the method to Example 2. 

Example 2 

4*i + 5 x 2 + *3 = 2 
X! - 2x 2 - 3*3 = 7 
3*i - *2 - 2 x 3 = 1. 
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x 1 = -2; x 2 = 3; x 3 = -5 


Here is the complete working. 


A = I 1 -2 -3 . 

\3 -1 -2) 

/ An Ai2 Aiz 
C = j A 2 i A22 A23 

\ A31 A32 A33 

-2 -3 

An = =1 

-1 -2 


A| = 1 -2 —3 = -26 
3 -1 -2 


A 12 = — 


5 1 „ 

A21 = — 2 “ ^ A22 

5 1 

A31 = _2 _3 = A 32 


1 -3 
”3 -2 
4 II 


A13 = 


1 -2 


.. C = 


9 -11 19 

-13 13 -13 


3 -2 
4 1 

” 1 -3 


/. C 1 = 


A 23 = — 


3 -1 
14 5 


= 5 


A33 = 


3 -1 
4 51 


= 19 


-11 


1 -2 
-13\ 
13 

-13 ) 


= -13 




7 =- 


-11 


-13 


-13 


*2 = 


-7 -11 


19 -13 


2 +63 -13 

-14 -77 +13 

10 +133 -13 


*1 = -2; x 2 = 3; x 3 = -5 

With a set of four equations with four unknowns, the method 
becomes somewhat tedious as there are then sixteen cofactors to be 
evaluated and each one is a third-order determinant! There are, 
however, other methods that can be applied - so let us see method 2. 
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2 Row transformation method 

Elementary row transformations that can be applied are as follows 

(a) Interchange any two rows. 

(b) Multiply (or divide) every element in a row by a non-zero scalar 
(constant) k. 

(c) Add to (or subtract from) all the elements of any row k times the 
corresponding elements of any other row. 

Equivalent matrices 

Two matrices, A and B, are said to be equivalent if B can be obtained 
from A by a sequence of elementary transformations. 

Solutions of equations 

The method is best described by working through a typical example. 

Example 1 

Solve 2xi + x 2 + *3 = 5 
Xi + 3^2 + 2x 3 = 1 

3xi — 2x2 — 4x3 = —4. 

(2 1 1\/*A / 5\ 

This can be written 1 3 2 I I *2 I = I 1 

V 3 -2 -4/W 1—4/ 


and for convenience we introduce the unit matrix 

1 1\ fxA (1 0 0\ / 5 

3 2 x 2 = 0 10 1 

-2 -4/ \x 3 J \0 0 lj 4 

1 0 0\ / 5\ 

0 10 1 may be regarded as the coefficient of [ 1 ] 

00l/ 4/ 

We then form the combined coefficient matrix 

(2 1 1 1 0 0 \ 

(l 3 2 0 1 0 

\3 -2 -4 0 0 l/ 

and work on this matrix from now on. 




On then to the next frame 
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The rest of the working is mainly concerned with applying row 
transformations to convert the left-hand half of the matrix to a unit 
matrix and the right-hand side to the inverse, eventually obtaining 

/I 0 0 a b c\ 

0 10 d e f\ 

\0 0 1 g h iJ 

with a, b, c,... g, h, i being evaluated in the process. 

The following notation will be helpful to denote the transformation 
used: 

(1) ~ (2) denotes 'interchange rows 1 and 2' 

(3) - 2(1) denotes 'subtract twice row 1 from row 3', etc. 

So off we go. 

(1)~(2)/1 3 2 0 1 0\ 

I 2 1 1 1 0 0 I 


(2) - 2(1) /1 3 

(3) - 3(1) 0 -5 


3 -2 -4 0 0 1/ 

1 3 2 0 1 0 


3 1-20 


0 -11 -10 0-3 1 


(3) — 2(2) /1 3 2 0 1 0 

I 0 -5 -3 1-2 0 

\0 -1 -4-2 11 

—(2) ~ —(3) /I 3 2 0 1 0\ 

0 14 2 - 1-1 

\0 5 3 -1 2 0/ 


(3)-5(2) /I 3 
0 1 


2 -1 -1 


V0 0 -17 -11 
(1) — 3(2) /I 0 -10 -6 
3) -r (—17) I 0 14 2 


(3) 4-(-17) 0 14 2 -1 -1 

\0 0 1 11/17 -7/17 -5/17 

(1) +10(3) /1 0 0 8/17 -2/17 1/17\ 


(2)-4(3) 0 10 -10/17 11/17 3/17 

\0 0 1 11/17 -7/17 -5/17 


We now have 

(1 0 0 \ 
010 
Vo 0 1/ 


*2 = 


8-2 1 
-10 11 3 

11 -7 -5 


.'. Xi = 


x 2 = 


X 3 = 






Matrix algebra 


469 



*1 =2; x 2 = -3; x 3 = 4 

Of course, there is no set pattern of how to carry out the row 
transformations. It depends on one's ingenuity and every case is 
different. Here is a further example. 

Example 2 

2*i - x 2 - 3x 3 = 1 
x 1 + 2x 2 + x 3 = 3 
2*i - 2 x 2 - 5x 3 = 2. 

First write the set of equations in matrix form - with the unit matrix 
included. This gives.. 



The combined coefficient matrix is now 



If we start off by interchanging the top two rows, we obtain a 1 at the 
beginning of the top row which is a help. 

( 1 ) ~ ( 2 ) /1 2 1 0 1 0 \ 

2-1-3100 
\2 -2 -5 0 0 1/ 

Now, if we subtract 2 x row 1 from row 2 
and 2 x row 1 from row 3, we get 
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Add three times row 3 to row 1 
and subtract twice row 3 from row 2 


Right. That gives 

(1) + 3(3) /1 0 0 f -I -1\ 

(2) -3(3) 0 10 —5 | 1 

\0 0 1 f -| -l) 

1 0 0\ /*A . / 8 -1 —5\ (1 

° 1 0 *2 = T -7 4 5 3 

0 0 1/ \x 3 J 5 V 6 - 2 -5/ \2 

Now you can finish it off. 

*i =.; ^2 =.; *3 = 





Let us now look at a somewhat similar method with rather fewer steps 
involved. 


So move on 
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3 Gaussian elimination method 

Once again we will demonstrate the method by a typical example. 



Example 1 


2xi - 3x 2 + 2x 3 = 9 
3xi + 2x2 — X 3 = 4 
Xi - 4x 2 + 2 x 3 = 6 . 

We start off as usual 


2 -3 2\ xi 

3 2 -1 x 2 

1 -4 2/ \x 3 


9 

4 

6 


We then form the augmented coefficient matrix by including the 
constants as an extra column on the right-hand side of the matrix 


(2 -3 2 

3 2-1 

\1 -4 2 



Now we operate on the rows to convert the first three columns into an 
upper triangular matrix 


(1) ~ (3) 

(2) - 2(1) 

(3)-3(1) 

(3) - 2 ( 2 ) 



\2 -3 


(1 -4 

0 5 

\0 14 
(1 -4 
0 1 
\0 0 


2 6 \ 

2 9/ 

2 6 
-2 -3 

-7 -14 

2 6\ 

_2 _3 

5 5 

5 5/ 


(2) ~ (3) 


(2) 4-5 

(3) 4-7 

(3) x (-5) 



The first three columns now form an upper triangular matrix which 
has been our purpose. If we now detach the fourth column back to its 
original position on the right-hand side of the matrix equation, we 
have 
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Expanding from the bottom row, working upwards 

x 3 = 4 x 3 = 4 

*2-f*3=-| *2 = -f + §= 1 * *2 = 1 

Xi - 4x 2 + 2 x 3 = 6 Xi - 4 + 8 = 6 Xi = 2 

.*. xi = 2; x 2 = 1; x 3 = 4 

It is a very useful method and entails fewer tedious steps, and can be 
used to solve efficiently higher-order sets of equations and non-square 
systems. It can also solve a sequence of problems with the same 
coefficient matrix A by using the augmented matrix (Abib 2 .. .b„). 

Example 2 

Xi + 3 x 2 — 2x 3 + x 4 = —1 
2xi - 2 x 2 + x 3 - 2 x 4 = 1 
X\+ x 2 — 3 x 3 + x 4 = 6 
3xi - x 2 + 2 x 3 — x 4 = 3. 

First we write this in matrix form and compile the augmented matrix 
which is 



/I 3-2 1 ! 

~1\ 

2-2 1 -2 j 

1 

1 1-3 1 ! 

6 

\3 -1 2 -1 j 

3/ 


Next we operate on rows to convert the left-hand side to an upper 
triangular matrix. There is no set way of doing this. Use any trickery to 
save yourself unnecessary work. 

So now you can go ahead and complete the transformations and 
obtain 
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Here is one way. You may well have taken quite a different route. 



/I 

3 

-2 

i : 

-1\ 



2 

-2 

1 

“ 2 1 

1 



1 

1 

-3 

1 1 

1 

6 



\3 

-1 

2 

-i ; 

3 / 

(2) - 2(1) 

/I 

3 

-2 

i 1 

i 

-1\ 

(3) - (1) 

0 

-8 

5 

- 4 : 

3 


(4) - [(1) + (2)] 

0 

-2 

-1 

o i 

7 



\° 

-2 

3 

o : 

3) 


(2) - 4(4) 

/I 

3 

-2 

i ! 

- 1 ) 


(3) - (4) 

0 

0 

-7 

-4 i 

-9 



0 

0 

-4 

0 ! 

4 


\o 

-2 

3 

o ! 

3/ 

(2) ~ (4) 

/I 

3 

-2 

1 ' 

-1\ 

(3) -5-4 

0 

-2 

3 

o ! 

3 



0 

0 

-1 

0 ! 

1 


Vo 

0 

-7 

-4 ! 

-9/ 

(4) - 7(3) 

( 1 

3 

-2 

i : 

-1\ 


0 

-2 

3 

0 

3 



0 

0 

-1 

0 ! 

1 


Vo 

0 

0 

-4 ; 

-16/ 


Returning the right-hand column to its original position 


/l 

3 

-2 

1 \ /*i\ 

/ -i\ 

0 

-2 

3 

0 


*2 


3 

0 

0 

-1 

0 


*3 


1 


\0 0 0 -4/ \x 4 / \-16/ 


Expanding from the bottom row, we have 

-4X4 = -16 .'. x 4 — 4 

-*3 = 1 *3 = -1 

-2x2 + 3 x 3 = 3 .’. - 2x 2 = 6 x 2 = -3 

Xi + 3 x 2 - 2x 3 + x 4 = -1 .‘. Xi - 9 + 2 + 4 = -1 .’. Xi = 2 

.'. Xi = 2; x 2 = -3; x 3 = -1; x 4 = 4 
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We still have a further method for solving sets of simultaneous 
equations. 

4 Triangular decomposition method 

A square matrix A can usually be written as a product of a lower- 
triangular matrix L and an upper-triangular matrix U, where A = LU. 

n 2 3 \ 

For example, if A = 3 5 8 I, A can be expressed as 

4 9 10/ 


8 , A can be expressed as 
10 / 


hi 

0 

0 \ 

( un 

M 12 

U 13 

hi 

izi 

° 

° 

U 22 

U 2 3 

hi 

hi 

hsj 

V 0 

0 

U 33 


(L) 



(U) 





hiUu 


= h\U\i h\U\2 + I22U22 I21U13 + I22U23 I 

\ hiUn h\U \2 + I32U22 h\U \3 + Z 32 M 23 4 - Z 33 M 33 ) 

Note that, in L and U, elements occur in the major diagonal in each 
case. These are related in the product and whatever values we choose 
to put for mu, U 22 , M 33 ... then the corresponding values of hi, I 22 , 
Z 33 ... will be determined - and vice versa. 

For convenience, we put u\\ = U 22 — M 33 ... = 1 

( hi hiUiz I 11 U 13 \ 

hi I 21 U 12 + I 22 h\U \3 + I 22 U 23 I 
hi I 31 U 12 + I 32 I 31 U 13 + I 32 U 23 + I 33 / 

/I 2 3 \ 

In our example, A = 3 5 81 

\ 4 9 10 / 


hi = l; 
hi = 3; 
hi = 4; 


I11U12 = 2 
Similarly hi = 
I 32 = 


U 12 = 2; 


I 11 U 13 = 3 M 13 = 3 

U23 — . 

= . 


Because 


I 22 — —l; u 23 = l; I 32 = l; I 33 = —3 


I 21 U 12 + I 22 U 22 = 5 that is 3 x 2 + l 2 2 x 1 = 5 and so Z 22 = -1 

Z 21 M 13 + I 22 U 23 = 8 that is 3 x 3 + (-1) x m 2 3 = 8 and so U 23 = 1 

I 31 U 12 + I 32 U 22 = 9 that is 4 x 2 + Z 32 x 1 = 9 and so Z 32 = 1 

hi u i 3 + Z 32 M 23 + Z 33 M 33 = 10 that is 4 x 3 + 1 x 1 + Z 33 x 1 = 10 

and so Z33 = -3 

Now we substitute all these values back into the upper and lower 
triangular matrices and obtain 

A = LU =. 
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We have thus expressed the given matrix A as the product of lower 
and upper triangular matrices. Let us now see how we use them. 

Example 1 

Xi + 2X2 + 3x3 = 16 

3xi + 5x2 + 8x3 — 43 
4xi + 9X2 + IOX 3 = 57. 


/I 2 3 

i.e. 3 5 8 

4 9 10 


xA /16 

*2 = 43 

* 3 / V 57 


i.e. Ax = b. 


We have seen above that A can be written as LU where 


/I 0 0 

A = LU = I 3 -1 0 

V 4 1-3 


12 3 
Oil 
0 0 1 


To solve Ax = b, we have LUx = b i.e. L(Ux) = b 
Putting Ux = y, we solve Ly = b to obtain y 

and then Ux = y to obtain x. 

/I 0 0\/yA / 16 > 

(a) Solving Ly = b 3 -1 0 \\ y 2 = I 43 


\4 1 -3/ \y 3 / \57/ 

Expanding from the top yi = 16; 3yi -y 2 = 43 . 
4^1 +y 2 - 3 y 3 = 57 64 + 5-3 y 3 = 57 .'. y 3 = 4 

(;) ■ ( 1 ) 


= 5; and 


(b) Solving Ux = y 


12 3 
Oil 
0 0 1 


-n 


Expanding from the bottom, we then have 


Xi = 


x2 = 


X3 = 
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Xi=2; x 2 = l; x 3 = 4 



Note: 

1 If In = 0, then either decomposition is not possible, or, if A is 
singular, i.e. [A[ = 0, there is an infinite number of possible 
decompositions. 

2 Instead of putting u\\ = M 22 = M 33 ... = 1, we could have used the 
alternative substitution hi = l 2 i = Z 33 ... = 1 and obtained values 
of Mu, u 22 , M 33 ... etc. The working is as before. 

3 One advantage of employing LU decomposition over Gaussian 
elimination is in the solution of a sequence of problems in which 
the same coefficient matrix occurs. 

Now for another example. 



i.e. Ax = b 

/ 1 M12 Mi 3 \ 

hi hi 0 I 0 1 M23 

V hi hi I33) \ 0 0 1 ) 

(hi hiUii I11U13 \ 

hi hiUi 2 + hi I21U13 + hiUi 3 

\ hi hiU \ 2 + hi I31U13 + I32U23 + I33 ) 

(1 3 2\ 

2 11 
\4 2 3 J 

Now we have to find the values of the various elements. The usual 
order of doing this is shown by the diagram. 
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That is, first we can write down values for In, hi, hi from the left-hand 
column; then follow this by finding 1/12,1/13 from the top row; and 
proceed for the others* 

So, completing the two triangular matrices, we have 

A = LU =.. 



As we stated before: Ax = b; L(Ux) = b. Put Ux = y 

then (a) solve Ly = b to obtain y 
and (b) solve Ux = y to obtain x. 


Solving Ly = b gives \ y 2 \ = 




Expanding from the top gives 
yi = 19; y 2 = 5; y 3 = 5. 

(b) Now solve Ux = y from which x\ — .; x 2 = 

*3 =. 
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xi =3; x 2 = 2; *3 = 5 


Because we have 


Ux = 


i.e. 


13 2 

0 1 I 

0 0 1 


Expanding from the bottom x 3 = 


5; x 2 + 5 X 3 = 5 x 2 = 


and Xi 4 - 3X2 + 2 x 3 = 19 Xi + 6 + 10 = 19 Xi = 3 

Xi =3; X 2 = 2; X 3 = 5 

We can of course apply the same method to a set of four equations. 

Example 3 

xi + 2 x 2 - x 3 + 3x 4 = 9 
2xi - x 2 + 3x 3 + 2x 4 = 23 
3xi + 3 x 2 + x 3 + X 4 = 5 
4xi + 5 x 2 — 2x 3 + 2 x 4 = —2. 


i.e. 


A=LU= 


/1 2-13 

2-1 3 2 

3 3 11 

\4 5-22 

hi 0 0 0 > 

hi hz 0 0 

hi hz I 33 0 

hi hz hz hi) 


i.e. Ax = b 


-2 


1 M12 Ml 3 M14 


hi hiuiz 


hlU \3 


0 1 U23 U 2 4 2 

0 0 1 U 34 . 3 

0 0 0 1 / \4 

InUu 

izUzz hiUn + I22U21 


1 2-13 

2-1 3 2 


1 1 

-2 2 


hi hiUu + hz hiUi 3 + hzUzz hiUu + hz ^24 

^31 hiUiz + hz I31U13 + hzu 2 3 + 133 hiUu 4 - hzu 2 4 + I33U34 

\ hi hiuiz + hz hiUi 3 + hzu 2 3 +hz hiUu + hzu 2 4 t + h 3 u 34 + h 4 / 

Now we have to find the values of the individual elements. It is easy 
enough if we follow the order indicated in the diagram earlier. So the 
two triangular matrices are 

A = LU=(.)(.) 
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As usual Ax = b; L(Ux) = b. Put Ux = y Ly = b 
(a) Solving Ly = b 

/I 0 0 0\ / yi \ / 9\ 

2 -5 0 0 y z _ 23 

3-3 1 0 y 3 5 

\4 -3 -1 -f / \yj \—2/ 




which finally gives 


xi = 
^3 = 


; *2 = 

; ^4 = 
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xi = 1; x 2 = -2; x 3 = 3; x 4 = 5 


Comparison of methods 

Inverse method 

This is an elementary method but it is very inefficient when the 
number of equations to solve increases beyond three. 

Row transformation method 

An efficient method but each case is different and relies on ingenuity 
to see the way forward. 

Gaussian elimination method 

The most efficient method and should be used in most cases. It must 
be used when there is a singular or non-square system. 

Triangular decomposition method 

An alternative to Gaussian elimination in some cases. 

Now let us proceed to something rather different , 
so move on to the next frame for a new start 


Eigenvalues and eigenvectors 



Matrices commonly appear in technological problems, for example 
those involving coupled oscillations and vibrations, and give rise to 
equations of the form 

Ax = Ax 

where A = (atf) is a square matrix, x is a column matrix {xf) and A is a 
scalar quantity, i.e. a number. 

For non-trivial solutions, i.e. for x / 0, the values of A are called the 
eigenvalues, characteristic values, or latent roots of the matrix A and the 
corresponding solutions of the given equations Ax = Ax are called the 
eigenvectors, or characteristic vectors of A (refer to Engineering Mathe¬ 
matics (Fifth Edition), pages 558ff). 
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The set of equations 
/ 011 012 •. • 0uA /*1 

I 021 022 • •• 02 n I *2 


0«1 0«2 • • • 0 ? 


= A 


then simplifies to 
/ (an - A) 


0«i 


012 

(022 — A) 


0ji2 


01m 

02m 


(0«« A) 


That is, Ax = Ax becomes Ax - Ax = 0 

i.e. (A - AI)x = 0 

the unit matrix I being introduced since we can subtract only a matrix 
from another matrix. 

For this set of homogeneous linear equations (right-hand side 
constant terms all zero) to have non-trivial solutions 

|A - AI| must be zero 

This is called the characteristic determinant of A and | A — AI| = 0 is the 
characteristic equation, the solution of which gives the values of A , i.e. 
the eigenvalues of A. 


Example 1 

Find the eigenvalues and corresponding eigenvectors of 


Ax = Ax where A = 


2 3 
4 1 


The characteristic equation is |A - AI| = 0 


2 — A 


i.e. 


1 - A 


= 0, which, when expanded, gives 


Ai =. and A 2 = 






Programme 12 


Ai = -2 and A 2 = 5 


Because 


(2 — A)(l — A) — 12 = 0 2 — 3A + A 2 — 12 = 0 

A 2 — 3A — 10 = 0 (A — 5)(A + 2) = 0 A =-2 or 5 

Now we substitute each value of A in turn in the equation 
(A - AI)x = 0 


With A = -2 

k : iy 


-(- 2 ) 


{(;; 


1 0N \ 
0 1 ) 

2 0\ 

0 2 / 

/4 3 

\ 4 3 


Multiplying out the left-hand side, we get 


4*i + 3*2 = 0 


from which we get * 2 = - f *1 i.e. not specific values for X\ and * 2 , but 
a relationship between them. Whatever value we assign to X\ we 
obtain a corresponding value of x 2 . 


Xi = 


-12 


, etc. 


The most convenient way to do this is to choose X\ = 1 and then scale 
xi to obtain integer elements. So here we find for X\ — 1 then 
* 2 = -4/3 so Xi is of the form 


This is now scaled up by multiplying by 3 to give 
xi = a ^ ^ where a is a constant multiplier. 

The simplest result, with a = 1, is the one normally quoted. 


for Ai = -2, xi = 


Similarly, for A 2 = 5, the corresponding eigenvector is 
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Because, with A 2 = 5, (A - AI)x = 0 becomes 



- 3*i + 3*2 = 0 i.e. *2 = X\ 


with A 2 = 5, the corresponding eigenvector is X 2 = P 


1 

1 


Again, taking (5 = 1, for A 2 = 5, x 2 



So the required eigenvectors are 



corresponding to Ai = -2 
corresponding to A 2 = 5. 


Example 2 

Determine the eigenvalues and corresponding eigenvectors of 
Ax = Ax where A = 

The characteristic equation is |A - AI| = 0, which in this case can be 
written as. 


3 10 \ 

2 4 r 



Expanding the determinant and solving the equation gives 

Ai =.; A2 =. 
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Ai = —1; A 2 = 8 

Because the equation is (3 - A)(4 - A) - 20 = 0 A 2 - 7A - 8 = 0 
(A+l)(A-8)=0 A = -1 or 8 

(a) With Ai = —1, we solve (A - AI)x = 0 to obtain an eigenvector, 
which is. 


Because 


A = 


3 10 
2 4 


4*i + 10*2 = 0 






Xi = a 



with a = 1 Ai — -1 and Xi 


5 

-2 


*i 

*2 

*i 

X 2 

*1 
x2 



(b) In the same way the corresponding eigenvector x 2 for X 2 = 8 is 



Because 




- 5*x + 10* 2 = 0 




x 2 = P\ 


with p = 1, A 2 = 8 and x 2 
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The same basic method can similarly be applied to third-order sets of 
equations. 


Example 3 

Determine the eigenvalues and eigenvectors of Ax = Ax where 

(1 0 4\ 

A= 0 2 0 . 

V 3 1 -3/ 


As before, we have (A - AI)x = 0 with characteristic equation 
|A - AI| = 0. 

1 — A 0 4 

i.e. 0 2-A 0 =0 

3 1 -3-A 

Expanding this we have 

Ai =.; A2 =.; A3 =. 


Ai = 2; A 2 = 3; A 3 = —5 


Because 

(1 - A){(2 - A)(-3 - A) - 0} + 4{0 - 3(2 - A)} = 0 
(1 - A)(2 - A)(—3 - A) - 12(2 - A) = 0 
(2 - A){(1 - A)(—3 - A) - 12} = 0 

A = 2 or A 2 + 2A — 15 = 0 (A-3)(A + 5) = 0 

A = 2, 3, or - 5 
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Because we have — *1 + 4*3 = 0 *3 = \x\ 

3*1 + * 2 -5*3 = 0 /. 3*i+* 2 -|*i = 0 * 2 = -f*i 

7 1 

* 1 , * 2 > *3 are in the ratio 1 : — —: — i.e. 4 : -7 : 1 xi 


(b) Similarly for A 2 = 3, (A - AI)x = 0 


10 4 

0 2 0 
3 1-3 


(1 0 0 

-3 0 1 0 

V 0 0 1 


from which a corresponding eigenvector is 


x 2 = 



4 

-7 

1 





(c) All that now remains is A 3 = -5. A corresponding eigenvector X 3 

x 3 =. 

Finish it on your own. Method just the same as before. 
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Check the working. 

1 0 4\ 

A= I 0 2 0 1 and A 3 = -5 with (A-AI)x = 0. 

3 1-3/ 

/ 0 \ 

0 

\o/ 
/ 0 \ 

0 

Vo/ 



6^1 + 4*3 = 0 


7x 2 = 0 x 2 = 0 


x 3 = 


/ 2 
0 
V-3 


Collecting the results together, we finally have 

4 \ (2 

M — 2, xi = I -7 1; A 2 = 3, x 2 = 0 I; A 3 = -5, x 3 = 



Cayley-Hamilton theorem 


The Cayley-Hamilton theorem states that every square matrix satisfies 
its characteristic equation. For example the matrix 



A = 


2 3 
4 1 


of Frame 54 has the characteristic equation 
A 2 - 3A - 10 = 0 

and so the Cayley-Hamilton theorem tells us that 
A 2 - 3A - 101 = 0 
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To verify this we note that 


- 3A - 101 - 


= ( 16 9 ) sc 

\ 12 13/ 

9 \ (2 3 


so that 




16 9 

12 13 


6 9 
12 3 


10 0 
0 10 


3 10 
2 4 


You try one. Verify that the matrix A = ^ ^ 
the characteristic equation 
A 2 - 7A - 8 = 0 

satisfies the Cayley-Hamilton theorem, that is 


0 0 
0 0 


of Frame 57 with 


Because 


2 4 


A 2 - 7 A - 81 = 


A 2 — 7A — 81 = 0 


3 10\ /3 10 


2 4/ 

'29 70 

^ 14 36 

'29 70 

14 36 


29 70 \ 
14 36/ 
/ 3 10 


so that 


-8 


21 70 
14 28 


8 0 
0 8 


0 0 
0 0 


Now on to something different 


Systems of first-order ordinary 
differential equations 


Matrix methods involving eigenvalues and their associated eigenvec¬ 
tors can be used to solve systems of coupled differential equations, 
though we shall only consider cases where the relevant eigenvalues are 
distinct. We proceed by example. 


Example 1 

Consider the system of two coupled ordinary differential equations 


f'i M = 2/i(x) + 3f 2 (x) 
£(x) = 4/i (*)+/*(*) 


where fi(0) = 2 and ^(0) = 1 


These can be written in matrix form as 
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That is 
F'(x) = AF(x) 

where F(x) = (j^), F'W = (|j^) and A= ^ and where 

are the boundary conditions in matrix form. 

The matrix differential equation F' (x) = AF(x) is similar in form to 
the single differential equation f(x) =af(x) (a constant) which has 
solution f(x) = ae^ (a constant), so to solve the matrix equation we 
try a solution of the form 

F(x) = Ce** where the number k and the constants c\ and c 2 of the 

matrix C = ( 1 ] are to be determined. 

\cz) 

Substituting F(x) = Ce kx into the matrix equation F'(x) = AF(x) gives 



kCe^ = ACe kx 

Because 

F(x) = Ce** so F'(x) = kCe kx . Since F'(x) = AF(x) then kCe ** = ACe ** 
Dividing both sides by gives 
kC = AC that is AC = kC. 

So, from Frame 53, k is an eigenvalue of A and C is the corresponding 
eigenvector. Therefore, we must first find the eigenvalues of A and for 
this matrix these have been found earlier in Frames 54 to 57. They are 

A = -2 (and so k = -2) with corresponding eigenvector 

A = 5 (and so k = 5) with corresponding eigenvector 

To each eigenvalue the matrix F(x) = Ce kx is a solution. The complete 
solution to F 7 = AF is then 






a\e ■ and F 2 (x) = 


a 2 e - 
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Because 


F(jk) = Ce** is the solution corresponding to the eigenvalue k with 
associated eigenvector C. 

The complete solution to the equation F / (x)=AF(x) is then a 
combination of these two solutions in the form 

F(x) = A ( ^ 

Applying the boundary conditions gives F(0) =. 

*<o>=(“ + + *H?) 

Because 

F(x) =a( 3 \~ 2x +B( 1 \e ix andsoF(O) 

Therefore 

3A+B = 2 

with solution A = 1/7 and B 

-4A+B = 1 

giving the final solution as F(*) =. 


= A 


3 
-4 
3 A+B 
-4A + B 


+ B 


1 

1 


2 

1 


= H/7, 





Summary 

To solve an equation of the form 
F'(x) = AF(x) 

1 Find the eigenvalues Ai, A 2 ,A„ of A (assuming they are all 
distinct) 

2 Find the associated eigenvectors Ci, C 2 ,.. C n 

3 Write the solution of the equation as F(*) = J2r=i(^re XrX )C r and 

use the boundary conditions to find the values of a r for 
r = 1 , 2 ,..., n. 

Now you try one. 

Next frame 
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Example 2 

The system of two coupled ordinary differential equations 


/?(*) = 3ft (x) + 10ft (x) 
f'(x) = 2f 1 (x) + 4f 2 (x) 


where fi(0) = 0 and f 2 (0) = l 


has the solution (refer to Frames 57 to 61) 

ft w =. 

ft M =. 



Because 

/?(*) = 3ft (x) + 10ft(x) 

= 2ft (x) + 4fc(x) 

can be written in matrix form as 



To solve the matrix equation we first need the eigenvalues and 
associated eigenvectors of the matrix A. These have already been 
found in Frames 57 to 61 and they are 

A = -1 with corresponding eigenvector 

A = 8 with corresponding eigenvector ^ 

The complete solution of F' = AF is then 



F(x) = A 


5 

-2 


e~ x +B 


2 

1 



That is fi(x) = 

m = 
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fx (x) = 5Ae~ x + 2Be Sx 
f 2 (x) = -2Ae~ x + Be Sx 


Because 



and so 


f!(x) = 5Ae~ x + 2Be 8x 
f 2 (x) = -2Ae~ x +Be 8x 

Applying the boundary conditions, we find 





Because 

The boundary conditions are fi(0) = 0 and f 2 ( 0) = 1 therefore 



This gives the pair of simultaneous equations 


5 A + 2B = 0 
-2A+B = 1 


which have solution 



This gives the complete solution as 



fl(x) = 


= / —10/9 

fz{x)) \ 4/9 

10 , 10 8 „ 

_ p~ x I_ p ax 

9 9 



5 

+ 9* 


Sx 


e~ x + 


10/9 

5/9 


e 


Sx 
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Diagonalisation of a matrix 


Modal matrix 

We have already discussed the eigenvalues and eigenvectors of a 
matrix A of order n. In this section we shall assume that all the 
eigenvalues are distinct. If the n eigenvectors x,- are arranged as 
columns of a square matrix, the modal matrix of A, denoted by M, is 
formed 

i.e. M = (xi, x 2 , x 3 ,..., x n ) 

For example, we have seen earlier that if 
(1 0 4\ 

A = I 0 2 0 1 then Ai = 2, A 2 = 3, A 3 = —5 

\3 1 -3/ 

and the corresponding eigenvectors are 

*■■(■!)'**■(?)■"■( j) 


Then the modal matrix M = 


4 2 2 

-7 0 0 

11-3 


Spectral matrix 

Also, we define the spectral matrix of A, i.e. S, as a diagonal matrix with 
the eigenvalues only on the main diagonal 

/Ai 0 0 ... 0\ 

0 A 2 0 ... 0 


i.e. S = 


0 0 0 


So, in the example above, S = 




Note that the eigenvalues of S and A are the same. 

(5 -6 IX 

So, if A = 1 1 0 has eigenvalues A = 1, 2, 4 and 

\ 3 0 1/ 


corresponding eigenvectors 1 , 1,1 

W W \3 

then M =. and S =. 
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/O 1 3\ /l 0 0 

M = ( 1 1 1; S = [ 0 2 0 

6 3 3 VO 0 4 


Now how are these connected? Let us investigate. 

The eigenvectors x arranged in the modal matrix satisfy the original 
equation 


Also 

Then 


Ax = Ax 

M=(xi X2 ... 
AM = A(xi X 2 . 
= (Axi Ax 2 

= (AiXi A 2 x 2 


X«) 

X„) 

.. Ax„) 

... A n x n ) since Ax = Ax 


Now S = 


Ai 0 

0 A 2 

• • 

• • 

* • 

0 0 


(AiXi A 2 x 2 


A„x«) — 


AM MS 


If we now pre-multiply both sides by M 1 we have 

M 'AM M 'MS But M 1 M = I 
. . M ‘AM = S 


Make a note of this result. Then we will consider an example 


Example 1 

From the results of a previous example in Frame 65, if 
(1 0 4\ 

A = 0 2 0 then Ai =2, X 2 = 3, A 3 = -5 and 

\3 1 -3/ 



We can find M 1 by any of the methods we have established 
previously. 

M" 1 =. 
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Here is one way of determining the inverse. You may have done it by 
another. 


/ 4 2 2 | 1 0 0\ (7 0 

-7 0 0 | 0 1 0 I ~ [ 1 1 

\ 1 1 -3 | 0 0 1/ V 4 2 

/I 0 0 ; 0 -1/7 0\ /I 

~ I 0 1 -3 ] 0 1/7 1 ~ 0 

\0 2 2 ; 1 4/7 0/ \0 

no o ; o -i/7 o \ 

~ 0 1 —3 ; 0 1/7 1 

\0 0 1 ] 1/8 1/28 —1/4 / 

(1 0 0 \ 0 -1/7 0 \ 

~ I 0 1 0 \ 3/8 7/28 1/4 ] 

\0 0 1 ; 1/8 1/28 —1/4 / 

/ 0 -1/7 0 \ 

.'. M” 1 = 3/8 1/4 1/4 

\1/8 1/28 —1/4 / 

( 1 ° 4 \ 

So now A = I 0 2 0 I and M = 


1 0 0\ (7 ( 

0 1 0 ~ 1 ] 

0 0 1/ \4 2 

0 -1/7 0\ i 
0 1/7 1 ~ 

1 4/7 0/ \ 

0 -1/7 0 

0 1/7 1 

1/8 1/28 -1/4 

0 -1/7 0 \ 

3/8 7/28 1/4 


0 -1 

0 0 


9 

-1/7 

1/7 

2/7 


.'. AM = 0 2 


\3 1 -3 
10 4\ / 


3 1-3 


4 2 2 

-7 0 0 

11-3 


/ 0 -1/7 0 

Then M _1 AM= 3/8 1/4 1/4 

V1/8 1/28 -1/4 


4 2 2\ 

7 0 0 

11-3/ 

8 6 -10 
-14 0 0 

^23 15 

8 6 - 10 \ 

-14 0 0 

2 3 15/ 


0 

1 

-2 
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wmmmm 


(2 0 0 \ 

M _1 AM = 0 3 0 

\0 0 -5/ 


So we have transformed the original matrix A into a diagonal matrix 
and notice that the elements on the main diagonal are, in fact, the 
eigenvalues of A 

i.e. M -1 AM = S 

Therefore, let us list a few relevant facts 

1 M _1 AM transforms the square matrix A into a diagonal matrix S. 

2 A square matrix A of order n can be so transformed if the matrix 
has n independent eigenvectors. 

3 A matrix A always has n linearly independent eigenvectors if it has 
n distinct eigenvalues or if it is a symmetric matrix. 

4 If the matrix has repeated eigenvalues and is not symmetric, it 
may or may not have n linearly independent eigenvectors. 

Now here is one straightforward example with which to finish. 

Example 2 

ifA=(“* ^)’ M = . ; M_1 =.; 

and hence M -1 AM =. 

Work through it entirely on your own: 

(1) Determine the eigenvalues and corresponding eigenvectors. 

(2) Hence form the matrix M. 

(3) Determine M -1 , the inverse of M. 

(4) Finally form the matrix products AM and M _1 (AM). 
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1/6 

1/6 


5/12 V 
- 1/12 )’ 


M AM 


4 (A 
0 - 8 / 



A = 


= 0 


Here is the working. See whether you agree. 
-6 5\ -6-A 5 

4 2/ "4 2 - A 

(-6-A)(2-A)-20 = 0 .-. A 2 + 4A — 32 

(A - 4)(A + 8) = 0 .-. A = 4 or - 8 


= 0 



(b) A z = -8 


-6 

4 


.'. 2x\ 4- Sx 2 = 0 


M 


1 5 

2 -2 



To find M- 1 (2 4 I 0 1 


Operating on rows, we have 


/0 5 

\0 -12 


1 0 

-2 1 


.-. M” 1 = 
. . AM = 

M“ 1 AM = 
M -1 AM = 


1 5 
0 1 
1 0 
0 1 
1/6 


1 

1/6 
1/6 
1/6 
5/12\ 


0> ) 

— 1 / 12 / 
5/12 A 
— 1 / 12 / 


1/6 -I/I2J 

-6 5W1 
4 2J\2 
1/6 5/12 

1/6 - 1/12 
4 0 

0 -8 



9-G 

4 -40 
8 16 
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Systems of second-order 
differential equations 



The process of uncoupling a system of differential equations to obtain 
their solution can be achieved by diagonalising the matrix of 
coefficients. For simplicity we shall only consider second-order 
equations and again, we proceed by example. 

Example 1 

Consider the system of coupled second-order differential equations 

fi(x)=2f 1 (x) + 3f 2 (x) 
f"(x) = 4f 1 (x)+f 2 (x) 

where 0) = 2, f 2 (0) = 1, f[{ 0) = 4 and £(0) = 3 
These can be written in matrix form as 



That is 

F"(x) = AF(x) 


where F(x) = ), F"(x) = (/|(xj) and A = ^ ^ and where 

F( ° )= {m) = (l) andF ' ( ° )= (i(0)) = (s) arethe boundary 
conditions in matrix form. 

The matrix differential equation F"(x) = AF(x) is similar in form to 
the single differential equation f"(x) = uf(x) (a constant) which has 
solution f(x) — ae^ x + f3e~^ x {a, j3 constants), so to solve the matrix 
equation we try a solution of this form. We already know from Frames 
54 to 57 that the eigenvalues and eigenvectors of matrix A are 


A = -2 with corresponding eigenvector 


3 

-4 


A = 5 with corresponding eigenvector 


1 

1 


The modal matrix of A is the matrix M and the spectral matrix of A is 
the matrix S where 


M = 


and S = 
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Because 

The modal matrix is formed from the eigenvectors of A. That is 
M = ^ ^ j ^ where the two eigenvectors are ^ anc * ^ \ 
The spectral matrix is formed from the eigenvalues of A. That is 
S = f q where the two eigenvalues are - 2 and 5 


If we now define the matrix G(x) by the equation F(x) = MG(x), then 
differentiating gives 

F"(x) = [MG(x)]"= MG"(x) where 
F"(x) = AF(x) = AMG(x) 

and so, from Frame 85, M^MG'^x) = G"(x) = M“ 1 AMG(x) = SG(x). 
That is 


G"(x) = SG(x) 

Therefore, in component terms 



*<*> = (11 ° 


glW) 


and so 


g'l(x) = .. .gi(x) with solution g\(x) = k n e- x + k i2 e 
g^ix) = .. .g 2 (x) with solution g 2 (x) = k 2 \e x + k 22 e~ - x 


g" (x) = —2gi(x) with solution^(x) = kne’^ 1 +ki 2 e /V ^ 
g%{x) = Sg 2 (x) with solution g 2 (x) = k 2 ie' /Sx + k 22 e~^ x 


Now, F(a;) = MG(ac) so 
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*(*) = 


AW 

AW 


3 kuei'fc + Skne-i^x + k 2 ie' /Sx + k 22 e~' /Sx 
— 4/cn e^ 2x — 4^12^ ,v ^ + k 2 ie^ x + k 22 e~^ x 


Because 

FW= (fiw) =MGW 

and so 


3 1 
-4 1 


fc n e/V2* + kne-i^ 
k 21 e^ x + k 22 e-^ x 


fi(x) = 3kiie’^ x + 3ki 2 e + k 2 ie i ' /Sx + k 22 e ' /Sx 

and 

f 2 (x) = -4kne^ - 4 * 12 ^^* + kzie^* + k 22 e~^ x 

This solution can be written in terms of circular and hyperbolic 
trigonometric expressions as 

.\ / P cos...x + Qsin...x \ 

^ — V. \R cosh... x + 5 sinh... x ) 


ti( x \=( 3 1 W P cos y/2x + Q sin y/2x \ 
^ 4 1 y \RcoshV5x + SsmhV5x) 


Because 


3k u e^ + 3k 12 er^ 

= 3kn ^cos V2x + / sin V2x^ + 3ki 2 (cos y/2x 

= P cos >/2x + Q sin y/2x 
where P = 3kn + 3ki 2 and Q = (3 ku - 3ki 2 )j 


- j sin y/Zx'j 


and 


k 21 e^ x + k 22 e ^ x 

= k 2 \ (cosh VSx + sinh y/Sx ) + k 22 (cosh y/Sx - sinh y/Sx^j 
= R cosh y/Sx + 5 sinh y/Sx where R = k 2 i + k 22 and S = k 2 1 - 


Therefore 
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*(*) = 


3 P cos \flx + 3Q sin \/2x + R cosh y/Sx + 5 sinh y/Sx 
-4 P cos V2x - 4Q sin y/2x + R cosh y/Sx + 5 sinh y/Sx 


That is 


fl(x) = 
M*) = 


fi (x) = 3P cos Vzx + 3Q sin Vzx + R cosh VEx + S sinh VEx 
f ~2 (x) = —4P cos V2x — 4Q sin V2x + R cosh VEx + S sinh VEx 


Because 

FW - (ftw) 

and so 

fi(x) = 3P cos y/2x + 3Qsin y/2x + R cosh y/Sx + S sinh y/Sx 
fi{x) = -4P cos yfZx - 4Q sin y/Zx + R cosh VSx + S sinh y/Sx 
Applying the boundary conditions, we find 


F(0) = 


.,. P -f -... R 
... P R 


and r«» _(*) = (;;; 


Q + 
Q + 



Because 
fi(0) = 

F(0) = 


*( 0 ) = 


2 , U 0 ) 

( 2 \ 


= i, m 

ffV0)\ 

\f2(0)J~ 

ffm\ 


4 and f£( 0) = 3 and so 

' 3 P + R \ J 
„„ „ and 

,-4 P + RJ 

( 3V2Q+VES \ 

1 -4V2Q + VEs) 


This gives the two sets of simultaneous equations 

3P + R = 2 3\/2Q + VES = 4 

and which have solution 

-4P + R = 1 -4V2Q + VSS = 3 


P = 


R = 


Q =. and S = 
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P = 1/7, R — 11/7, Q = 1/ (jVz) and 5 = 25/( 7 V 5 ) 


This gives the complete solution as 

3 3 11 25 

fi {x) = — cos y/lx h- -= sin y/lx +—cosh y/Sx h- ■= sinh y/Sx 

7 7y/ 2 7 7y/S 

fzix) = - % cos V2x -sin y/2x cosh y/Sx + -^= sinh VSx 

This method is quite straightforwardly extended to three or more such 
coupled differential equations. 


Summary 

To solve the system of coupled second-order differential equations 
F"(x) = AF(x) 

1 Find the eigenvalues and eigenvectors of matrix A and construct 
the modal matrix M and the diagonal spectral matrix S 

2 Solve the equation G'(x) = SG(x) 

(note that even though M -1 is used there was no need to 
calculate it) 

3 Apply F(x) = MG(x) to find F(x). 

Try one yourself. 

Next frame 


Example 2 

The system of coupled second-order differential equations (refer to 
Frames 57 to 61) 

f?(x) = 3/i (*) + 10/ 2 (x) 

fZ(x) = 2f l (x) + 4f 2 (x) 

where /i(0) = 0, f 2 ( 0) = 1, f[{ 0) = 1 and f 2 { 0) = 0 
has the solution (refer to Frames 57 to 61) 

fi(x) = . 

fz(x) = . 
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fi (x) = 10 cos x +— sin x + 10 cosh 2\[2x -i -— sinh 2V2x 

9 9\/2 

2 1 

fzix) = —4cosx —-sinx + ScoshZVZxH-— sinh 2\[2x 

9 9\/2 


Because 

fl'(x) = 3f l (x) + 10f 2 (x) 
fz(*) = 2f 1 (x) + 4f 2 (x) 

can be written in matrix form as 


m*) 


3 10\ /fi(r) 
2 4j\f 2 (x) 


That is 


F"(x) = AF(x) 

where F W - (^>), F" W - and A. Q “) 

and where F(0) = (®) and F(0) = (|°j) = (J). 

To solve the matrix equation we first need the eigenvalues and 
associated eigenvectors of the matrix A. These have already been 
found in Frames 57 to 61 and they are 

A = -1 with corresponding eigenvector ^ ^ 

A = 8 with corresponding eigenvector ( \ ) 

The complete solution of F" = AF is then 

F(x) = (P cosx + Qsinx)^ ^ + (r cosh 2\flx + 5sinh 2Vlxj 

_ /5Pcos x + 5Qsin x + ZR cosh 2y/2x + 25sinh 2y/2x\ 

1—2 P cos x — 2Q sin x + jR cosh 2\/2x + 5 sinh 2\/2x ) 


That is 


fi(x) 

£(*) 
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fi (x) = 5P cos x + 5Q sin x + 2R cosh 2V2x + 25 sinh 2\f2x 
fz (. x ) = —2 P cos x - 2Q sin x + R cosh 2\[2x + 5 sinh 2V2x 


Because 



and so 

fi (x) = SP cos x + 5Q sin x + 2R cosh 2\[2x + 25 sinh 2\[2x 
f 2 (x) — -2P cos x-2Qsinx + R cosh 2V2x + 5 sinh 2y/2x 


Applying the boundary conditions, we find 



... P R 
...P + ...R 


and F'(O) = 


1 

0 


... Q + ... 5\ 
... Q 4- - • -5y 


F(0) = 


5P + 2R 
-2P + R 


“ dF <°>=(j)=(- 5 ^ 


Because 

The boundary conditions are /i(0) = 0, fz( 0) = 1, f{{ 0) = 1 and 
f 2 ( 0 ) = 0 , therefore 



~-c)-(S)-(-r.-s) 


This gives the two sets of simultaneous equations 


5P+2R = 0 5Q + 4\/25 = 1 

and which have solution 

-2 P + R = 1 —2Q + 2V2S = 0 

P = ., R = ., 

Q =...and 5 =.. 


P = —2/9, R = 5/9, Q=l/9 and 5=l/(9\/2) 


This gives the complete solution as 

10 5 10 2 

fi(x) = -—-cos* +-sin*+—cosh 2\/2 *h -=sinh 2 v / 2 x 

9 9 9 9y/2 

4 2 5 1 

fzix) = 7 : cos* - - sin* + -cosh 2V2* h -;=sinh 2y2x 

9 9 9 9-^2 
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x-y plane 


y 

O 


^ P (x, y) 


x x 


u-v plane 

_-,Q(u, v) 



V 


O u u 


If for every point Q (u, v) in the u-v plane there is a corresponding 
point P (x, y) in the x-y plane, then there is a relationship between the 
two sets of coordinates. In the simple case of scaling the coordinate 
where 


u = ax and v = by 

we have a linear transformation and we can combine these in matrix 
form 

“Ms “)(;) 


The matrix 


a 0 
0 b 


then provides the transformation between the 


vector 


x ) in one set of coordinates and the vector ( u 

y) V v 

set of coordinates. 

Similarly, if we solve the two equations for x and y, we have 


in the other 


x = 


1 

-u 

a 

x 

y 


and y - 

1/a 
0 


1 

V 

0 

1/b 



which allows us to transform back from the u-v plane coordinates to 
the x-y plane coordinates. 

Now for an example. 
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Example 


IfX = 


with the transformation T = f ^ ^ 1 determine 


U = = TX and show the positions on the x-y and u-v planes. 


In this case 


-2 0 

2 1 


x-y plane 


u-v plane 


P(2, 1) 


- 5 . 


transforms into 


(—4, 5) 


2 x 


If T is non-singular and U = TX then X = T *U and since 


2 0 
2 1 


then T 1 = 


,_!_/-l/2 0 

” l 1 1 


There are several ways of finding the inverse of a matrix. One method 
is as follows. 


T = 


-2 0 


V 2 1 ) 
-20110 


2 1 


0 1 


-2 0 

0 1 

1 0 

0 1 


T —l_ 


1/2 0 
1 1 


So we have U = TX X = T“ 1 U 

(;M -1 / 2 ?)(“) 


1 0 
1 1 


1/2 0 


Hence a vector in the w-v plane transforms into in the x-y 


plane where 
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Rotation of axes 

A more interesting case occurs 
two sets of coordinate axes. 



with a degree of rotation between the 


Let P be the point (x,y) in the 
x-y plane and the point (m, v) in 
the u-v plane. 


Let 9 be the angle of rotation between the two systems. From the 
diagram we can see that 


x = u cos 9 — v sin 9 
y = usin.9 + vcos9 



In matrix form, this becomes 


x 

y 


cos 9 -sin 9 
sin 9 cos 9 


u 

v 


which enables us to transform from the u-v plane coordinates to the 
corresponding x-y plane coordinates. 


Make a note of this and then move on 
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If we solve equations (1) for u and v, we have 

xsinO = z/sin0cos0 - vsin 2 0 
y cos0 = i/sin0cos0 + vcos 2 0 
y cos 9 — x sin 0 = v(cos 2 0 + sin 2 9) — v 
Also * cos 6 — u cos 2 6 - v sin 6 cos 6 

ysin0 = i/sin 2 0 + vsin0cos0 

x cos 9 + y sin 9 = u{ cos 2 9 + sin 2 9) = u 
So u = x cos 9 + y sin 9 

v = — *sin0 + ycos0 

and written in matrix form, this is. 




cos0 -sin0 
sin 9 cos 9 
cos 9 sin 9 
— sin 9 cos 9 



where T is the matrix of transformation and the equations provide a 
linear transformation between the two sets of coordinates. 


Example 

If the u-v plane axes rotate through 30° in an anticlockwise manner 
from the x-y plane axes, determine the (u, v) coordinates of a point 
whose (x, y) coordinates are x = 2, y = 3 in the x-y plane. 

This is a straightforward application of the results above. 


So 


u 

v 
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(u\ = f ^3 + 3/2 \ = / 3 - 23 \ 

W \-1 + 3V5/2 J \ l'60y 



Because 

fu\ / cos# sin0\/2\ cos0 = a/3/2 

[vj V-sin6> cos 9) \ 3) s in0 = l/2 

= (V3/2 l/2\/2^| 

\ — 1/2 V3/2j\3j 

_ (\/3 + 3/2 \ = /3-23\ 

l—1 + 3\/3/2/ Vl-60/ 


As usual, the Programme ends with the Revision summary, to be 
read in conjunction with the Can You? checklist. Go back to the 
relevant part of the Programme for any points on which you are 
unsure. The Test exercise should then be straightforward and the 
Further problems give valuable additional practice. 



Revision summary 12 

1 Singular square matrix: |A| = 0 

Non-singular square matrix |A| ^ 0. 

2 Rank of a matrix - order of the largest non-zero determinant that 
can be formed from the elements of the matrix. 



3 Elementary operations and equivalent matrices 

Each of the following row operations on matrix A produces a row 
equivalent matrix B where the order and rank of B are the same as 
those of A. We write A ~ B. 


(1) Interchanging two rows 

(2) Multiplying each element of a row by the same non-zero scalar 
quantity 

(3) Adding or subtracting corresponding elements from those of 
another row. 

These operations are called elementary row operations . There is a 
corresponding set of three elementary column operations that can be 
used to form column equivalent matrices. 

4 Consistency of a set of n equations in n unknowns with coefficient 
matrix A and augmented matrix Ab. 

(a) Consistent if rank of A = rank of Ab 

(b) Inconsistent if rank of A < rank of Ab. 
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5 Uniqueness of solutions - n equations with n unknowns. 

(a) rank of A = rank of Ab — n unique solutions 

(b) rank of A = rank of A b = m < n infinite number of solutions 

(c) rank of A < rank of A b no solution 

6 Solution of sets of equations 

<i 

(a) Inverse matrix method Ax = b; x = A b 
To find A -1 

(1) evaluate |A| 

(2) form C, the matrix of cofactors of A 

(3) write C T , the transpose of A 

(4) A” 1 = jij x C T . 

(b) Row transformation method Ax = b; Ax = lb 

(1) form the combined coefficient matrix [All] 

(2) row transformations to convert to [I IA ] 

i 

(3) then solve x = A _1 b. 

(c) Gaussian elimination method Ax = b 

(1) form augmented matrix [Alb] 

(2) operate on rows to convert to [XJlb / ] where U is the upper- 
triangular matrix. 

(3) expand from bottom row to obtain x. 

(d) Triangular decomposition method Ax = b 

Write A as the product of upper and lower triangular matrices. 

A = LU, L(Ux) = b. Put Ux = y Ly = b 

(1) solve Ly = b to obtain y 

(2) solve Ux = y to obtain x. 

7 Eigenvalues and eigenvectors Ax = Ax 

Sets of equations of form Ax = Ax, where A = coefficient matrix, 
x = column matrix, A = scalar quantity. 

Equations become (A — AI)x = 0. 

For non-trivial solutions, |A — AI| = 0 is the characteristic equation 
and gives values of A i.e. the eigenvalues . 

Substitution of each eigenvalue gives a corresponding eigenvector. 

8 Cayley-Hamilton theorem 

Every square matrix satisfies its own characteristic equation. 

9 Solving systems of first-order ordinary differential equations 

To solve the system of coupled first-order differential equations 

F'(x) = AF(x) 

► 
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(a) Find the eigenvalues and eigenvectors of matrix A and 
construct the modal matrix M and the diagonal spectral 
matrix S 

(b) Solve the equation G'(x) = SG(x) 

(c) Apply F(x) = MG(x) to find F(x). 

10 Diagonalisation of a matrix 
Modal matrix of A 

If A has distinct eigenvalues M= (xi, X 2 ,x„), where xi, 

X 2 , ..., x„ are eigenvectors of A, then M _1 AM = S where S is the 

spectral matrix of A 

/ Ai 0 ... 0\ 

0 X 2 ... 0 

and S = 

• • « 

• • « 

\ 0 0 ... \ n / 

Ai, A 2 , ..., \ n are the eigenvalues of A. 

11 Solving systems of second-order ordinary differential equations 

To solve an equation of the form 

F"(x) = AF(x) 

(a) Find the eigenvalues Ai, A 2 ,..., X n of A 

(b) Assuming the eigenvectors are all distinct, find the associated 
eigenvectors Ci, C 2 ,..., C„ 

(c) Write the solution of the equation as 

F(x) = (a r e' / ~ x ' x + fe r e"^)c r 

r= 1 

and use the boundary conditions to find the values of a r and b T 
for r = 1 , 2, ..., n. 

12 Matrix transformation 

(a) U = TX, where T is a transformation matrix, transforms a 
vector in the x-y plane to a corresponding vector in the u-v 
plane. Similarly, X = T -1 U converts a vector in the u-v plane 
to a corresponding vector in the x-y plane. 

(b) Rotation of axes 



x 
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Checklist 12 

Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that 
you can: 

• Determine whether a matrix is singular or non¬ 
singular? 

Yes □ □ □ □ □ No 


Determine the rank of a matrix? 

Fes □ □ □ □ □ 


No 


Determine the consistency of a set of linear equations 
and hence demonstrate the uniqueness of their 
solution? 

Yes □ □ □ □ □ No 


No 


Obtain the solution of a set of simultaneous linear 
equations by using matrix inversion, by row 
transformation, by Gaussian elimination and by 
triangular decomposition? 

Yes □ □ □ □ □ No 

Obtain the eigenvalues and corresponding eigenvectors 
of a square matrix? 

Yes □ □ □ □ □ No 

Demonstrate the validity of the Cayley-Hamilton 
theorem? 

Yes □ □ □ □ □ No 


No 


Solve systems of first-order ordinary differential 
equations using eigenvalue and eigenvector methods? 

Yes □ □ □ □ □ No 

Construct the modal matrix from the eigenvectors of a 
matrix and the spectral matrix from the eigenvalues? 

Yes □ □ □ □ □ No 

Solve systems of second-order ordinary differential 
equations using diagonalisation? 

Yes a n n n a no 

Use matrices to represent transformations between 
coordinate systems? 

Yes □ □ □ □ □ No 


Frames 


3 I to 


68 1 tol 79 



I to 
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Test exercise 12 


Determine the rank of A and of Ab for the following sets of equations 
and hence determine the nature of the solutions. Do not solve the 
equations. 


(a) xi + 3x 2 - 2x 3 = 6 
4*i + Sx 2 + 2x 3 = 3 
X\ + 3x 2 +4x 3 = 7 


(b) xi + 2x z -4 x 3 = 3 
Xi + 2x 2 + 3x 3 = -4 
2xi + 4 x 2 + X 3 = —3. 


determine A 


(2 3 —2\ / 4\ 

If Ax — b where A = I 3 5 —4 I and b = I 10 , determine A 1 

\l 2 -3/ V 9j 

and hence solve the set of equations. 

Given that 3*i + 2*2 + *3 = 1 

*1 - *2 + 3*3 = 5 
2*1 + 5*2 — 2*3 = 0 

apply the method of row transformation to obtain the value of *i, * 2 , * 3 . 
By the method of Gaussian elimination, solve the equations Ax = b, 


where A = 


1 -2 — 4 \ 

2 1 —3 I and b = 

1 3 2/ 


1 -2 andb= -3 , express A as the 


If Ax = b where A = 


product A = LU where L and U are lower and upper-triangular matrices 
and hence determine the values of * 1 , * 2 , *3. 

Determine the eigenvalues and corresponding eigenvectors of Ax = Ax 
/ i 3 0\ 

where A = I 1 2 1 ]. 

V -2 1 -1 


If xi and X 2 are eigenvectors of Ax = Ax where A = | 

(a) M = (xjX 2 ) 

(b) M _1 

(c) M _1 AM. 

Solve the system of first-order differential equations 
f[{x) = 5fi(x) - 2f 2 (x) 


determine 


f 2 ( x ) = -fi(x) +4/ 2 (x) 


where fi(0) = -3 and fz{0) = 2. 
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Solve the system of second-order differential equations 

m : %t-%%) where fm ='■ fm " °- m “ 1 m —*■ 

(a) Determine the vector in the u-v plane formed by U = TX, where the 

transformation matrix is T = ^ ^ ^ and X = -2 ) * s a vector 

in the x-y plane. 

(b) The coordinate axes in the x-y plane and in the u-v plane have the 
same origin O, but OU is inclined to OX at an angle of 60° in an 

anticlockwise manner. Transform a vector X= in the x-y 

plane into the corresponding vector in the u-v plane. 



Further problems 12 


(5 2 3\ ( 6 \ 

1 If Ax = b where A = 3 -2 -2 1 and b = I 5 1, determine A 1 

3 l) \-5j 

and hence solve the set of equations. 

2 Apply the method of row transformation to solve the following sets of 
equations. 

(a) X\ — 3x 2 - 2 x 3 =8 (b) X\ - 3 x 2 + 2 x 3 = 8 

2xi + 2 x 2 + x 3 = 4 2xi - x 2 + X 3 = 9 

3xi — 4 X 2 + 2 x 3 = -3 3xi + 2 x 2 + 3 x 3 = 5. 

3 Solve the following sets of equations by Gaussian elimination. 

(a) X\ - 2x 2 - x 3 -T 3x 4 = 4 
2 xi + x 2 + x 3 - 4x 4 = 3 
3 xi — X2 — 2x3 + 2x4 = 6 

xi + 3 x 2 - x 3 + x 4 = 8 

(b) 2 xi + 3 x 2 - 2 x 3 + 2x 4 = 2 
4xi + 2x2 — 3x3 — x 4 = 6 

Xi - x 2 + 4 x 3 - 2x 4 ~7 
3xi + 2x 2 + x 3 — x 4 = 5 

(c) X\ + 2 x 2 "T 5 x 3 -f- X 4 = 4 
3xi — 4x2 + 3x3 — 2 x 4 = 7 
4xi + 3x 2 + 2x 3 - x 4 = 1 

X\ - 2 x 2 - 4x 3 - x 4 = 2. 
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4 


Using the method of triangular decomposition, solve the following sets 
of equations. 


(a) 


(b) 


(c) 


4 -1\ /*i\ / -2 

2 3 * 2 ) = -1 

-3 2/\x 3 J \ —18 



2 

3 

~ 1N ! 

(xi\ 

/ -3\ 

1 

-3 

2 


X 2 


14 

3 

2 

3 


X 3 


21 

4 

-2 

4/ 

w 

WO/ 


5 


If Ax = Ax, determine the eigenvalues and corresponding eigenvectors 
in each of the following cases. 


/ 4 3 

(a) A = ^ 2 5 

(C)A= ( _ 4 

(2 7 0\ 


(e) A = 

1 3 

1 


\ 5 0 

8/ 


/ —3 0 

6 

(g) A = 

4 5 

3 


l 1 2 

1 



(b) A = 
(d) A = 


(f) A = 


(h) A = 


2 -5 
1 -4 
-5 9 

1 3 
5 -6 1\ 

1 10 

3 0 1/ 

4 10 —8\ 
12 1 
-12 3/ 


6 Solve each of the following systems of first-order differential equations. 

(a) fl(x) = 2ft (x) - 5ft (x) 

flix) = ft W - 4ft (x) 
where fi(0) = 1 and /^(0) = 0 

(b) ft(*) = -5ft(x) + 9ft(x) 
feW = fi(x) + 3f 2 (x) 

where ft(0) = 0 and f 2 (0) = -2 

(c) ft(x) = 5ft (x) - 6f 2 (x) + f 3 (x) 
fi(x) = fi(x) + fz(x) 

f 3 (x) = 3ft(x) +ft(x) 

where ft(0) = 1, ft(0) = 0 and f 3 (0) = 2 

(d) f[(x) = 4ft (x) + 10ft(x) - 8ft (x) 
ft(x)=ft(*) + 2ft(x) + ft(x) 
f 3 (x) = ~fi (x) + 2ft(x) + 3ft (x) 

where fi(0) = 4, f 2 {0) = -2 and f 3 ( 0) = -1. 
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(1 3 0\ 

7 If A = I 3 10 —3 1, determine the three eigenvalues Ai, A 2 , A 3 of A 

\0 -3 9/ 

/-9 1 1 \ 

and verify that if M = [ 3 2 4 ) then M -1 AM = S, where S is a 

V 1 3 -3/ 

diagonal matrix with elements Ai, A 2 , A 3 . 

/ 8 10 7\ 

8 Invert the matrix A = I 5 9 4 1 and hence solve the equations 

\9 11 8 / 

8/1 + 10/2 + 7/3 = 0 

5/i+ 9 / 2 + 4/3 =-9 
9Ji + 117 2 + 87 3 = 1. 

(\ 2 3\ (-2 6 —4\ 

9 If A = 4 6 7 and B = -1 -6 5 , verify that AB = kl 

\5 8 9/ \2 2-2/ 

where I is a unit matrix and k is a constant. Hence solve the equations 
X\ + 2 X 2 "I" 3x3 = 2 
4xi + 6x 2 + 7x 3 = 2 
5xi + 8 x 2 + 9x3 = 3. 

10 Solve each of the following systems of second-order differential 
equations. 

(a) fl'(x) = 4fi(x) + 3f 2 (x) 
fi( x ) = 2fi(x) + 5/2 (x) 

where /i(0) = 0, f 2 { 0) = 1, ^(0) = 4 and ^(0) = 1 

(b) f"(x) = —6fi(x) + 5/^ (x) 
f%(x) = 4f 1 (x) + 2f 2 (x) 

where fi( 0 ) = 0 , f 2 ( 0 ) = 1 , ft( 0 ) = 1 and £( 0 ) = 0 

(c) ff(x) = 2ft (x) + 7ft(x) 

/a (*) = / 1 W + 3/2 (x) +f 3 (x) 
fi( X ) = 5/l (x) + 8 ft (x) 

where ft( 0 ) = 1 , ft( 0 ) = 1 , ft( 0 ) = 0 , ft( 0 ) = 0 , ft( 0 ) = 0 

and/ 3 (G) = 1 

(d) /T(x) = -3ft (x) + 6 ft(x) 

/? (*) = 4ft (x) + 5/2 (x) + 3ft (x) 
ft'(x) = ft(x) + 2ft(x) + ft(x) 

where /i( 0 ) = 1 , ft( 0 ) = 1 , ft( 0 ) = 0 , ft( 0 ) = 0 , ft( 0 ) = 0 , £( 0 ) = 1 . 



Numerical 
solutions of 
partial 
differential 
equations 

Learning outcomes 

When you have completed this Programme you will be able to: 

• Derive the finite difference formulas for the first partial derivatives 
of a function of two real variables and construct the central finite 
difference formula to represent a first-order partial differential 
equation 

• Draw a rectangular grid of points overlaid on the domain of a 
function of two real variables and evaluate the function at the 
boundary grid points 

• Construct the computational molecule for a first-order partial 
differential equation in two real variables and use the molecule to 
evaluate the solutions to the equation at the grid points interior to 
the boundary 

• Describe the solution as a set of simultaneous linear equations and 
use matrices to represent them 

• Invert the coefficient matrix and thereby represent the solution to 
the partial differential equation as a column matrix 

• Take account of a boundary condition in the form of the derivative 
normal to the boundary 

• Obtain the central finite difference formulas for the second 
derivatives of a function of two real variables and construct finite 
difference formulas for second-order partial differential equations 

• Use the forward difference formula for the first time derivatives in 
partial differential equations involving time and distance 

• Use the Crank-Nicolson procedure for a partial differential 
equation involving a first time derivative 

• Appreciate the use of dimensional analysis in the conversion of a 
partial differential equation modelling a physical system into a 
dimensionless equation 


Frames 



to 


O 
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Introduction 



The numerical solution of partial differential equations is a large 
subject and can form the content of a course in itself. Here we shall 
just introduce the subject by considering the basic methods of solving 
some first- and second-order partial differential equations that involve 
functions of two real variables. The approach that is used is to 
construct finite difference formulas for the first and second partial 
derivatives and then to construct a finite difference formula that 
represents an approximation to the differential equation. However, 
before we move into the realm of functions of two real variables we 
shall derive the finite difference formulas for the ordinary first 
derivative of a function of a single real variable. 

Next frame 


Numerical approximation to 
derivatives 



A function of one real variable f(x) has the Taylor series expansion 

f(x + ft) = f(x) + hf'(x) + ^f”(x) + + • • ■ 

and, equally, replacing h by —h 

f(x - ft) = f(x) - hf'(x) +~f"(x) - -f"\x) + ... 

From the first equation we can see that by dividing through by h, we 
have 


f(x + h) - f (x) , h „ h 2 sttts \ 

- - ft = f(x) + 2\f( x ) + 3,rw + • • ■ 

and from the second equation 
f(x-h)-f(x ) , ft „ h 2 -.,,. 

- - - } h - K} = “f« + j\f M - 3 + ■ • • 

If we now neglect terms of the order two and higher we see that 

+ -f(x) [this is the forward difference formula for 

^ the first derivative of f(x)\ 

and 


m 


m 


f(*) - - h) 

h 


[this is the backward difference formula for 
the first derivative of f(x)] 
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and both of these are accurate up to terms of order two. A more 
accurate estimate of the derivative can be obtained by subtracting the 
two Taylor series expansions from each other to get 

fix) ^5 . , , .. neglecting terms of the order of . 





fix + h)~ fjx - h) 
2 h 


neglecting terms of the order two and higher 



Because 


f(x + h)~ fix - h ) 


= (fix) + hf\x)+ J fix )+ Jr (x) +...) 

- (m - hnx) +Jr (*) - Jrw+• • •) 

=2 (Vw+Jrw+---) 


and so 

fix + h)~ fix - h) 


2 h 


= fix)+^f"ix) + ... 


giving 


fix) 


fjx + h)~ fix - h) 
2h 


neglecting terms of the order two and higher. 


The derivative at x is given as the difference between the two 
values either side of fix) divided by 2 h. 

This is called the central difference formula for the derivative of f(x) and 
because it is the most accurate of the three for small h f it is the one that 
we shall use in the remainder of the Programme. 

Now we need to look at the second derivative. By adding the first 
two Taylor series expansions in Frame 2 we find that 

fix) • • • . neglecting terms of the order. 
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f( x + h)~ 2 f(x) + f(x - h) 

I W-p 

neglecting terms of the order two and higher 


Because 
f(x + ft) + f(x 


and so 

r^t"Jr . m ± fJ !L zS = f w + + 

Therefore 


- h) = (f (x) + fcf' (*) + ~f"(x) + p'"(x) + ...) 

+ (Vw - w+w+■ • •) 

=2 (f( X )+^nx)+^r(x)+..?j 

= 2f(x) + h 2 f"(x)+^f(x) + ... 


f „ (y) _ + ft) - 2f(x) + f(x - fc) 

/ W- V> - 


neglecting terms of the order 
two and higher 


This is the central difference formula for the second derivative and, as 
you see, it possesses the same level of accuracy as the central difference 
formula for the first derivative. 


Numerical solutions of partial differential equations 

Functions of two real variables 

A function of two real variables f(x, y) is graphically represented as a 
surface in three-dimensional space. 



If f(x , y) is single-valued, then to every domain point (x, y) there 
corresponds a single range point f(x , y) and hence a single surface 
point (. x, y f f(x, y)). If we know the exact form of f(x, y) then we can 
compute its value at any domain point (x, y) selected at random. If we 
do not know the exact form of f(x, y) but we do know that it satisfies a 
given differential equation then to evaluate f{x, y) numerically we 
have to be more systematic. What we do is to lay a rectangular grid 
over the domain and evaluate f(x, y) at the grid points - the points of 
intersection of the lines parallel with the x-axis and the lines parallel 
with the y-axis. 
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In this Programme we shall be considering functions of two real 
variables that satisfy given differential equations and whose domains 
are restricted to being rectangular. This restriction avoids many of the 
problems that occur with arbitrary domain shapes where the grid lines 
can cross the domain boundary. 


Grid values 



The rectangular domain of the function is overlaid by a grid whose 
mesh size is of h units in the x direction and k units in the y direction. 
We shall denote the value of f{x, y) at the i/th grid point as 

fu =m, m 

The values of the expression f(x, y) are required to be found at the grid 
points as shown: 


• • • • • 

• « • 

fi ,)+1 

• • * • 

fi+l,f+l ' 

■ ‘ fi-1,1 

fij 

fi+hi ’ 

» m • • • 

fi,j -1 
• » • 

fi+lj-l ' 

• « • • 


Notice as you move along the ;th row of this table that the value of y is 
constant at y ; - = y 0 + jk for all points on that row. Similarly, as you 
move up and down the ith column that the value of x is constant at 
Xf = xo + ih for all points in that column. These facts now enable us to 
define the central difference formulas for the partial derivatives of 

f(x, y)- 

The first partial derivative of f(x, y) with respect to the variable x is 
obtained by differentiating f(x, y) with respect to x whilst keeping the 
value of the variable y constant. Therefore, as with the ordinary 
derivative 


df(x, y) 


dx 


ij 


That is 


is equal to the difference between the two adjacent values of 
f(x, y) in the x-direction divided by twice the mesh size in 
the x-direction . 


9f( x > y ) 


dx 


-ij 


2 h 


This is the central difference formula for the partial derivative with 
respect to x . Similarly, the central difference formula for the partial 
derivative with respect to y is 


df(x, y) 



ij 
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9f(x, y) 
dy n 

That is 


is equal to the difference between the two adjacent values of 
f(x, y) in the y-direction divided by twice the mesh size in 
the y-direction . 


df(x, y ) _ fi,j +1 - fa -1 
dy jj 2k 

Let's try an example so that we can put all this information together. 


Example 1 

Find the solution to 3 ^ - — 4 ^ ^ — 0 ; for 0<x<l and 

dx dy 

0<y<l given that the boundary conditions are 

f(x, 0) = 4x + 4 
f{x, 1) = 4x + 7 
f(0, y) = 3y + 4 
f(l, y) = 3y + 8 

for a mesh of size 1/4 in the x-direction and of size 1/3 in the 
y-direction. 

Next frame 


The first thing we must do is to make a reasonable drawing of the 
domain of the function with the grid overlaid. The domain of f(x, y) is 
the square of side length 1 as shown in the diagram. 
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Overlaid on the function domain in the x-y plane is a mesh of grid 
points. The values of f(x, y) that we can compute directly from the 
boundary conditions are shown in brackets. For example, from 
f(x, 0) = Ax + 4 we obtain jf(l/4, 0) = 5, 1/2, 0) = 6, 3/4, 0) = 7 

and f( 1,0) = 8. From f(l,y)=3y + 8 we obtain f{ 1, 0) = 8, 
f{ 1, 1/3) = 9, f(l, 2/3) = 10 and f( 1, 1) = 11. Notice that the value 
found at f{ 1, 0) = 8 using f(x, 0) = 4x + 4 is the same as the value 
found using f( 1, y) = 3y 4- 8, as of course it must be. The values of 
f(x, y) that we have to determine are labelled A to F. 

The second part of the procedure is to find the central difference 
formula that describes the differential equation: 

We have = ^ ±l ~ 2 j/ *" ' = 2 (fi+hi ~ because h = 1/4 

= k ~ ~ = 1 ' 5 ^> +1 ~ because k = V 3 

Therefore 


9f(x, y) i 9f(x, y) 

dx dy 


= 0 becomes 


6(fi+i,j ~ fi-i,)) ~ 6(fi,j+i ~ fij-i) = 0 


Because 


3 —^ — o evaluated at the i/th grid point is 

dx dy 

y) 4 df(x, y) 
dx 9 dy n 


which is 


3 X 2(fi +1J - fi 1,/) - 4 X 1-5 (//y+i - f Uh i) = 0, that is 
6(fi+i,j - ~ 6(^,/+1 - ftj-i) = 0 
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Computational molecules 

The value of the first derivative with respect to x at the point (**, yj) on 
the grid overlaying the function domain is found by evaluating the 
right-hand side of the equation 

df(x, y) _ fi+i,j - fi-ij _ + fi+ij 

dx 2 h 2 h 

and this process is repeated for every grid point in the function 
domain. We can construct a graphic template to assist us in this 
process: 



The three circles in a row are used to calculate the contribution of 
three adjacent row members to the equation. If the circle labelled ij is 
laid over the ijth grid point then the derivative at that point is given by 
multiplying the value of the function at the i — 1,; grid point (one to 
the left) by -1/2 h and adding the product of the value of the function 
at the i + 1,; grid point (one to the right) by 1/2 h. The number 0 in 
the centre circle means that we multiply fcj by zero because it does not 
enter into the formula. This template is called a computational molecule. 
The horizontal structure reflects the fact that we are evaluating along a 
row. By a similar reasoning the first derivative with respect to y at the 
i/th grid point is 

(*/ y) _ fhf +1 - Ah i 

dy ij 2k 

and this is represented by the computational molecule: 



The vertical structure reflects the fact that we are evaluating up and 
down a column. 
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By combining such computational molecules we can construct a 
composite molecule that represents the entire differential equation. 
For example, the partial differential equation 


9f(x,y) h df(x,y) 


= c 


evaluated at the i/th grid point is 


„ 9f(x, y) df(x, y) 

dx / 9y 


= c 


and is represented by the central difference formula 
^ (/>•+!,; - fi-lj ) + ^ (fi,j +1 - fi,j- 1) = C 


which is in turn represented by the composite computational 
molecule: 



the finite difference formula 

~ fi~ 1,/) “ “ fhh l) = 0 

has the computational molecule. 
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We now place the centre of the molecule, in turn, on each of the grid 
points at which we need to find the value of f(x, y): 

On A - 36 - 48 + 63 +6D = 0 

On B - 6A - 54 + 6C + 63 = 0 

On C . 

OnO . 

OnE . 

OnF . 


On A 

- 36 - 48 + 6B + 6D = 0 

On B 

— 6>4 — 54 + 6C + 63 = 0 

On C 

- 6B - 60 + 60 + 6F = 0 

OnO 

- 30 - 6A + 6E + 30 = 0 

OnE 

— 6D — 63 + 63 + 36 = 0 

OnF 

- 6E - 6C + 54 + 42 = 0 


We now have six simultaneous linear equations in six unknowns. 
These can be written in matrix form as . 
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0 

6 

0 

6 

0 

o\ 

fA\ 

f 84 \ 

-6 

0 

6 

0 

6 

0 


B 


54 

0 

-6 

0 

0 

0 

6 


C 


0 

-6 

0 

0 

0 

6 

0 


D 


0 

0 

-6 

0 

-6 

0 

6 


E 


-36 

o 

0 

-6 

0 

-6 



W 


\—96J 



That is: Ax = b with solution x = A x b 

There are many ways to derive the inverse matrix A -1 , many of them 
time consuming and prone to arithmetic error. An efficient method in 
terms of time and accuracy is to use a spreadsheet, provided of course 
that the spreadsheet has the appropriate functionality. Here we shall 
use the Microsoft Excel spreadsheet which possesses matrix functions. If 
your spreadsheet does not have these functions then you are referred 
to Programme 12, Matrix algebra. 

If you do possess the Microsoft Excel spreadsheet then follow the 
instructions in the next frame. 

Next frame 


1 Open your spreadsheet. 

2 Place the cell highlight in cell A1 and then enter the values of 
matrix A into the cells A1 to F6. 

3 Place the cell highlight in cell HI and then enter the values of 
matrix b into the cells HI to H6. 

4 Place the cell highlight in cell A8 and drag the mouse to highlight 
the block of cells A8 to FI3 - this is where the inverse of A is going 
to go. 

5 With this block of cells highlighted, type the function: 

=MINVERSE(A1: F6) and then press the three keys Ctrl- 
Shift-Enter together 

As you type, the function is entered into cell A8 and when you 
press the Ctrl-Shift-Enter keys together the block of cells A8 
to F13 fills with entries. This block of cells is the inverse matrix 
A -1 . (Note: You must remember to press the three keys Ctrl- 
Shift-Enter together. If you just press Enter it will not work.) 

MINVERSE(array) is the Excel function that computes the 
inverse of the square matrix denoted by array. 

6 Place the cell highlight in cell H8 and drag the mouse to highlight 
the block of cells H8 to H13 - this is where the solution x is going 
to go. 

7 With this block of cells highlighted type the function: 

=MMULT(A8 :F13,H8:H13) and then press the three keys 

Ctrl-Sbift-Enter together 

MMULT(arrayl,array2) is the Excel function that multiplies 
the two matrices denoted by array 1 and array2. 
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As you type, the function is entered into cell H8 and when you 
press the Ctrl-Shift-Enter keys together the block of cells H8 to 
H13 fills with entries. This block of cells is the product matrix 
A _1 b, that is, the solution matrix x. 

f A \ f 7 \ 

B 8 

C _ 9 

D ~ 6 

E 7 

W W 

These values are identical to the values found from the exact 
solution which is f(x t y) = 4x + 3y + 4. 

Next frame 


Summary of procedures 

The procedure to solve a first-order partial differential equation 
requires a number of steps to be completed in a certain order, and 
the following list describes the sequence: 

1 Draw the domain of the function with the grid overlaid. 

2 On the drawing enter the values of f{x, y) that can be obtained 
from the boundary conditions. 

Put these values in brackets so that they will be easily distinguished 
from the x- and y-values on the axes. 

3 Label the grid points at which f(x, y) is to be evaluated with 
capital letters. 

4 Construct the central difference equation that represents the 
numerical approximation to the partial differential equation. 

5 Construct the computational molecule for this equation. 

6 Lay the centre of the molecule on each of the lettered grid points 
in turn and derive a set of simultaneous linear equations - the 
unknowns being represented by the letters at the grid points. 

7 Write the simultaneous linear equations in matrix form Ax = b. 

8 Find the inverse matrix A -1 and compute the solution x = A _1 b. 

Now try one yourself. Just follow the procedure in order and you 
should have no problems. 
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Example 2 

The solution to x ^ - y — = 0, for 0 < x < 1 and 0 < y < 1 

dx dy ~ ~ 

given that 

f(x t 0) = 2 
f(x, l)=x + 2 

W, y) = 2 

f(i, y) = y + 2 

for a mesh of 1/4 in the ^-direction and 1/3 in the y-direction is: 



Because 

The domain of the function f(x, y) with the overlaid grid looks as 
follows: 



where the numbers at the grid points in brackets are the values of 
f{x, y) obtained by applying the boundary conditions and the 
letters A...F represent the values of f(x, y) that we have yet to 
determine. 
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The central difference formulas for the two first partial derivatives 
of f(x, y) are 

^ 2h~ 1 '’ =2{fi+lj ~ fi -^ because h = 1/4 
= fi,i+1 2k fi ' h ~ = 1 ' s(Al+1 ~ ft ’ hl) because k = 1/3 


Therefore 


.. df(x, y) df(x,y) 
dx Y dy 


= 0 becomes 



Because 

.. 9f(x, y) y) _ n 

dx 7 dy 

is written using the central difference formulas as 

= 2 (^+ 1 ,/ - Xifi-ij) ~ l-Styfaj+i - yjfij-i ) = 0 
This has the following computational molecule: 




Placing the centre of the molecule, in turn, on each of the grid 
points that we need to evaluate, we obtain the six simultaneous 
equations: 

OnA at (1, |): -2(|)(2)-|(f)(|)+2(i)B + |(|)D = 0 

OnB at (I, f): -2®A -§(§)(f) +2®C + §(§)£ = 0 
OnC at (|, |): -2(|)^-1(f)(^) + 2(|)(|) +1(§)i^ = 0 
OnD at (i, 1): -2®(2)-§(±M + 2(I)£ + |(I)(2) = 0 
OnE at (1,1): -2%D - f + 2®F + § (1)(2) = 0 

OnF at(|,I): -2(f)E - § @C + 2(f)(1) +f©(2) = 0 

These six equations can be simplified as. 
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On A 

B/2 + D = 13/4 

OnB 

-A + C + E= 10/4 

On C 

-3 B/2 + F=-5/4 

On D 

— A/2 + E/2 = 0 

On E 

-B/2-D + F = -l 

OnF 

- C/2 - 3E/2 = -9/2 


These six simultaneous linear equations can be expressed in matrix 
form as. 




0 

0-5 

0 

1 

0 

o\ , 

fA\ 

1.3/4 \ 


-1 

0 

1 

0 

1 

0 


B 


10/4 


0 

-1-5 

0 

0 

0 

1 


C 


-5/4 


-0-5 

0 

0 

0 

05 

0 


D 




0 

-0-5 

0 

-1 

0 

1 


E 


- 1 


0 

0 

-0-5 

0 

-1-5 

0) 



\ 9/2/ 


That is 

Ax = b with solution x = A -1 b 
Inverting the matrix A we find that 



( 2-166... \ 

13/6 \ 

B 


2-3... 


7/3 

C 


2-5 


5/2 

D 


20833... 


25/12 

E 


2166... 


13/6 

\FJ ' 

V 2-25 ) 

9/4 ) 


which is identical to the values found from the exact solution 
f(x, y)=xy + 2. 

Next frame 


Derivative boundary conditions 



The process of solving a differential equation, either ordinary or 
partial, involves using indefinite integration and each time we 
integrate we produce an integration constant. For a differential 
equation to have a complete solution, where all the integration 
constants are evaluated, the differential equation must be accompa¬ 
nied by a set of conditions that are sufficient to do this. 

If the differential equation involves time t then it is natural for these ^ 
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conditions to give values of the function and its derivatives at time 
t — 0. Such conditions are known as initial conditions and we have met 
these before when we studied the Laplace transform, for example. 
Other conditions, like the conditions we met in the previous two 
examples, are called boundary conditions because they gave the values 
of the function on the boundary of the function domain. We now 
consider boundary conditions in the form of derivatives normal to the 
boundary and this we do in the following example. 


Example 3 

Find the solution to 4 — + 2 ^ = 3, for 0<x<l and 

dx dy - - 

0<y<l given that the boundary conditions are 
f(x,0)=f(x,l)=f(0,y) = 10 


and 


= 2 


\x=l 


for a mesh of size 1 /3 in both the x-direction and the y-direction. 

Next frame 


The domain of f{x, y) is the square of side length 1 as shown in the 
diagram: 

y 

( 10 ) 1 


(io)2/ 3 


00) v 3 


o V 3 2 /s 1 % x 

( 10 ) ( 10 ) ( 10 ) ( 10 ) 

Overlaid on the function domain in the x-y plane is a mesh of grid 
points. Because the boundary condition relating to the side x = 1 is in 
the form of a derivative normal to the side, we extend the grid over the 
boundary of the function domain by adding two additional points outside 
the domain and distant 1/3 from it, as shown in the figure. 

The values of f(x, y) that we can compute from the boundary 
conditions alone are shown in brackets. The values of f(x, y) that we 
have to determine are labelled A to F and we shall need the two 
additional points G and H outside the domain of f (x, y) to do this. 
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The second part of the procedure is to find the central difference 
formula that describes the differential equation: 

Y) I fi—lj -I c(f f \ 

-- 2 h -“ 1 5 “ Ti-W 


We have 


dx 

df(x, y) 


V 


dy 


= fi ’ - +L z =1 ' 5 (^ i ~^- 1 ) 


because both h and k~ 1/3 


Therefore 


4 y <3 y) + 2 ^ - g' J: ) „ 3 becomes 


dx 


dy 


Because 



1 df(x, y) , 2 df(x, y) , 


ax 


dy 


can be written as 


4 x 1-5(/i+ij - + 2 x l-5(/ij + i - /j iM ) = 3, that is 

6(fi+i,j - +3(fjj + i - f Uh i) = 3 


This has the computational molecule 




We now place the centre of the molecule, in turn, on each of the grid 
points that we need to evaluate: 

On A — 60 + 30 + 6B - 32s = 3 
OnB - 6A + 30+ 6C-3E = 3 

On C . 

On D ... 

On E .. 

OnF . 
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On A 

- 60 + 30 + 6B - 3E = 3 

On B 

- &<4 + 30 + 6C - 3E = 3 

On C 

- 6B + 30 + 6G - 3F = 3 

OnD 

- 60 + 3^4 + 6JS - 30 = 3 

On E 

-6D+3B + 6F —30 = 3 

OnF 

-6E + 3C + 6H - 30 = 3 


At the boundary x = 1 the boundary condition 
written using the central difference formula as 

9f(x, y) 


df{x, y) 


dx 


= 2 can be 


X=1 


dx 


X=1 

y=yj 


__ f+l,j ^ 

2 h 




which has the computational molecule: 



We now place the centre of this molecule, in turn, on each of the 
grid points C and F to obtain 


OnC - 1-55+ 1-5G = 2 

OnF ... 



On C 

— 1-5B + 1-5G = 2 

OnF 

- l-5£ + 1-5H = 2 


We can now use these last two equations either to eliminate the points 
G and H from the six equations in Frame 24 or to form an 8 x 8 
system. We shall eliminate the points G and H to obtain the six 
equations, with the constant on the right-hand side as 



On A 

6B-3E = 33 

On B 

-6A + 6C-3E = -27 

On C 

-3 F= -35 

OnD 

3A + 6E = 93 

On E 

-6D + 3B + 6F = 33 

OnF 

3C = 25 


These six simultaneous linear equations can be expressed in matrix 
form as. 
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0 

6 

0 

0 

-3 

0N ! 

/A\ ( 33 \ 

-6 

0 

6 

0 

-3 

0 


B 


-27 

0 

0 

0 

0 

0 

-3 


C 


-35 

3 

0 

0 

0 

6 

0 


D 


93 

0 

3 

0 

-6 

0 

6 


E 


33 

o 

0 

3 

0 

0 

o J 


KFj ' 

25 J 



That is 

Ax = b with solution x = A -1 b 

Inverting the matrix A -1 we find that x = 


{A\ 

( 6-777... \ 

/ 61/9 \ 

B 


11*555... 


104/9 

c 


8*333... 


25/3 

D 


11*9444... 


215/18 

E 


12*111... 


109/9 

\FJ 

\ 11-666 ...J 

V 35/3 ) 


Next frame 


Second-order partial differential 
equations 



The most general form of a second-order partial differential equation is 

fl (*’ y) U +*(*’^ + C{x ’ » % + ^ y) % +e{x > y) % + s (*’ = 0 

Three types of equation are of particular interest because they feature 
so prominently in engineering and science. 


Elliptic equations 

If b 2 — 4ac < 0 the partial differential equation is called an elliptic 
equation. Such equations arise out of steady-state problems as occur in 
potential or flow theory. Two examples are 

Poisson's equation 

&<K x >y) , _ „ (r 

dx 2 dy 2 

Laplace's equation 

, d 2 <f>(x,y) 
dx 2 dy 2 

In both cases a = l, b = 0 and c = 1 and so b 2 — 4ac < —4. 
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Hyperbolic equations 

If b 2 - 4 ac > 0 the partial differential equation is called an hyperbolic 
equation. Such equations arise out of vibrational and radiative 
problems as occur in wave mechanics. An example is 

The wave equation 

d 2 <j)(x, t) _ 1 d 2 (j){x , t) 
dx 2 n 2 dt 2 

Here a = 1, b = 0 and c — —~ and so b 2 - 4 ac > 0. 

Parabolic equations 

If b 2 - 4 ac = 0 the partial differential equation is called a parabolic 
equation. Such equations arise out of transient flow problems as occur 
in conduction or consolidation. An example is 

The consolidation (or heat conduction) equation 

d 2 0(x, t) _ 1 d<t>{x, t) 
dx 2 k dt 

Here a = 1, b — 0 and c — 0 and so b 2 — 4 ac = 0. 

In the equations above a, b and c are constant but in the general case 
they depend on x and y and so a given equation may change from one 
type to another within the same domain. 

Next frame 


Second partial derivatives 


In Frame 4 we found that for a function of a single real variable f(x) 
the central difference formula approximating the second derivative 
was 




f(x -h)- 2 f(x) + f(x + h) 
h 2 


The second derivative at x is given as the sum of the two adjacent values less 
twice the value at the point, all divided by h 2 . 


If we apply this to a function of two real variables f(x, y) and use 
fij = f{ih, jk) to represent the value of f(x, y) at the point ( ih , jk) then 
the central difference formulas for the second partial derivatives with 
respect to x and y are seen to be. 
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Because 


The second derivative at x* is given as the sum of the two adjacent 
values on the ;th row less twice the value at x*, all divided by the cell 
width squared - h 2 , and so 


y) 

dx z 




The second derivative at y ; * is given as the sum of the two adjacent 
values in the ;th column less twice the value at y^ all divided by the 
cell height squared - k 2 , and so 



We are now ready to consider the construction of central difference 
formulas for second-order partial differential equations. We shall 
proceed by example. 


Example 4 

Given a grid with mesh size h = k = 1/3, find a numerical solution to 
the equation 

+ = o foI o <*< 1 , 0 < y < 1 , given that 

f(x, 0) = f{x, 1) = 5 - 3* 
f (0, y) = 9y z -9y + S and 

df& y) = _ 6 

dx X=1 

The domain with the grid overlaid is. 
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y • 

(5)1 . 

(3) 2 /b < 

(3)V 3 ' 

(4) (3) (2) 

P 1 

A 

B 

C 

— ^ =-6 
dx 

C 

1 A 

r - \ 

D 

E 

F 

H 





c 

V 3 2 /b i 

X 

(5) (4) (3) (2) 



The solution is to be evaluated at the grid points A to F - the external 
grid points G and H are inserted to accommodate the derivative 
boundary condition. The numbers in brackets are the values of f(x, y) 
as found from the boundary conditions. 

The central difference formula that represents 
the partial differential equation is. 



Because 


d 2 f(x, y) 


dx 2 


y) 


dy z 


fi+i,) ~ 2fij + + fi,j +1 ~ 2 fij + fa -1 


v 


h 2 


k 2 


- 9 - 2 fij + + 9 (fi.j+i - 2+ fij-i) 

= 9 (fi+hi + fi,)+1 - 4fij + fi-1,1 + fij-i) 


From this we can construct the computational molecule for this 
differential equation as. 
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If we applied this computational molecule to the grid points A to F 
then the six simultaneous linear equations that result would all have a 
common factor of 9 arising from the 9 in the molecule. If we divided 
every equation by 9 to remove this common factor we would not 
change the overall validity of the equations. So, to make the 
computation simpler we divide each term in the computational 
molecule by 9 and use the resulting molecule: 



We now proceed as we have done before. Laying the centre of the 
computational molecule on each grid point in turn gives the six 
simultaneous linear equations: 

At A 3 + 4 + E + D —44 = 0 

At B . 

AtC . 

At D . 

At E . 

At F . 








Numerical solutions of partial differential equations 



We now apply the derivative boundary condition at the grid points C 
and F by using the computational molecule for the first partial 
derivative with respect to x 

df( x t y) _ fi+hj ~~ fi-lj _ ^ (f . _ f \ _ 
dx 2 h -2 [n+hl b 

This gives. 


-(-B + G) = -6 
|(-£ + H) = -6 


Because 


The computational molecule for the first partial derivative with 
respect to x is 

df(x, y) j + 3, , . 

Q X = - 2h - = 2 + because h = 1 / 3 

Applying this molecule at the boundary points C and F gives the 
two equations 

h-B + G) = -6 so G = -4 + B 
\{-E + H) = -6 so H = —4 + E 

Zj 

Substitution of these two equations into the first six eliminates the 
grid points G and H to produce the six equations in six unknowns. 

These are written in matrix form as. 



which has solution 
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/A\ ( 28/9 \ 


B ' 


7/3 

C 


8/9 

D 


28/9 

E , 


7/3 

\F 

' V 8 19 


Next frame 


Time-dependent equations 



Many physical systems have their behaviour modelled by a differential 
equation. For example, a long thin metal bar of length L, insulated 
along its length, has its ends maintained at a temperature of 0°C and, 
at time t = 0, the temperature distribution is given by 

T(x, 0)=x 2 -2 xL+L 2 

The future distribution of temperature T(x, t) can then be found by 
solving the partial differential equation (the heat equation ) 

&T{x, t) _ 1 dT{x, t) 
dx 2 k dt 

subject to the given boundary and initial conditions. The constant 
k — — is called the diffusivity constant where K is the thermal 

UJ 

conductivity and u is the specific heat per unit volume of the metal that 
constitutes the rod. Apart from the physical considerations that set up 
the equation in the first place, the dimensions of k are [L 2 T -1 ] and are 
necessary to balance the dimensions on either side of the equation. 

If we wished to solve the heat equation numerically as it stands then 
we would need to know the value of n, and this would vary depending 
upon the specific metal used for the bar. We can overcome this 
problem by absorbing k using a process of dimension analysis when we 
transform the equation into an equation of the form 

d 2 f{x, t) _ df(x, t ) 
dx 2 dt 

where the variables x and t are now dimensionless - they are measured 
in numbers rather than units of distance and time respectively. How 
this is done we shall leave to the end of the Programme. For now we 
are interested in numerically solving such dimensionless equations 
over a rectangular domain of width 1, and as usual we shall proceed by 
example. 

Next frame 



Numerical solutions of partial differential equations 


Example 5 

Solve the partial differential equation 

d 2 f(x, t) df(x, t ) 
dx 2 dt 

for 0 < x < 1 and t> 0 where 

m t ) = i 

f (x, 0) = 1 + x and 

m*. t) = 

dx X=1 

We now have a change in procedure. Hitherto, the first thing we did 
was to draw the domain of the function with the grid overlaid. We 
could do this because we knew the step lengths in the x- and 
y-directions from the beginning. Here, the first thing we must do is to 
construct the finite difference formula that will represent the 
differential equation because its structure will dictate the step lengths. 
We can immediately write down the central difference formula for the 
second derivative on the left of this equation. 

It is. 



To use a central difference formula for the derivative with respect to t 
would require a knowledge of f(x, t) for values of t < 0 and this we do 
not possess. Consequently, for the derivative with respect to t we use 
the forward difference formula. Do you remember this one? 

It is. 



Because 


For a function of a single real variable the forward difference 
formula is given as 



f(x + h)~ f{x) 

h 


and so 


df{x, t) 
dt 



Using these two finite difference formulas we can write down the 
finite difference representation of the partial differential equation. 


The finite difference representation is 
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I 1 



- 2 fi,i + fi+i,i _ fhi+1 - fi,i 
h 2 k 


That is 


fi,)+\ = fij + Jp ~ 2fij + fi+l'j) 

It can be shown that there will be no growth of rounding errors when 

k 1 

evaluating this equation if < -. 

In compliance with this condition we shall take h = 0-2 and k == 0 02 
k 1 

so that -z-x = We shall also restrict ourselves to finding solutions for t 
h 2 2 

ranging from 0 to 0*16. 

The finite difference equation then reduces to. 



Because 

fu+i = fu + P (fi-1.1 - 2 fij + fi+ 1.;) and so 

fi,l +1 = fi,i + 2 (ft-1,1 - 2 fi,l + fl+l,i) = 2 (/*—1./ + fi+l,i) 

Notice that this is an equation for stepping forwards in time, so that 
given the solution is known at t = 0 then the solution at t — k can be 
found from this equation. We can use our spreadsheet to construct the 
solution from this equation. Open your spreadsheet and 

1 Cell A1 enter t\x to represent the fact that the first column will 
contain the t-values and the first row the ^-values. 

2 In cells B1 to HI enter the values of x from 0 to 1*2 in steps of 0*2. 

The column headed T2 contains grid points outside the domain of 
f(x, t) to accommodate the derivative boundary condition. 

3 In cells A2 to A10 enter the values of t from 0 to 0*16 in steps 
of 002. 

4 In cells B2 to B10 enter the value 1 to represent the boundary 
condition f( 0, t) = 1. 

5 In cell C2 enter the formula =1 + C1 to represent the initial 
condition f(x, 0) = 1 + x. Copy this formula into cells D2 to G2. 

6 In cell C3 enter the formula =0-5*(B2 + D2) to represent the 
finite difference equation 

1 

fhj +1 2 ^ 
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7 Copy the contents of cell C3 into the block of cells C3 to G10. 

= 0 is 

X=1 

represented by the central difference formula f+ij - fi-ij = 0, the 
values of f(x, t) at the external grid points when x = 1-2 are equal to 
the values at the internal grid points when x = 0-8. 

8 In cell H2 enter the formula = F2 and copy this into cells H3 to 
H10 to produce the following final display: 


Because the derivative boundary condition 


df{x, t) 


t\x 


00 


0-2 


0-4 


0-6 


0-8 


10 


1-2 


000 

0-02 

004 

006 

008 

010 

0-12 

014 

016 


1-00000 

1-00000 

1-00000 

1-00000 

1-00000 

1-00000 

1-00000 

1-00000 

1-00000 


1-20000 

1-20000 

1-20000 

1-20000 

1-20000 

1-18750 

1-18750 

1-17188 

1-17188 


1-40000 

1-40000 

1-40000 

1-40000 

1-37500 

1-37500 

1-34375 

1-34375 

1-31250 


1-60000 

1-60000 

1-60000 

1-55000 

1-55000 

1-50000 

1-50000 

1-45313 

1-45313 


1-80000 

1-80000 

1-70000 

1-70000 

1-62500 

1-62500 

1-56250 

1-56250 

1-50781 


2-00000 

1-80000 

1-80000 

1-70000 

1-70000 

1-62500 

1-62500 

1-56250 

1-56250 


1-80000 

1-80000 

1-70000 

1-70000 

1-62500 

1-62500 

1-56250 

1-56250 

1-50781 


If the diffusion equation in Frame 40 to which this solution refers is 
taken to represent the temperature distribution along a heated rod 
then this tableau displays how the temperature is changing both in 
time and spatially along the rod. Notice how, as the heat diffuses 
through the rod, the temperature changes faster at points that are 
further away from the end that is maintained at constant temperature. 


Try one yourself. Next frame 


Example 6 

The solution of the partial differential equation 

{X, t) _ df(x, t) 
dx 2 dt 

for 0 < x < 1 taken in steps of h = 0-2 and 0 < t < 0-16 in steps of 
k = 0 02 where 

m t) = 2 

f(x, 0) = 2 + x and = 0-5 

X=1 


is 
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t\x 

00 

0*2 

0-4 

0*6 

0-8 

1*0 

1*2 

000 

2 00000 

2-20000 

2-40000 

2-60000 

2-80000 

3-00000 

3-00000 


200000 

2-20000 

2-40000 

2-60000 

2-80000 

2-90000 

3-00000 


200000 

2-20000 

2-40000 

2-60000 

2-75000 

2-90000 

2-95000 

006 

200000 

2-20000 

2-40000 

2-57500 

2-75000 

2-85000 

2-95000 

008 

200000 

2-20000 

2-38750 

2-57500 

2-71250 

2-85000 

2-91250 

010 

200000 

2 19375 

2-38750 

2-55000 

2-71250 

2-81250 

2-91250 

012 

200000 

2*19375 

2-37188 

2-55000 

2*68125 

2*81250 

2-88125 

014 

2 00000 

2*18594 

2-37188 

2*52656 

2-68125 

2*78125 

2-88125 

016 

2 00000 

2-18594 

2-35625 

2-52656 

2-65391 

2*78125 

2*85391 


Because 

fi,i+ 1 = /u + p (/U,/ - 2 /u + /5+i,y) ^ so 

fi,i+i = fi,j + 2 (fi-hi ~ 2 ftJ + fi+ 1,/) = ^ (/i-ij + /S+l,/) 

We can use our spreadsheet to construct the solution from this 
equation. Open your spreadsheet and 

1 In cell A1 enter t\x to represent the fact that the first column will 
contain the t-values and the first row the ^-values. 

2 In cells B1 to HI enter the values of x from 0 to 1*2 in steps of 0*2. 

The column headed 1*2 contains grid points outside the domain of 
f(x, t) to accommodate the derivative boundary condition. 

3 In cells A2 to A10 enter the values of t from 0 to 0-16 in steps of 
0 * 02 . 

4 In cells B2 to BIO enter the value 2 to represent the boundary 
condition f{ 0, t) = 2. 

5 In cell C2 enter the formula =2 + 0 to represent the initial 
condition f(x, 0) = 2 + x. Copy this formula into cells D2 to G2. 

6 In cell C3 enter the formula to represent the finite difference 
equation 

1 

fhi +1 = 2 + ^ +1 »/) 

The formula is. 
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7 Copy the contents of cell C3 into the block of cells C3 to G10. 


Because the derivative boundary condition 


df(x t t) 
dx 


= 0-5 is 

X=1 


represented by the central difference formula fi+ij ~ = 0-2, the 

values of f(x, t ) at the external grid points when x = 12 are equal to 


The values at the internal grid points when 
x = .plus . 


x = 0*8 plus 0*2 

8 In cell H2 enter the formula = F2 + 0-2 and copy this into cells H3 
to H10 to produce the following display: 


t\x 


0 
2 
4 
006 
0*08 
0-10 
0-12 
0-14 
0-16 


0-0 


2-00000 

2-00000 

2-00000 

2-00000 

2-00000 

2-00000 

2-00000 

2-00000 

2-00000 


0-2 


2-20000 

2-20000 

2-20000 

2-20000 

2-20000 

2-19375 

2-19375 

2-18594 

2-18594 


0-4 


2-40000 

2-40000 

2-40000 

2-40000 

2-38750 

2-38750 

2-37188 

2-37188 

2-35625 


0-6 


2-60000 

2-60000 

2-60000 

2-57500 

2-57500 

2-55000 

2-55000 

2-52656 

2-52656 


0-8 


2-80000 

2*80000 

2-75000 

2-75000 

2-71250 

2-71250 

2-68125 

2-68125 

2-65391 


1-0 


3-00000 

2-90000 

2-90000 

2-85000 

2-85000 

2-81250 

2-81250 

2-78125 

2-78125 



3-00000 

3-00000 

2-95000 

2-95000 

2-91250 

2-91250 

2-88125 

2-88125 

2-85391 


The Crank-Nicolson procedure 


The forward difference formula that we used for the derivative with 
respect to time is not as accurate as a central difference formula. 
However, because we do not possess information about f(x, t) for t < 0 
we were forced to adopt the forward difference formula. To overcome 
this the Crank-Nicolson procedure makes the assumption that the 
partial differential equation is satisfied not just at the grid points but 
also at points in time halfway between two grid points. That is 

dPf(x, t) = df(x, t) 
d* 2 i,j+ 1/2 i, )+l/2 
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We can then derive a central finite difference formula for the time 
derivative based on this intermediate point 

t) __ fi,j +1 ~ fhj _ fij+l ~~ fhj 

dt ij+ 1/2 2,(k/2) k 

Here the two grid points either side of the i, j + 1 /2th point are the 
i, jth and the i, j + 1th, each separated by half the grid step in the time 
direction. You will note that the outcome is identical to the forward 
difference taken from the i, ;th grid point. However, the finite 
difference formula that represents the partial differential equation 
will not be the same. For the second derivative with respect to x on the 
left-hand side of the equation we use a finite difference formula that is 
the average of the central difference formulas for the /,/th grid point 
and the /,/ + 1th grid point. That is 

d Z f(x> t) = lf ft-l,j - 2 fj,j + fi+lj fi-l,j+l - 2fi,j +1 + fi+l,j+l\ 

dx 2 2\ h 2 h 2 ) 


iy+i/2 


The partial differential equation is then represented by the central 
difference formula. 


1 - 2f,j + fi+ij fi-i.j+i - ^ fij+i - fi,j 

2 \ h 2 h 2 k 


That is 


K 

fhi+i 2,h 2 

= fhj ~ (f-^j ~ 2fi t j + fi+i,j) 

Unlike the previous case there is now no restriction on the value of 
and different choices of h and k will result in different difference 
formulas. If we choose = 1 this difference formula becomes 

/*-!,/+! “ 3 ft/'+1 + fi+lj+l = -fi-lj + fhj ~ fi+l,/ 

So we have three unknown quantities on the left-hand side of this 
equation given in terms of three known quantities on the right. We 
shall do an example to see exactly how this procedure operates. 


Next frame 




Numerical solutions of partial differential equations 


549 


Example 7 

Use the Crank-Nicolson procedure to solve the partial differential 
equation 

&f(x, t ) df(x, t) 
dx 2 dt 

for 0 < x < 1 taken in steps of h — 0*25 and 0 < t < 0*5 in steps of 
k = 0125 where: 

m t) = f(l,t) = 0 

f{x, 0) = x(l - x) 

We can use our spreadsheet to construct the solution from this 
equation. Open your spreadsheet and 

1 In cell A1 enter t \x to represent the fact that the first column will 
contain the f-values and the first row the ^-values. 

2 In cells B1 to FI enter the values of x from 0 to 1 in steps of 0*25. 

3 In cells A2 to A6 enter the values of t from 0 to 0*5 in steps of 
0*125. 

4 In cells B2 to B6 enter the value 0 to represent the boundary 
condition f(0, t) = 0. 

5 In cells F2 to F6 enter the value 0 to represent the boundary 
condition 1, t) = 0. 

6 In cell C2 enter the formula =C1*(1-C1) to represent the 
boundary condition f(x, 0) = x(l - x) and copy into cells D2 to F2. 

We now want to know the values that are going to go into the block of 
cells C3 to E6. We shall work on one row at a time and consider cells 
C3, D3 and E3 - we shall call these values A, B and C respectively. 
Applying the central difference formula for the differential equation 

/5-iJ+i “ 3/5./+1 + /i+i,/+i = - + fi,j ~ fi+lj 

we find that by working along rows 2 and 3 

From columns B to D: 0 - 3A + B = -0 + 01875 - 0*25, that is 

—3 A + B = -00625 

From columns C to E: A - 3B + C = -0*1875 + 0*25 - 0*1875, 

that is A — 3J5 + C = -0*125 

From columns D to F: B - 3C + 0 = -0*25 4* 0*1875 - 0, that is 

B — 3C = -0*0625 

These equations have solution 

A = 0*044643, B = 0*071429 and C = 0*044643 

Enter these values into cells C3 to E3 respectively and repeat the 
procedure to find the values in cells C4 to E4. 

These are C4:., D4:.and E4:... 
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C4: 0 014031, D4: 0 015306 and E4: 0*014031 


Because 

From columns B to D: -3 A+B = -0 026786 

From columns C to E: A - 3B + C = -0 017857 

From columns D to F: B — 3C = -0 026786 

These equations have solution 
A = 0 014031, B = 0 015306 and C = 0*014031 

This process is repeated until all the appropriate values have been 
found, giving the following display: 


t\x 

0*00 

0*25 

0*50 

0*75 

1*00 

0000 

0-000000 

0-187500 

0*250000 

0-187500 

0-000000 

0*125 

0-000000 

0*044643 

0*071429 

0*044643 

0-000000 

0*250 

0-000000 

0*014031 

0*015306 

0-014031 

0-000000 

0-375 

0-000000 

0*002369 

0*005831 

0-002369 

0-000000 

0*500 

0-000000 

0*001328 

0-000521 

0-001328 

0-000000 


Try one yourself. 

Next frame 

53 J Example 8 

Use the Crank-Nicolson procedure to solve the partial differential 
equation 

d 2 f(x, t) _ df(x, t) 
dx 2 dt 

for 0 < x < 1 taken in steps of h = 0*2 and 0 < t < 0*2 in steps of 
k = 0*04 where 

ft 0, t) = 2 
fth t ) = 1 

f(x, 0) = 2 - x 2 

The very first thing we must do in solving 
this equation numerically is.. 
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Derive the finite difference equation to be used 


Because 

The Crank-Nicolson procedure tells us that 

k 

~ fhj+l 2/*2 (/*’ —— 2 fhi +1 fi+lj+l) 

so for each different ratio ^2 we have a different finite difference 
formula. 


Here we choose h = 0*2 and k = 0 04 so that —rrr = 


2h 2 


- and the terms in 
2 


fij do not appear. 

This gives the finite difference formula 


fi—lj+l ~ tfi,j +1 + /h-l,/+l = -{fi-l,j+fi+l,j) 


Because 


/**)/+! 2j^ 2 (/^ —2 /*J+l "f" /**+!}/+l) 

“ fhj — 2jj2 — 2fi,j + fi+l,;) 

and so 

1 1 

“ft 7+1 + 2 - 2 fi,j+ 1 + fi+lj+l) = ~fi,j - 2 

that is 

^ (/S-1J+1 - 4/^+1 + fz+lj+l) = - ^ {fi-lj + 
giving 

(/J-1./+1 “ 4 ^,/+i + /ifl,/+l) = — (/i-1,/ + /h-i,/) 


- 2 /U+ /*+!,/) 


The complete solution required is 
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t\x 

000 

0-20 

0-40 

0-60 

0-80 

1-00 

0 000 

2 000000 

1-960000 

1-840000 

1-640000 

1-360000 

1-000000 

0040 

2000000 

1-901818 

1-767273 

1-567273 

1-301818 

1-000000 

0080 

2000000 

1-870083 

1-713058 

1-513058 

1-270083 

1-000000 

0120 

2 000000 

1*847483 

1*676875 

1*476875 

1*247483 

1-000000 

0*160 

2-000000 

1*832271 

1-65221 

1-45221 

1-232271 

1-000000 


2000000 

1*821919 

1-635467 

1*435467 

1*221919 

1*000000 


Because 

Using your spreadsheet to construct the solution from this equation 

1 In cell A1 enter t\x to represent the fact that the first column 
will contain the t-values and the first row the ^-values. 

2 In cells B1 to G1 enter the values of x from 0 to 1 in steps of 0*2. 

3 In cells A2 to A7 enter the values of t from 0 to 02 in steps 
of 004. 

4 In cells B2 to B7 enter the value 2 to represent the boundary 
condition f{ 0, t) = 2. 

5 In cells G2 to G7 enter the value 1 to represent the boundary 
condition f{ 1 , t) = 1 . 

6 In cell C2 enter the formula =2-Cl A 2 to represent the 
boundary condition f(x, 0) = 2-x 2 and copy into cells D2 to F2. 

We now want to know the values that are going to go into the block of 
cells C3 to F7. We shall work on one row at a time and consider cells 
C3, D3, E3 and F3 - we shall call these values A, B, C and D 
respectively. 

Applying the central difference formula for the differential equation 

fi-hi+l - 4 ft/+1 + fi+lj+l = + fi+l,i ) 

Then by working along rows 2 and 3 

From columns B to D: 2 - 4A + B = -2 - 16, that is 

-4A+B = —5-6 

From columns C to E: . 

From columns D to F: . 

From columns E to G: . 
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From columns B to D: 

—4A + B = -5-6 

From columns C to E: 

>4 — 45 + C = —3-2 

From columns D to F: 

B-4C + D = -2-8 

From columns E to G: 

C - 4D = -3-4 



Because 


From columns B to D: 


From columns C to E: 


From columns D to F: 


From columns E to G: 


2-44+5 =-2- 1*6, that is 
-44+5 = -5-6 

A - 45 + C = -1-8 - 1*4, that is 
>4 — 45 + C = —3*2 

5 - 4C + D = -1*6 — 1*2, that is 
5 — 4C + D = —2*8 

C - 4D + 1 = —1-4 — 10, that is 
C — 4D = —3*4 


These equations have solution 


A = ., 5 =. 

C =. and D = 


A = 1-901818 
5 = 1-767273 
C= 1-567273 
D= 1-301818 



Enter these values into cells C3 to F3 respectively and repeat the 
procedure to find the values for cells C4 to F4. 


These are C4: 

E4: 


, D4: ... 
and F4: 


t 
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C4: 

1-870083 

D4: 

1-713058 

E4: 

1-513058 

F4: 

1-270083 


Continuing in this way we find the complete solution as: 


t\x 

0-00 

0-20 

0-40 

060 

0*80 

1-00 

0-000 

2-000000 

1-960000 

1-840000 

1-640000 

1-360000 

1-000000 

0040 

2-000000 

1-901818 

1-767273 

1-567273 

1-301818 

1-000000 

0-080 

2-000000 

1-870083 

1-713058 

1-513058 

1-270083 

1-000000 

0-120 

2-000000 

1-847483 

1-676875 

1-476875 

1-247483 

1-000000 

0160 

2-000000 

1-832271 

1-65221 

1-45221 

1-232271 

1-000000 


2-000000 

1-821919 

1-635467 

1-435467 

1-221919 

1-000000 


Next frame 


Dimensional analysis 



The equation of Frame 39 

dftTix, t) 1 dT(x, t) r „ _ _ 

dx 2 k dt ~ ~ _ 

models the temperature distribution T(x, t) along a long thin metal 
bar of length L. Solutions of this equation will produce values for the 
temperature distant x along the rod (0 < x < L) at time t. The 
dimensions of the left- and right-hand sides of this equation due to 
the derivatives are 


d 2 
dx 2 


= [L 2 ] and 


d 


dt 


= [T- 1 ] 


To ensure that the dimensions of the left-hand side are the same as the 
dimensions of the right-hand side we find that the dimensions of 


1 

- are 

K, 



[L~ 2 T] 


This then ensures that the equation compares quantities with the 
same dimension. To solve this equation numerically would require a 
knowledge of the value of n which would be different for different 
problems. To avoid this we transform the equation into a dimension¬ 
less form, so ensuring that the variables are measured in numbers and 
not in any particular dimensional units. We do this as on the 
following page. 
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Define new dimensionless variables as: X = - (so that 0 < X < 1), 

iu 

t = ^ and define 
L z 


U(X, r) = 
then 


therefore 


Tix\X\, 

fM) 


dT _ 

d rdU 

k dU 

dt 

d t dr 

L 2 dr 

dT __ 

dXdU 

1 dU 

dx 

dxdX~ 

LdX 

&T 

d dT 

dldU 

dx 2 

dx dx 

dxLdX 


and 


dXldPU 
d xLdX 2 


1 d^U 
L 2 dX 2 


This means that 


so 


d 2 T(x , t) 
dx 2 

1 <9 2 £/(X,t) 

I? ax 2 

d 2 U(X, r) 

ax 2 


1 dT(x, t) 
n 2 dt 


becomes 


1 * dE/(X,r) _ 1 at/(X ? r) 
«L 2 L 2 


9U(X, r) 
dr 


is the required equation in dimensionless form. 


This now completes the work for this Programme. Read through the 
Revision summary that follows and then check your understanding 
against the Can You? checklist. When you are satisified that you do 
understand the contents of the Programme, try the Test exercises. 
There are no tricks and you should find them quite straightforward. 
Finally there are some Further problems to give additional practice. 



Revision summary 13 

1 Numerical approximation to derivatives off{x) 
The forward difference formula 




fix + h)- fix) 


neglecting terms of the order h 


The backward difference formula 



fix) - fix - h) 


neglecting terms of the order h 


The central difference formulas 



fix + h)~ fix - h) 


2h 


neglecting terms of the order h 2 



fjx + h)~ 2fjx) + fjx - h) 
h 2 


neglecting terms of the 
order h 2 . 
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2 Functions of two real variables 

If f(x, y) is single-valued, then to every domain point (x,y) there 
corresponds a single range point f(x, y). 

Grid values 

The rectangular domain of the function is overlaid by a grid 
whose mesh size is of h units in the ^-direction and k units in the 
y-direction. The value of f(x, y) at the //th grid point is denoted by 

fij = f(x 0 + ih,y 0 +jk) 

The values of the expression f(x, y) are required to be found at the 
grid points 


• • • « • • 

• • • fi-1,1+1 

fij+l 

• • ■ ■ « • 

fi+lj+1 ■ 4 

■ ■ ■ fi-1,1 

fij 

fi+lj ‘' ‘ 

■ ■ ■ fi-1,1-1 

• ■ • • • • 

fij -1 
■ • • 

fi+lj-1 ■ ■ ’ 

• • • • • • 


3 Central difference formulas for partial derivatives 


df(x, y) 


dx 


2 h 


and 


9f(x, y) 


dy 


fi,i +1 - fij -1 
2k 


4 Computational molecules 

The partial differential equation a ■ —~ + b — c, 


dx 


dy 


evaluated at the i;th grid point, is a 
is by the central difference formula 


y) 


dx 


, b d f( x > y) 


dy 


= c and 


v 


{fi+l,j - fi-lj) + ^ (fij+l - fi,j-l) = C 


2 h 


which is in turn represented by the composite computational 
molecule: 









Numerical solutions of partial differential equations 


5 Numerical solutions 

The solutions are in the form of simultaneous linear equations 
in that they can be written in matrix form as Ax = b with 
solution x = A _1 b. Using the Microsoft Excel spreadsheet the two 
functions MINVERSE(array) and MMULT(array 1, array2) 
are employed. 

6 Derivative boundary conditions 

The grid is extended over the boundary of the function domain by 
adding additional points outside the domain. 

7 Second-order partial differential equations 

The most general form of a second-order partial differential 
equation is 

, , atf , , &f ,, ,df , ,df . , 

a ^y^+ b ^y)d^+ c ^y)9y2 + d (*> y) ^+ 1 ^+*(*. y) 

Elliptic equations 

If b 2 — 4 ac < 0 then the partial differential equation is called an 
elliptic equation 

Hyperbolic equations 

If b 2 - 4 ac > 0 then the partial differential equation is called an 
hyperbolic equation 


8 


Parabolic equations 

If b 2 — 4 ac = 0 then the partial differential equation is called a 
parabolic equation. 

Second partial derivatives - central difference formulas 


d 2 f(x, y) 


and 


dx 2 

d 2 f(x, y) 


dy< 






V 


fi-1,1 - 2 fi,i + /»'+!,/ 
h 2 

fi,j -1 ~ + fij'+l 

k 2 
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Time-dependent equations 

To use a central difference formula for the derivative with respect 
to t would require a knowledge of f(x, t) for values of t < 0 and 
this we do not possess. Consequently, for the derivative with 
respect to t we use the forward difference formula 

9 f( x > f )| ^Aj+l-fi,i 


So the partial differential equation — -^r 2 


&f(x, t ) df(x, t ) 


becomes 


fi,j+l = fu + ^2 (fi-T-j - 2 fi,j + fi+l,j) 

where it can be shown that there will be no growth of rounding 
errors when evaluating this equation if 

k 1 

W~ 2 ' 


10 The Crank-Nicolson procedure 

The Crank-Nicolson procedure makes the assumption that the 
partial differential equation can be satisfied at points in time 
halfway between two grid points. That is 

d z f{x, t) df(x, t) 

9x2 i,;+1/2 9t ij+1/2 

This gives 

df(x, t ) _ fj,j+i - ft,j _ fij+ i ~ ftj 

9 t i : j+ 1/2 2(fc/2) k 

9 2 f(x, t ) _ 1 (fi-lj - 2 fi,j+fi+l,j fi-1,1+1 - 2 fi,j+\ +fi+l,j+l \ 

dx2 u+1/2 2\ V + W ) 

So that 

k 

- fi,j +1 + zffi (/'-1./+1 _ 2 Ai +1 +fi+l,j+l) 

= ~fi,i - 2 Jfi (/i-l./ - 2 fi,i + 

k 

with no restriction on the value of —r^. 

2 h z 
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Can You? 


Checklist 13 [m 

Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that Frames 

you can: 

• Derive the finite difference formulas for the first partial 
derivatives of a function of two real variables and 
construct the central finite difference formula to 
represent a first-order partial differential equation? iftaj to jjjggl 

Yes n o n b n no 


• Draw a rectangular grid of points overlaid on the 
domain of a function of two real variables and evaluate 

the function at the boundary grid points? | s | to 1 9 | 

Yes □ □ □ □ □ No 

• Construct the computational molecule for a first-order 
partial differential equation in two real variables and 
use the molecule to evaluate the solutions to the 

equation at the grid points interior to the boundary? [ to | and | ii | 

Yes □ □ □ □ □ No 


• Describe the solution as a set of simultaneous linear 
equations and use matrices to represent them? 

Yes □ □ □ □ □ No 



• Invert the coefficient matrix and thereby represent the 
solution to the partial differential equation as a column 
matrix? 

Yes □ □ □ □ □ No 




• Take account of a boundary condition in the form of 
the derivative normal to the boundary? 

Yes □ □ □ □ □ No 



• Obtain the central finite difference formulas for the 
second derivatives of a function of two real variables 
and construct finite difference formulas for 

second-order partial differential equations? [29 1 to I 38 I 

Yes □ □ □ □ □ No 


• Use the forward difference formula for the first time 
derivatives in partial differential equations involving 
time and distance? 

Yes □ □ □ □ □ No 
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Use the Crank-Nicolson procedure for a partial 
differential equation involving a first time derivative? 

Yes □ □ □ □ □ No 

Appreciate the use of dimensional analysis in the 
conversion of a partial differential equation modelling 
a physical system into a dimensionless equation? 

Yes □ □ □ □ □ No 
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1 Solve the following equation numerically. 

e d f( x > y) , d f( x ’ y) 

dx dy 

for 0 < x < 1 with a step length h = 1/4 and o < y < l with a step 
length k= 1/3 where 

f(x, 0) = 3x — 4, f(x, l) = 3x+ 1, f(0, y) = 5y- 4 and f{ 1, y) = 5y - 1 

2 Solve the following equation numerically. 

lofe>l + 8%>4=-10 

dx dy 

for 0 < x < 1 with a step length h = 1/3 and 0 < y < 1 with a step 
length k = 1/3 where 

■ft v \ - 71/ i C ^ 1 \ 71/ C ^ ■« i\ C 1 * n/I (*# y) I 


f(x, 0) = 7x + 5, f(x, l) = 7x —5, f( 0, y) = 5 - lOy and 

3 Name the type of equation in each of the following, 

(a) = 

^ 9f(x, y) d 2 f(x, y) df(x, y) _ x 
dx dxdy dy y 

M ^f( x > y ) o ^f( x ' y). &f( x > y) n 

K> dx 2 dxdy dy 2 

(vn 8 y) , 9f( x > y) ] = ^_ 

dx dx dy y 3 

m y) o 82 f ( x > y ), &f(*> y) _ , w 

(e) 3— ^— 2 " dxdjr + dy 2 =3xy 

4 Solve the following equation numerically. 

%J + &2! = _ 2for0 < 1 <landO<,<l 

dx L dy z 

with step lengths h = k = 1/3 where 


= 7 


f(x, 0) = f(x, l)=x-2, m y)=y 2 -y-2 and 


df(x, y) 


= 1 
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5 Solve the following equation numerically using the forward difference 
approximation for the first derivative with respect to time. 

&f(x, t) _ df(x, t) 
dx 2 dt 

for 0 < x < 1 with a step length h = 0-2 and 0 < t < 0-2 with step length 
k = 0 02 where 

f(x, 0) = x 2 , f( 0, t) = 0 and ' 1 = 0-25 

^ X X=1 

6 Solve the following equation numerically using the Crank-Nicolson 
procedure. 

dtfjx, t) _ df(x, t) 
dx 2 dt 

for 0 < x < 1 with a step length h = 0-2 and 0 < t < 0-2 with step length 
k = 0 04 where 

f(x, 0) = x 2 - x + 1 and f (0, t) = f( 1, t) = 1 



Further problems i3 


1 Solve the following equation numerically. 

o df(x, y ) , df(x, y) _ n 
dx + dy U 

for 0 < x < 1 with a step length h — 1/4 and 0<y<l with a step 
length k= 1/3 where 

fix, 0) = x - 3, f(*, 1) = x - 1, f(0, y) = 2y - 3 and f(1, y) = 2y - 2 

2 Solve the following equation numerically. 

n 8f(x, y) *7 df(x, y) 

dx dy 

for 0 < x < 1 with a step length h—1/3 and o < y < i with a step 
length k = 1/3 where 

fix, 0 ) = 7x + 4, f(x, l) = 7x+ 14, f{0, y) = lOy + 4 
and f(l, y) = lOy +11 


3 Solve the following equation numerically. 

s mn +{r+1) d i&iy^ 

dx dy 


for 0 < x < 1 with a step length h = 1/3 and 0 < y < 1 with a step 
length k = 1/3 where 


f (x, 0) = x - 1, ^(x, 1) = (x - 2)/2, f(0, y) = -1 
and f (1, y) = -y/(y + 1) 
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4 Solve the following equation numerically. 

df(x, y) df(x, y) z 2 
dy dx y 

for 0 < x < 1 with a step length ft = 1/4 and 0<y<l with a step 
length ft = 1/3 where 

f (x, 0) = 0, fix, 1) = x{x - l), f( 0, y) = 0 and f( 1, y) = y( 1 - y) 

5 Solve the following equation numerically. 

3 df{x, y) df(x, y) ± 


dx 


dy 


for 0 < x < 1 with a step length ft = 1 /3 and o < y < l with a step 
length ft = 1/3 where 

f(x, 0) = 7x + 15, f(x, 1) = 7x + 20, f(0, y) = 5y + 15 

dfO/ y) 


and 


dx 


= 7 


X=1 


6 Solve the following equation numerically. 

n2M +12 2a2> = 19 




dy 


for 0 < * < 1 with a step length ft = 1/3 and 0 < y < 1 with a step 
length ft = 1/3 where 

f(x, 0) = 5* + 21, f(x, 1) = 5x + 18, f( 0, y) = 21 - 3y 

-s 




X—l 


7 Solve the following equation numerically. 


2x 


df(x, y) "df(x, y) = gx 2 


dx 


-y- 


dy 


for 0 < x < 1 with a step length ft = 1/3 and 0 < y < 1 with a step 
length ft = 1 /3 where 

f(x, 0) = 2x z + 4, f (x, 1) = 2x z - 3x + 4, f(0, y) = 4 


and 


df{x, y) 


dx 


= 4-3 y 


X=1 


8 Solve the following equation numerically. 
df( x ' y) | x d fi x > y) . 4 v 4 

y Cl-. ' Ci-. A / 


<9* 


dy 


for 0 < x < 1 with a step length ft = 1/3 and 0<y<l with a step 
length ft = 1/3 where 

fix, 0) = 0, fix, 1) = x(x + l)(x - 1), f(0, y) = 0 


andffl^ 


dx 


= y(3 - y 2 ) 
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Solve the following equation numerically. 
y) , d 2 f(x, y) 


+ 


= —4 


dx 2 dy 2 

for 0 < x < 1 and 0 < y < 1 with step lengths h = k= 1/3 where 
f (*, 0) = 3* 2 , f (*, 1) = 3* 2 - 5, f( 0, y) = -Sy 2 and ^ 




= 6 


x=i 


10 


Solve the following equation numerically. 

y) , 3 2 f (*, y) 


+ 


= 2(* + y) 


1 dy 2 

for 0 < x < 1 and 0 < y < 1 with step lengths h = k = 1/3 where 
fix, 0) = -1, f(x, 1) = * 2 + 3* - 1, f(0, y) = -1 


and 


(*» y) 


cbC 


x=l 


= y 2 + 4y 


11 Solve the following equation numerically. 
d 2 /^*, y) d 2 /^*, y) 2 \ 

a,2 + ^2 = ( 2 ~*) cos y 

for 0 <* < 1 and 0 <y < 1 with step lengths h = k= 1/3 where 


fix, 0) = x 2 , fix, 1) = 0540302a; 2 , f(0, y) = 0 and 

(/A 


= 2* cosy 


X=1 


12 Solve the following equation numerically. 

y) d 2 fjx, y) 

dx 2 dy 2 ( y) 

for 0 < x < 1 and 0 < y < 1 with step lengths h = k = 1/3 where 
fix, 0) = a; 3 , fix, 1) = (AC + 1)(ac 2 + 1), f(0, y) = y 3 

(*» y) 


and 




= y 2 + 2y + 3 


*=i 


13 Given the central difference formula 


9 2 fix, y) 


dxdy 


v 


4 h 2 


{fi-lj-l -fi+lj-l -fi-lj+l + /h-l,/+l) 


where the step length in both directions is h, construct the computa¬ 
tional molecule for this formula. 

Solve the equation 

d^fix, y) 


dxdy 


= 1 


for 0 < x < 1 and 0 < y < 1 with step lengths h— 1/3 where 

9f(x, y) 


f(x, 0) = 0, fix, 1) = x, fi0, y) = 0 and 


dx 


= y 


X 1 
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14 Given the central difference formula 


&f(x> y) 


dxdy 


*/ 


4 h 2 


(/i-1,7-1 - fi+lj-l - fi-1,1+1 + fi+l,i+l) 


where the step length in both directions is h, construct the computa¬ 
tional molecule for this formula. 

Solve the equation 


&fjx, y ) 

dxdy 


= 2 (x-y) 


for 0 < x < 1 and 0 < y < 1 with step lengths h ------1 /3 where 


fix, 0) = 0, f{x, 1) = x(x - 1), fi 0, y) = 0 and 


dfjx, y) 
dx 


= yi 2 - y) 

x=l 


15 Solve the following equation numerically using the forward difference 
approximation for the first derivative with respect to time. 

d^fjx, t) _ dfjx, t ) 
dx 2 dt 


for 0 < x < 1 with a step length h = 0-2 and 0 < t < 0-2 with a step 
length k = 0 02 where 


/"(x, 0) = x(x - 1), ^(0, t) = 2t and 


dx 


= 1 


16 Solve the following equation numerically using the forward difference 
approximation for the first derivative with respect to time. 

d 2 fix, t) _ 1 df(x, t) 
dx 2 01 dt 


for 0 < x < 1 with a step length h = 0*2 and 0 < t < 0*2 with a step 
length k = 0 02 where 


0) = sinx, f(0, t) = 0 and 


dfjx, t) 
dx 


X=1 


0-54e _t/1 ° 


17 Solve the following equation numerically using the forward difference 
approximation for the first derivative with respect to time. 

dP-fjx, t) dfjx, t) 
dx 2 dt 


for 0 < x < 1 with a step length h = 0*2 and 0 < t < 0*2 with a step 
length k = 0 02 where 


f(x, 0) = 3 sin(0*64x), f( 0, t) = 0 and 


dfix, t ) 


dx 


= 2-41e~°' 41t 
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18 Solve the following equation numerically using the Crank-Nicolson 
procedure. 

d 2 f(x, t ) _ df(x, t) 
dx 2 dt 

for 0 < x < 1 with a step length h = 0*2 and 0 < t < 0*6 with a step 
length k = 0*04 where 

f(x, 0) = x 2 + x-l and f{0 , t) = 2t-l, f(l,t) = 1+2 1 

19 Solve the following equation numerically using the Crank-Nicolson 
procedure. 

rP-fjx, t) _ df(x, t ) 
dx 2 dt 

for 0 < x < 1 with a step length h = 0*1 and 0 < t < 0-14 with a step 
length k = 0*02 where 

f{x, 0) = 10*(* - 1) and 0, t) — 1, t) = 20t 

20 Solve the following equation numerically using the Crank-Nicolson 
procedure. 

(x, t ) _ df(x, t ) 
dt 

for 0 < * < 1 with a step length h = 01 and 0 < t < 0*6 with a step 
length k = 0 04 where 

f(x, 0) = 100 sin 7 rx and f{ 0, t) = f(l, t) = 0 
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Learning outcomes 

When you have completed this Programme you will be able to: 

• Evaluate double and triple integrals and apply them to the 
determination of the areas of plane figures and the volumes of 
solids 

• Understand the role of the differential of a function of two or more 
real variables 

• Determine exact differentials in two real variables and their 
integrals 

• Evaluate the area enclosed by a closed curve by contour integration 

• Evaluate line integrals and appreciate their properties 

• Evaluate line integrals around closed curves within a simply 
connected region 

• Link line integrals to integrals along the x-axis 

• Link line integrals to integrals along a contour given in parametric 
form 

• Discuss the dependence of a line integral between two points on 
the path of integration 

• Determine exact differentials in three real variables and their 
integrals 

• Demonstrate the validity and use of Green's theorem 


Prerequisite: Engineering Mathematics (Fifth Edition) 

Programme 23 Multiple integrals 


A 

J 
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Introduction 


567 


The introductory work on double and triple integrals was covered in 
detail in Programme 23 of Engineering Mathematics (Fifth Edition) and 
another look at the main points before launching forth on the current 
development could well be worth while. 

You will no doubt recognise the following. 

1 Double integrals 



cyz r*2 

f(x, y) dx d y 

Jyi Jx i 


is a double integral and is evaluated from the inside outwards, i.e. 



A double integral is sometimes expressed in the form 

P '2 |**2 

dy\ f(x,y)dx 

Jyi 


in which case, we evaluate from the right-hand end, i.e. 


*y? 

Jyi 




i 


i-- 

™ ™ ™ ™ ™ ^ < 

1 ryz I r*2 I ® 

then 1 i f(x, y) dx i dy 1 

| Jyi 1 J*i i 1 

I .- I 


2 Triple integrals 

Triple integrals follow the same procedure. 

1*2 2 |*y2 |**2 

f{x, y, z) dx dydz is evaluated in the order 

Jzi Jyi Jx i 



f(x,y,z)dx 




© ® 
dy 1 dz 1 
/ i i 
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3 Applications 

(a) Areas of plane figures 



Area of element 8 A = 6 x 8 y 

y=yz 

Area of strip E 8 x 8 y 

y=yi 

x=b ( y=y2 

Area of all such strips E {E Sx£ y 

x=a [y=y 1 
?b tyz 


If 6 x 0 and 6 y -> 0, A = 


a 


dydx 


y i 


(b) Areas of plane figures bounded by a polar curve r = f(0) and radius 
vectors at 6 = 0 \ and 6 = 62 




Small arc of circle of radius r, 
subtending angle 60 at centre. 

Arc = r80 


Area of element 8 A « r898r 

r=m 

Area of thin sector « ^ r898r 

r =0 

0 = 02 r r=f(0 ) 

Total area of all such sectors E E r8r 89 

9=9i t r=0 
C02 cr=f{0) 

If 8 r —> 0 and 89 —► 0. A = rdrd0 
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(c) Volume of solids 



Volume of element 8 V = 8 x8y8z 


2=f{x, y ) 

Volume of column E 8 x8y8z 

z =o 

y=y 2 (z=f{x, y) 

Volume of slice « E E 8 x 6y 6z 

y=yi [ z =o 


Total volume V « sum of all such slices 

x=x 2 y=y 2 Z=f{x, y) 

t-e- ^EE E 6 x 8y 8z 

x=x 1 y=y 1 z =0 

Then, if 8 x —»0 , 8y 0, 8 z —» 0, 


*2 ryz pz=f(x, y) 


m z 

0 


dzdydx 


If z — f(x, y), this becomes 


**2 ryz 

V = f (*/ y) dy d* 

Jvi 
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4 Revision examples As a means of 'warming up', let us work 
through one or two straightforward examples on the previous 
work. 


Example 1 

Find the area of the plane figure bounded by the curves y 1 = (x — l) 2 
and y 2 = 4 - (x - 3) 2 . 

The first thing, as always, is to sketch the curves - each of which is a 
parabola - and to determine their points of intersection. 



Points of intersection: (x — l) 2 = 4 — (x — 3) 2 

x z — 2x + 1 = 4 - x 2 + 6 x — 9 i.e. x 2 — 4x + 3 = 0 
(x - l)(x - 3) = 0 x=l or x = 3. 

Now we have all the information to determine the required area, 
which is 



Because 


f*=3 m f*=3 ry= 4-(x-3) 2 

A = I dydx= \ dydx 

Jx =1 Jyi Jx =1 Jy=(x—1) 2 



(x-l) 2 }dj£ = 




3 


- 2x 2 + 3x 


= 21 square units 

i 


4x + 3) dx 


Now for another. 
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Example 2 

A rectangular plate is bounded by the x and y axes and the lines 
x = 6 and y = 4. The thickness t of the plate at any point is 
proportional to the square of the distance of the point from the 
origin. Determine the total volume of the plate. 

First of all draw the figure and build up the appropriate double 
integral. Do not evaluate it yet. The expression is therefore 

V= . 



Element of volume at P « k(x 2 + y z )6y6x 

i*x=6 i*y=4 

Total volume V = \ k(x 2 + y 2 )dydx 

Jx=0 Jy =0 

Now we can evaluate the integral. We start from the inside with 

(*y=4 

k(x 2 + y 2 ) dy, remembering that for this integral (volume of the 

Jy=2 

strip) x is constant. This gives. 
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V = 41 6k cubic units 

That was easy enough. Notice that an alternative interpretation of this 
problem could be that of a uniform lamina with a variable density 
p = k(x 2 + y 2 ) at any point (x, y). Now for one in polar coordinates. 


Example 3 

Express as a double integral the area enclosed by one loop of the curve 
r = 3 cos 26 and evaluate the integral (refer to Engineering Mathematics 
(Fifth Edition), Programme 22, Frame 11). 


Consider the half loop shown. 



First set up the double integral which is 



Area of element = r8r86 

r =3 cos 20 

Area of sector E rSrSe 


0=7t/ 4 r = 3 cos 20 

Area of half loop « E E rSrSe 

0=0 r =0 


If 6 r —> 0 and 66 -> 0, 

*0=7r/4 |*r=3cos20 

A = rdrd^ 

0=0 J r=0 

Now finish it off to find the area of the whole loop, which is 
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5 


9ir 

— square units 

O 


Because 


6>=7t/ 4 /*r=3 cos 29 


«. 0—0 v r=0 


rdrdfl 


*7t/ 4 r r 2"l ° 

.o _2_ 0 


3 cos 20 


9 rV 4 


9 r 
2 Jo 


cos 2 26 d0 


9 f ^/ 4 

= - (l + cos40)d<9 
4 Jo 


9 L sin 401 7r/i 
= 4 9 + 


This is the area of a half loop. 

97r 

Required area = — square units 

o 

Now here is another. 


Example 4 

Find the volume of the solid bounded by the planes z = 0, x = 1, x = 3, 
y = 1, y = 2 and the surface z~x 2 y 2 . 

As always, we start off by sketching the figure. When you have done 
that, check the result with the next frame. 
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We now build up the integral which will give us the volume of the 
solid. 

Element of volume 8V = 8x8y8z 

z=x 2 y 2 

Volume of column E 8x8y8z 

z =0 

y—2 (z=x 2 y 2 ) 

Volume of slice « E E 8x8y8z > 

y= i \ z=o J 

*=3 ( y =2 z=x 2 f ) 

Volume of solid « ^ 8x8y8z\ 

x=l I y=1 z=0 I 


When 8x —► 0, 8y —> 0, 8z —> 0, 

rx=3 ny =2 

V= dzdycbe 

Ja:= 1 Jv=l Jz=0 


Evaluating this, 


V- 
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Differentials 


It is convenient in various branches of the calculus to denote small 
increases in value of a variable by the use of differentials. The method is 
particularly useful in dealing with the effects of small finite changes 
and shortens the writing of calculus expressions. 

We are already familiar with the diagram from which finite changes 
by and 6x in a function y = f(x) are depicted. 




The increase in y from P to Q = MQ = 6y = f(x o + bx) - f(x o) 

MT 

If PT is the tangent at P, then MQ = MT + TQ. Also —— = f(x o) 

ox 

MT = f'(xo)6x 

.*. MQ = by = f(xo) • bx + TQ 

and, if Q is close to P, then by « f f (xo)bx 

We define the differentials d y and dx as finite quantities such that 
d y = f(x o) dx 


y=f(x) 



Note that the differentials dy and dx are finite quantities - not 
necessarily zero - and can therefore exist alone. 

Note too that dx = bx . 
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From the diagram, we can see that 


by is the increase in y as we move from P to Q along the curve, 
d y is the increase in y as we move from P to T along the tangent. 


As Q approaches P, the difference between Sy and dy decreases to zero. 
The use of differentials simplifies the writing of many relationships 
and is based on the general statement dy = f(x) dx. 

For example 

(a) y = x 5 then dy = 5x 4 dx 

(b) y = sin 3x then dy = 3 cos 3x dx 

(c) y = e 4x then dy = 4 e 4 * dx 

(d) y = cosh 2x then dy = 2 sinh 2x dx 


Note that when the left-hand side is a differential dy the right-hand 
side must also contain a differential. Remember therefore to include 
the ‘dx* on the right-hand side. 

The product and quotient rules can also be expressed in differentials. 


d , s dv du . 

— (uv) = u— 4- v— becomes 
dx dx dx 


d (uv) = u dv + v du 


du dv 
d /u\ _ V dx U dx 
dx \v/ v 2 


becomes 



v du - u dv 


So, if 
and if 


y = e 2 * sin 4x, 


y = 


cos 2 1 
~¥~ 





y = e? x sin 4x, dy = 2c 2 * (2 cos 4x + sin 4x) dx 


y = 


cos 2 1 


t 2 


dy=--^{t sin 2 1 + cos 2t} dt 


That was easy enough. Let us now consider a function of two 
independent variables, z = f{x, y). 

If z = f{x, y) then z + 6z = f (x + 6x, y + 6y) 

6z = f(x + 6x, y + dy) - f(x, y) 

Expanding 6z in terms of 8x and by, gives 

bz = Abx + Bby + higher powers of bx and by, 
where A and B are functions of x and y. 

If y remains constant, i.e. by = 0, then 

bz = A bx + higher powers of bx — « A 

Qz 

If bx —> 0, then A — — 

ox 
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Similarly, if x remains constant, i.e. 6x = 0, then 

6z 

8z = B6y + higher powers of 8y .*. — « B 

Qz 

If by -> 0, then B = — 

dy 

dz dz 

;. 6z =—8x+—6y + higher powers of small quantities 
dz dz 

.. Sz = —8x +—8y 
dx dy 

In terms of differentials, this result can be written 

f)7 f)7 

If z = fix, y). then dz = — dx + — dy 

The result can be extended to functions of more than two 
independent variables. 

T , ^. , dz dz , dz , 

\tz = f{x,y,w), dz = -ck + -dy +—dw 

Moke a note of these results in differential form as shown. 


Determine the differential dz for each of the following functions. 

1 z = x 2 + y 2 

2 z = x 3 sin 2y 

3 z = (2x — l)e 3y 

4 z = x 2 + 2y 2 + 3w 2 

5 z — x 3 y 2 w. 

Finish all five and then check the results. 


1 dz = 

2 dz = 

3 dz = 

4 dz = 

5 dz = 


2(xdx + ydy) 

x 2 (3 sin 2y dx + 2x cos 2y dy) 

e 3y {2dx + (6x - 3)dy} 

2(xdx + 2y dy + 3wdw) 
x 2 y (3yw dx + 2xw dy + xy dw) 


Now move on 
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Exact differential 

We have just established that if z = f(x, y) 

, dz , dz , 
dz = —dx +—dy 
dx dy 

We now work in reverse. 

Any expression dz = P dx + Q dy, where P and Q are functions of x and 
y, is an exact differential if it can be integrated to determine z. 


• P = 


A n dz 

and Q = - 


dP &z dQ. d 2 z ^ d 2 z «9 2 z 

dy dydx dx dxdy dydx dxdy 

dP dQ 

Therefore, for dz to be an exact differential — = - - and this is the test 

dy dx 

we apply. 

Example 1 

dz = (3x 2 + 4y 2 ) dx + 8xy dy. 

If we compare the right-hand side with Pdx + Qdy, then 

BP 

P = 3x 2 + 4y 2 — = 8y 


Q = 8 xy 


. dQ 
“ dx 


= 8 y 


BP dQ . 

— = -r— .. dz is an exact differential 

dy dx 

Similarly, we can test this one. 


Example 2 

dz = (1 + 8 xy) dx + 5x 2 dy. 
From this we find ...._ 


dz is not an exact differential 


Because dz = (1 + 8xy) dx + 5x 2 dy 

dP 

.*. P = l + 8xy /. — = 8x 

dy 


Q = 5x : 


. dQ 
” dx 


= lOx 


^ ^ ^ .'. dz is not an exact differential. 

dy dx 
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Exercise 

Determine whether each of the following is an exact differential. 

1 dz = 4 x 3 y 3 dx + 3x 4 y z d y 

2 dz= (4 x 3 y + 2xy 3 ) dx + (x 4 + 3 x 2 y 2 ) dy 

3 dz = (15 y 2 £ x + 2xy 2 ) dx + (10 ye* x + x 2 y) dy 

4 dz = (3x 2 e 2y - 2y 2 e 3x ) dx -j- (2x 3 e 2y - 2ye 3x ) dy 

5 d z — (4 y 3 cos 4x + 3x 2 cos 2 y) dx + (Sy 2 sin 4x - 2x 3 sin 2 y) dy. 


1 Yes 2 Yes 3 No 4 No 5 Yes 


We have just tested whether certain expressions are, in fact, exact 
differentials - and we said previously that, by definition, an exact 
differential can be integrated. But how exactly do we go about it? The 
following examples will show. 


Integration of exact differentials 


dz = Pdx + Qdy where P = — and Q 

dx 


' Z= J 


Pdx and also z 


= |Qd, 


Example 1 

dz = (2 xy + 6x) dx + (x 2 + 2 y 3 ) dy. 


_ dz _ . 

p -m= 2xy+6x 


z = |(2xy + 6x)dx 


z = x 2 y + 3x 2 + f(y) where f(y) is an arbitrary function of y only, 
and is akin to the constant of integration in a normal integral. 


Also Q = —- = x 2 + 2y 3 
dy 


z = \(x 2 + 2y 3 ) dy 


z = 
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So the two results tell us 

z = x 2 y + 3x 2 + f (y) (1) 

9 y 4 

and z = x 2 y + + F(x) (2) 

4r 

For these two expressions to represent the same function, then 

y 4 

f(y) in (1) must be r — already in (2) 

4r 

and F(x) in (2) must be 3x z already in (1) 
z = x z y + 3x z +^r- 


Example 2 

Integrate dz = (8e^ + 2xy 2 ) dx + (4 cos 4y + 2x 2 y) dy. 

Argue through the working in just the same way, from which we 
obtain 

z — . 


z = 2e^ + x z y z + sin 4y 


Here it is. dz = (fie 4 * + 2xy 2 ) dx + (4 cos 4y + 2x 2 y) dy 


P = ^ = Se 4x + 2xy 2 z = j(8e 4 * + 2xy 2 )dx 

.'. z = 2e** + x 2 )/ 2 + f(y) 

dz f 

Q = — = 4cos4y + 2x 2 y z = J(4cos4y + 2x 2 y)dy 

z = sin4y + x z y z + F(x) 

For (1) and (2) to agree, f(y) = sin4y and F(x) = 2e Ax 
z = 2e 4x + x 2 y 2 + sin4y 


( 1 ) 

( 2 ) 


They are all done in the same way, so you will have no difficulty with 
the short exercise that follows. On you go . 


Exercise 

Integrate the following exact differentials to obtain the function z. 

1 dz = (6x 2 + 8xy 3 ) dx + (12x 2 y 2 + 12y 3 ) dy 

2 dz = (3x 2 + 2xy + y 2 ) dx + (x 2 + 2xy + 3y 2 ) dy 

3 dz = 2(y + l)^ 2 * dx + (e 2 * - 2 y) dy 

4 dz = (3y 2 cos 3x - 3 sin 3x) dx + (2y sin 3x + 4) dy 

5 dz = (sinh y + y sinh x)dx + (x cosh y + cosh x) dy. 

Finish all five before checking with the next frame. 
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1 z = 2x 3 + 4 x 2 y 3 + 3y 4 

2 z = x 3 -{- x 2 y -f xy 2 + y 3 

3 z = e 2x (l + y) -y 2 

4 z = y 2 sin 3x + cos 3* + 4 y 

5 z = xsinhy+ ycoshx. 



In the last one, of course, we find that the two expressions for z agree 
without any further addition of f(y) or F(x). 

We shall he meeting exact differentials again later on , hut for the moment let 

us deal with something different. On then to the next frame 


Area, enclosed by a closed curve 


One of the earliest applications of integration is finding the area of a 
plane figure bounded by the x-axis, the curve y = f(x) and ordinates at 

X — X\ andx = X2. 




If points A and B are joined by another curve, y = F(x) 
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dU 


Combining the two figures, we have 



A — A\ — A 2 

f* 2 

f(x) dx- ,F(x)dx 

X\ Jx 1 


It is convenient on occasions to arrange the limits so that the 
integration follows the path round the enclosed area in a regular 
order. 



For example 
|**2 

F(x)dx gives A 2 as before, but integrating from B to A along C 2 

JX 1 


with y = f(x), i.e. f(x) dx, is the integral for A\ with the sign 

Jx2 

J *1 f*2 

f(x) dx = - f(x) dx 

X?. Jx 1 


*1 

*2 


f *2 |**2 

The result A = A\ - A z = f(x) dx - F(x) dx becomes 

Jx 1 Jx 1 


A = 


f*2 

I** 1 

A = - F(x) dx - 

f(x)dx 

Jx 1 

Jx 2 


i.e. 



If we proceed round the boundary in an anticlockwise manner , the 
enclosed area is kept on the left-hand side and the resulting area is 
considered positive. If we proceed round the boundary in a clockwise 
manner , the enclosed area remains on the right-hand side and the 
resulting area is negative. 
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The final result above can be written in the form 


A = -i>ydx 


where the symbol j) indicates that the integral is to be evaluated round 
the closed boundary in the positive (i.e. anticlockwise) direction 



r f Xz f Xl ) 

< F(x) dx + f(x) dx f 
U*i Jx 2 J 

(along ci) (along c 2 ) 



Let us apply this result to a very simple case. 


Example 1 

Determine the area enclosed by the graphs of y = x 3 and y = 4x for 
x > 0. 

First we need to know the points of intersection. These are 



We integrate in an anticlockwise manner 
c\: y — x 3 , limits x = 0 to x — 2 
c 2 : y = 4x, limits x = 2 to x = 0. 


A = - 


y dx = 
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A = 4 square units 


Because 


A = - tyydx = 


-{f 


x 3 dx + 4xdx 


-< -r + 2* 

U 4 Jo L J 2 


= 4 


Another example. 

Example 2 

Find the area of the triangle with vertices (0, 0), (5, 3) and (2, 6), 
y | The equation of 


B ( 2 , 6) 


A (5, 3) 


OA is 
BA is 
OB is 


5 x 




Write down the component integrals 
with appropriate limits. 



‘5 o p 2 

Udx + 

0 s Js 




dx + 3xdx 



The limits chosen must progress the integration round the boundary 
of the figure in an anticlockwise manner. Finishing off the integration, 
we have 

A = . 
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A = 12 square units 



The actual integration is easy enough. 

The work we have just done leads us on to consider line integrals , so let us 

make a fresh start in the next frame 


Line integrals 



If a field exists in the x-y plane, producing a force F on a particle at K, 
then F can be resolved into two components 

F t along the tangent to the curve AB at K 
F n along the normal to the curve AB at K. 

The work done in moving the particle through a small distance 8s 
from K to L along the curve is then approximately F t 8s. So the total 
work done in moving a particle along the curve from A to B is given by 


Lim V F t 6s 


<5s—► 0 




F t ds from A to B 

*J 



This is normally written F t ds where A and B are the end points of 

Jab 

the curve, or as | F t ds where the curve c connecting A and B is 
defined. 

Such an integral thus formed is called a line integral since integration 
is carried out along the path of the particular curve c joining A and B. 

/. 1 = f F t ds= f F t ds 
Jab Jc 

where c is the curve y = f{x) between A (x\, y{) and B (xz, yz). 

There is in fact an alternative form of the integral which is often useful, 

so let us also consider that 
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Alternative form of a line integral 

It is often more convenient to integrate with respect to x or y than to 
take arc length as the variable. 



X 


If F t has a component 

P in the ^-direction 
Q in the y-direction 

then the work done from K to L 
can be stated as P6x + Q6y. 


[ F t ds=[ (Pdx + Qdy) 

Jab Jab 

where P and Q are functions of x and y. 

In general then, the line integral can be expressed as 

7 = | F t ds = | (Pdx + Qdy) 

where c is the prescribed curve and F, or P and Q, are functions of 
x and y. 

Make a note of these results - then we will apply them 

to one or two examples 


Example 1 

Evaluate j (x J r 3y)dx from A (0, 1) to B (2, 5) along the curve 
y=l+x 2 . 



The line integral is of the form 
| (Pdx + Qdy) 

where, in this case, Q = 0 and c is the 
curve y = 1 + x 2 . 


It can be converted at once into an ordinary integral by substituting 
for y and applying the appropriate limits of x. 

I = [ (Pdx + Qdy) = f (x + 3y)dx= [ (x + 3 + 3x 2 ) dx 
Jc Jc Jo 

= [ f + 3 * + *^=16 


Now for another, so move on 
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Example 2 

Evaluate I = j (x 2 4- y) dx + (x - y 2 ) dy from A (0, 2) to B (3, 5) along 
the curve y = 2 + x. 

J = | (Pdjt + Qdy) 5 

P = x z +y = x z + 2 + x = x 2 + x + 2 

2 

Q = x - y 2 = x - (4 + 4x + x 2 ) 

=-(x 2 + 3x +4) O 

Also y — 2 + x dy = dx and the limits are x = 0 to x = 3. 

/= . 




Because 


I = f {(x 2 4- x 4- 2) dx - (x 2 + 3x + 4) dx} 
Jo 

|*3 - - 3 

-(2*4 2)cbf= x 2 - 2x =-15 
Jo L Jo 


Here is another. 


Example 3 

Evaluate I = j {{x 2 + 2y) dx 4 xydy} from O (0, 0) to B (1, 4) along the 
curve y = 4x 2 . 



In this case, c is the curve y = 4x 2 . 

Substitute for y in the integral and 
apply the limits. 

Then I = . 


Finish it off: it is quite straightforward. 
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7 = 9-4 


Because 


7 = | {(* 2 + 2y)ck + xydy} y = 4x 2 /. dy = 8xdx 

Also x 2 + 2y = x 2 + Sx 2 = 9x 2 ; xy = 4x 3 


7 = f {9x 
Jo 


2 ck + 32x 4 


dx} = [ (9x : 

Jo 


+ 32 a: 4 ) ck = 9.4 


They are all done in very much the same way. 


Move on for Example 4 


Example 4 


Evaluate 7 = | {(x 2 + 2y)ck + xydy} from O (0, 0) to A (1, 0) along 
line y — 0 and then from A (1, 0) to B (1, 4) along the line x = l. 


4-iB 


(1) OA: ci is the line y = 0 dy = 0. 
Substituting y = 0 and dy = 0 in the 
given integral gives 


7oa = * 2 dx = 


x 3 l 1 1 


3 Jo 3 


(2) AB: Here Cz is the line x = 1 

7ab = 


dx = 0 


Jab = 8 


Because 


Jab = [ {(l + 2y)(0)+ydy} 
Jo 

= f yty 

Jo 


= y = 8 

L z Jo 

Then 7 = 7qa + Jab = 


3 + 8 — 83 




If we now look back to Examples 3 and 4 just completed, we find that 
we have evaluated the same integral between the same two end points, 
but. 
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along different paths of integration 


If we combine the two diagrams, we have 



where c is the curve y = 4x 2 and 
Ci + C 2 are the lines y — 0 and x — l. 

The results obtained were 


/ c = 9|and J Cl+C2 = 8^ 


— Q 1 


Notice therefore that integration along two distinct paths joining the 
same two end points does not necessarily give the same results. 


Let us pause here a moment and list the main properties of line 
integrals. 


Properties of line integrals 

1 J Fds = J {P(k + Qdy} 

2 [ Fds = - f Fds and f {P dx + Q dy} = - f {Pdx + Qdy} 

Jab Jba Jab Jba 

i.e. the sign of a line integral is reversed when the direction of the 

integration along the path is reversed. 

3 (a) For a path of integration parallel to the y-axis, i.e. x — k, 


dx = 0. 


i 

• • 

* C 


Pdx = 0 


Ic = 


= Qd y. 

Jc 


(b) For a path of integration parallel to the x-axis, i.e. y = k, 
dy = 0. | Qdy = 0 I c = j Pdx. 

4 If the path of integration c joining A to B is divided into two parts 
AK and KB, then I c = Jab — Iak + ^kb- 

5 In all cases, the function y = f(x) that describes the path of 
integration involved must be continuous and single-valued - or 
dealt with as in item 6 below. 

6 If the function y = f(x) 
that describes the path of y 

integration c is not single- B i__ _ 

valued for part of its ex- y= f ^ 

tent, the path is divided K \_ ^ j 

into two sections. / 


te/ Vi) 
Bl— 


y= h(x) 

y=t i(x) 


k J- te/ ^3) 


Y = fi( x ) from A to K 
y = fz(x) from K to B. 


(£^7 


Make a note of this list for future reference and revision 
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Example 

Evaluate I = J (x + y) dx from A (0, 1) to B (0, 
circle x 2 + y 2 = 1 for x > 0. 


- 1) along the semi- 



The first thing we notice is that 


the function y = f(x) that describes the 
path of integration c is not single-valued 


For any value of x t y = ±Vl —x 2 . Therefore, we divide c into two parts 



(1) y = Vl -x 2 from A to K 

(2) y = -Vl - x 2 from K to B. 

As usual, I = | (Pdx + Qdy) and in this 
particular case, Q =. 


Q = 0 


/ = J Pdx = J (x-\-Vl— x 2 ^ dx h- | (x - VT - x 2 ) dx 




= (x + Vl - x 2 —x + Vl—x 2 ) dx = 


)dx = 2 f 

Jo 


1 - x 2 dx 


Now substitute x = sin 6 and finish it off. 
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Regions enclosed by closed curves 


A region is said to be simply 
connected if a path joining A 
and B can be deformed to 
coincide with any other line 
joining A and B without 
going outside the region. 


Another definition is that a 
region is simply connected if 
any closed path in the region 
can be contracted to a single 
point without leaving the 
region. 

Clearly, this would not be 
satisfied in the case where 
the region R contains one or 
more 'holes'. 



The closed curves involved in problems in this Programme all relate to 
simply connected regions, so no difficulties will arise. 
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Line integrals round a closed curve 

We have already introduced the symbol j> to indicate that an integral 

is to be evaluated round a closed curve in the positive (anticlockwise) 
direction. 


y 


O'- 

X 




Positive direction (anticlockwise) line integral 
denoted by <jx 


Negative direction (clockwise) line integral 
denoted by - L 


With a closed curve, the y-values on the path c cannot be single¬ 
valued. Therefore, we divide the path into two or more parts and treat 
each separately. 




Unless specially required otherwise, we always proceed round the 
closed curve in an. 



anticlockwise direction 


Example 1 


Evaluate the line integral I = cb (x 2 dx — 2 xy d y) where c comprises the 


three sides of the triangle joining O (0, 0), A (1, 0) and B (0, 1). 

First draw the diagram and mark in ci, C 2 and C 3 , the proposed 
directions of integration. Do just that. 
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y 

i 

C 3 


o 

C! 1 * 

The three sections of the path of integration must be arranged in an 
anticlockwise manner round the figure. Now we deal with each part 
separately. 

(a) OA: ci is the line y = 0 d y = 0. 

Then I = l(x 2 dx- 2xy d y) for this part becomes 



(b) AB: 0-2 is the line y = 1 - x dy = -dx 

h = . (evaluate it) 




Because C 2 is the line y — 1—x dy = -dx . 

r 0 <*0 

h — {x 2 dx + 2x(l - x) dx} = I (x 2 + 2x - 2x z ) dx 

f 0 /o 2 * 3 1° 2 r 2 

= Ji (2 * _x)dx= r -tI r _ 3 ' h= ~3 

Note that anticlockwise progression is obtained by arranging the 
limits in the appropriate order. 

Now we have to determine h for BO. 

(c) BO: C 3 is the line x = 0 

h = . 


J 3 =0 

Because for c 3 , x = 0 dx = 0 J 3 = Jody = 0 I3 = 0 

HnaUy / /=/ 1 +/ 2 +/3=J-f + 0 = -J I =-\ 

Let us work through another example. 
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lit) 


Example 2 


* 

Evaluate o y dx when c is the circle x 2 + y 2 = 4. 
Jc 



x 2 + y 2 = 4 y = ±V4 -x 2 

y is thus not s ingle-valued. Therefore 
use y = V4 - x 2 for AL B betwe en x = 2 
and x — -2 and y = -V4 - x 2 for BMA 
between * = -2 and x = 2. 


I 


_ 2 2 

— \/4 - x 2 dx 4- f {-V4 - x 2 } 

J 2 J—2 


= 2 


'4 - x 2 dx 


/■ 

= -2 

J “ 


'4 — x 2 dx 


f 2 _ 

= -4 \/4 — 

Jo 


x 2 dx. 


To evaluate this integral, substitute x = 2 sin 0 and finish it off. 

I =. 


I = —47T 


Because 


x = 2sin0 dx = 2cos0 d0 V4 -x 2 = 2cos0 

limits: x = 0, 6^ = 0; x = 2, 0 = ^ 

J ‘7r/2 f*7r/2 

2cos0 2cos0d0 = -16 cos 2 0d0 

0 Jo 


f r / 2 f sin 2<9l ^ 

= -8 (1 + cos 26) dO = -8 0 + = -An r 

Jo L 2 Jo 

Now for one more 

Example 3 

Evaluate I = j) {xy dx + (1 +y 2 ) dy} where c is the boundary of the 

rectangle joining A (1, 0), B (3, 0), C (3, 2) and D (1, 2). 

First draw the diagram and insert Ci, C2, C3, C4. 

That gives. 
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Now evaluate Ii for AB; h for RC; h for CD; h for DA; and finally /. 

Complete the working and then check with the next frame 



Here is the complete working. 
/ = j) {xy dx + (1 + y 2 ) dy } 


(a) AB: Ci is y = 0 dy = 0 h = 0 

(b) BC: C 2 is x = 3 dx = 0 

r 2 r v 3 i 2 

J 2 = (l+y 2 )dy= y + ^- =4f .-.72 = 41 

Jo L jJo 

(c) CD: C 3 is y = 2 dy = 0 

r 1 r i 1 

h = 2*d* = x 2 = -8 J 3 = -8 

J3 L J3 


(d) DA: C 4 is x = 1 dx = 0 

.-. 7 4 = [ (l+y 2 )dy= [y + ^-1 — —4| 7 4 = -4§ 

J2 L °J2 

Finally 

I =z Ii 4 * I2 F3 4 * I4 

= 0 + 4§ - 8 - 4§ = -8 I = -8 

Remember that, unless we are directed otherwise, we always 
proceed round the closed boundary in an anticlockwise manner. 

On now to the next piece of work 
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Line integral with respect to arc length 

We have already established that 

I= \ F \ds = f {Pck + Qdy} 

Jab Jab 

where F t denoted the tangential force along the curve c at the sample 
point K (x, y). 

The same kind of integral can, of course, relate to any function 
f(x, y) which is a function of the position of a point on the stated 

curve, so that I = j f(x, y) ds. 

This can readily be converted into an integral in terms of x. (Refer to 
Engineering Mathematics (Fifth Edition), Programme 19, Frame 30.) 



Example 

Evaluate I = J (4x + 3 xy) ds where c is the straight line joining O (0, 0) 
to A (1, 2). 



1 x 


r*=i fi 

(4* + 3 xy) ds = (4x + 3xy)(y/5) dx. But y = 2x 

Jx =0 Jo 
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7 = 4V5 


Because 


pi f 1 

= (4* + 6x z ){VS) dx = 2V5 (2x 4- 3x 2 ) dx = AV5 

Jo Jo 


/ = 


Try another. 

The path length of the parabola defined by y = x 2 betwen the values 
x = 0 and x = 2 is given by the integral 


% 

I = ds =. to 3 dp 

Jc 



Because 



Jx =0 

Let u = 1 + 2* so that d u = 2dx and so 



= 3*393 to 3 dp 


Parametric equations 

When x and y are expressed in parametric form, e.g. x = f(t), y = g(t), 
then 



and result (1) above becomes 



Make a note of results (1) and (2) for future use 
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Example 


Evaluate I = j) 4 xy ds where c is defined as the curve x = sin t,y = cos t 


between t = 


0 and t = — 
4 


We have x = 


sint -tt = cos t 

at 

dy 

cost — ~sint 

dt 

ds 

• 

•’ dt = . 



Dependence of the line integral on the path 
of integration 

We saw earlier in the Programme that integration along two separate 
paths joining the same two end points does not necessarily give 
identical results. 

With this in mind, let us investigate the following problem. 

Example 

Evaluate I = j) {3 x 2 y 2 dx + 2x 3 y dy} between O (0, 0) and A (2, 4) 

(a) along C! i.e. y = x 2 

(b) along C 2 i.e. y = 2x 

(c) along c 3 i.e. x = 0 from (0, 0) to (0, 4) and y = 4 from (0, 4) to 
(2, 4). 

Let us concentrate on section (a). 

First we draw the figure and insert relevant information. 

This gives . 
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(a) 1 = 


I = | {3 * 2 )' 2 dx + 2x 3 y dy} 

The path ci is y = x 2 dy = 2xdx 


h = {3x 2 x 4 dx + 2x 3 x 2 2x dx} = (3 * 6 + 4x 4 ) d* 

«j 0 « 0 


= x 7 = 128 /, = 128 


0 


(b) In (b), the path of integration changes to C 2 , i.e. y = 2x 



So, in this case, 

h =. 


/ 2 = 128 


Because with c 2 , y = 2 * dy = 2 ck 

1*2 i »2 

h = {3x 2 4x 2 dx + 2x 3 2x2 dx} = 20x 4 dx 

Jo Jo 

= 4 |x 5 j = 128 I 2 = 128 

(c) In the third case, the path C 3 is split 
x = 0 from (0, 0) to (0, 4) 
y = 4 from (0, 4) to (2, 4) 

Sketch the diagram and determine J 3 . 

ft =. 
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In the example we have just worked through, we took three different 
paths and in each case, the line integral produced the same result. It 
appears, therefore, that in this case, the value of the integral is 
independent of the path of integration taken. 



How then does this integral perhaps 
differ from those of previous cases? 


Let us investigate 


We have been dealing with I = | {3 x 2 y 2 dx + 2x 3 y dy} 


On reflection, we see that the integrand 3 x 2 y 2 dx + 2 x 3 y dy is of the 
form Pdx + Qdy which we have met before and that it is, in fact, an 
exact differential of the function z = x 3 y 2 , because 



and 


dz 

dy 



Provided P, Q and their first partial derivatives are finite and 
continuous at all points inside and on any closed curve, this always 
happens. If the integrand of the given integral is seen to be an exact 
differential, then the value of the line integral is independent of the path 
taken and depends only on the coordinates of the two end points 


Make a note of this. It is important 
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If I = J {Pdx + Qdy} and (Pdx + Qdy) 
is an exact differential, then 

Jci — 4 



Hence, if (P dx + Q dy) is an exact differential , then the integration taken 
round a closed curve is zero. 


If (Pdx + Qdy) is an exact differential, |(Pdx + Qdy) = 0 


Example 1 

Evaluate I = j {3y dx + (3x + 2y) dy} from A (1, 2) to B (3, 5). 

No path is given, so the integrand is probably an exact differential of 

some function z = f(x, y). In fact ^ = 3 = 

dy dx 

We have already dealt with the integration of exact differentials, so 
there is no difficulty. Compare with I = j (Pdx + Qdy}. 


P = - = 3y 
dx y 


z=\lydx = 'Sxy + f(y) 


dz 

Q = ^- = 3x + 2 y . . z= (3x + 2y)dy = 3xy + y z +F(x) 


For (1) and (2) to agree 
fiy) =. and F(x) = 


( 2 ) 
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f(y)=y 2 ; F(x) = 0 


Hence z = 3 xy + y 


7 = | {3yd* + (3x + 2y)dy} 


r( 3 / 5) 

d(3A;y + f) 

J(l, 2) 

r I (3, 5) 

= 3 xy + y 2 

L J (1, 2) 

= (45 + 25) - (6 + 4) 
= 60 


Example 2 

% 

Evaluate/= {(x 2 -hye x ) dx + (e* + y) dy} between A (0, l)andB(l, 2). 

Jc 

As before, compare with j {Pdx + Qdy}. 

_ dz n v 

P = — = x *+ye x z= . 

ox 

^ dz y 

Q= ty=^ + y z= . 

Continue the working and complete the evaluation. 

When you have finished, check the result with the next frame 


z = T + ye * + f^) 

V 2 

z = ye x + y~ + F(x) 


y 2 x^ 

For these expressions to agree, f(y) F(x) = — 

Zi O 

~y3 1,2*1 (E 2) 

Then 1= — + ye* + ^ 

I s z -l(o,i) 

= f+ 2e 

6 

So the main points are that, if (Pdx 4- Qdy) is an exact differential 

(a) / = | (Pdx + Qdy) is independent of the path of integration 

(b) I = | (Pdx + Qdy) is zero when c is a closed curve. 


On to the next frame 
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Exact differentials in three independent variables 

A line integral in space naturally involves three independent variables, 
but the method is very much like that for two independent variables. 

dw = Pdx + Qd y + R dz is an exact differential of w = f(x, y, z) 

&P _ <9Q dP_dR dR _ dQ 
dy dx' dz dx' dy dz 

If the test is successful, then 

(a) J (Pdx + Qdy + Rdz) is independent of the path of integration 

(b) j) (Pdx + Qdy + R dz) is zero when c is a closed curve. 

Example 

Verify that dw = (3x 2 yz + 6x)dx + (x 3 z - 8y)dy + (x 3 y + l)dz is an exact 
differential and hence evaluate j dw from A (1, 2, 4) to B (2, 1, 3). 

First check that dw is an exact differential by finding the partial 
derivatives above, when P = 3 x 2 yz + 6x; Q = x 3 z — 8 y; and R = x 3 y + 1. 

We have. 



Now to find w. P = 

dz dz t dw 

dx f dy' ~ dz 

dw „ , 
dx =3x 2 yz + 6x 

w = j (3 x 2 yz + 6x)dx 


= x 3 yz + 3x 2 + f(y, z) 

dy~ XZ 

" W = I Z ~ 

= x?zy - 4 y 2 + F(x, z) 

dw , 

az =3 ^ + 1 

w = i (x 3 y +1) dz 


= x 3 yz + z + g(x, y) 

For these three expressions for z to agree 

ffaz) = .; *{x,z) = .; g(x,y) = 
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f{y,z) = -4y 2 ; F(x,z) = z; g(x, y) = 3x 2 


w = x 3 yz + 3x 2 -4y 2 + z 


.'. 7 = 


x 3 yz + 3x z - 4 y 2 + z 


1 ( 2 , 1 , 3 ) 


-I (1,2,4) 



7 = 36 


Because 


I = 


x 3 yz + 3x 2 - 4 y 2 + z 


(2.1.3) 

(1.2.4) 


= (24 + 12 - 4 + 3) - (8 + 3 - 16 + 4) = 36 


The extension to line integrals in space is thus quite straightforward. 

Finally, we have a theorem that can be very helpful on occasions 
and which links up with the work we have been doing. 

It is important ; so let us start a new section 


Green's theorem 



Let P and Qbe two functions of x and 
y that are, along with their first 
partial derivatives, finite and contin¬ 
uous inside and on the boundary c of 
a region R in the x-y plane. 



If the first partial derivatives are continuous within the region and on 
the boundary, then Green's theorem states that 




(Pdx + Qdy) 


That is, a double integral over the plane region R can be transformed 
into a line integral over the boundary c of the region - and the action 
is reversible. 

Let us see how it works. 
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Example 1 

a 

Evaluate I = o {(2x - y) dx + (2y + x) d y} around the boundary c of the 

Jc 

ellipse x 2 + 9 y 2 = 16. 

The integral is of the form I = o {Pdx + Qdy} where 

Jc 

dP 

P = 2x-y -z-=-l 

/ dy 

dQ 

andQ = 2y + jt — = 1. 


dx 


1 = 


=_ LJ (_1_1)dxdy 

= 2 1 | dx dy 

But | | dx dy over any closed region gives 


(71 | 


the area of the figure 


In this case, then, I = 2A where A is the area of the ellipse 


x 2 + 9y 2 = 16 i.e. = 1 

16 16 


a = 4;b = - 


\ A = 7 rab = 


/. I =2A = 


167T 

~3~ 

32t r 


To demonstrate the advantage of Green's theorem, let us work 
through the next example (a) by the method of line integrals, and (b) 
by applying Green's theorem. 
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Example 2 

» 

Evaluate 7 = <> {(2x + y) dx + (3x - 2y) d y} taken in anticlockwise 

Jc 

manner round the triangle with vertices at O (0, 0), A ( 1 , 0) and 
B (1, 2 ). 



7 = 


{(2x + y) dx+(3x~ 2y) d y} 


(a) By the method of line integrals 

There are clearly three stages with ci, C 2 , C 3 . Work through the 
complete evaluation to determine the value of 7. It will be good 
revision. 

When you have finished , check the result with the solution in the next frame 


1 = 2 


(a) (1) ci is y = 0 dy = 0 

pi r 1 1 

/1 = 2*d* = * 2 =1 /. /1 = 1 


( 2 ) C 2 is x = 1 dx = 0 


r 2 r 1 2 

I 2 = (3-2y)dy= 3y-y 2 =2 I 2 = 2 

Jo L Jo 


(3) C 3 isy = 2jt dy = 2 dx 


f° 

73 = {4xdx + (2x- ±x)2dx} 

f° r i° 

= I 2xdx = x 2 = -1 

Ji . . i 


h = —1 


7=7i-t-7 2 +7 3 = l + 2+(-l)=2 /. 7 = 2 

Now we will do the same problem by applying Green's theorem, so move on 
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(b) By Green's theorem 


1 = 


% 

c) {(2x + y) dx + (3x - 2y) dy} 

c 


P = 2x + y — = 1; Q=3x-2y 

Finish it off. I =. 


. dQ 

dx 


= 3 


Because 


I = - j j(l - 3)cL*dy 
= 2 f \dxdy = 2A 


1 = 2 


= 2x the area of the triangle 
= 2x1 = 2 1 = 2 

Application of Green's theorem is not always the quickest method. 
It is useful, however, to have both methods available. If you have not 
already done so, make a note of Green's theorem. 


j(f-§w--£ (fd * +Qcw 


Example 3 

Evaluate the line integral I = 

bounded by the curves y = 
theorem. 


% 

o {xy dx + (2x - y) d y} round the region 

c 

x 2 and x = y 2 by the use of Green's 


A (1, 1) 


y = Jx 


y = x 2 


Points of intersection are O (0, 0) and 
A (1, 1). P and Q are known, so there is 
no difficulty. 


Complete the working. 


1 = 
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31 

/ = — 
60 


Here is the working. 


/ = | {xydx + (2x - y) d y} 

|{Pd* + Qdy} = -[ \( C - 
Jc jrjV 


P = xy ^- = x; Q = 2x 


A(1, 1) 


dQ 


dxd y 


dQ 

y ftF 


/ = 


* » 

- (x —2) dxdy 

«i jR «i 


y = Jx 


l i*y=V* 


(x-2)dydx 


0 Jy—x 2 


y-x 2 


f i r i v 

(* - 2 ) y 

Jo L ix 2 


.\I=-f (x-2)(y/x-x 2 )dx 
Jo 

= — [ (x 3 / 2 - x 3 - 2* 1/2 + 2a: 2 ) dx 
Jo 

= -\^rX 5/2 -\x 4 -^X 3/2 +i* 3 l = ^r 


Before we finally leave this section of the work, there is one more 
result to note. 

In the special case when P = y and Q= -x 

OP 1 , dQ 

— =1 and —-=-1 

dy dx 

Green's theorem then states 

j J{1 - (—l)}dxdy = - j> (Pck + Qdy) 

i.e. 2 dxdy =(ydx-xdy) 

R *■ Jc 

= j) (xdy-ydx) 

Therefore, the area of the closed region 

i t j * 

A— dxdy = -o {xdy-ydx) 

Ji? J ^Jc 

Note this result in your record book. Then let us see an example 
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Example 1 

Determine the area of the figure enclosed by y — 3x 2 and y = 6x. 



We evaluate the integral in two parts, i.e. OA along Ci 

and AO along C 2 

2A = (xdy-ydx)+\ (xdy-ydx) =h +I 2 

Jci f alone OA) J c? (alone AO) 


h: ciisy = 3x 2 dy = 6xdx 


r 2 

h = (6x : 

Jo 


Similarly, h = 


2 dx-3x 1 dx)= 3x 2 dx = \x 3 =8 

Jo 


h=S 


h = 0 

Because 

C 2 is y = 6x dy = 6 dx 

^2 = | (6xdx- 6xdx) = 0 h = 0 

I = h +h = 8 + 0 = 8 /. A = 4 square units 

Finally, here is one for you to do entirely on your own. 

Example 2 

Determine the area bounded by the curves y = 2x 3 , y = x 3 + 1 and the 
axis x = 0 for x > 0. 

Complete the working and see if you agree with the working in the next frame 
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Here it is. 


A (1,2) 


=* 3 +iy/i 


y = 2x 3 


y = 2x 3 ; y = x 3 + 1 ; x = 0 
Point of intersection 

2x 3 = x 3 + 1 x 3 = 1 x = 1 
Area A = ^ j) (a: dy - y dx) 

2A = j) (xdy -ydx) 


(a) OA: ci is y = 2a : 3 d y = 6x 2 dx 


7i = [ (xdy -ydx) = [ (6x 3 dx - 2x 3 dx) 
Jci Jo 

= f 1 4x 3 dx= x 4 } =1 h = 

Jo . Jo 


h = 1 


(b) AB: C2isy = * 3 + 1 dy = 3A: 2 dx 


<*0 <*0 
= J {3a: 3 dx-(x 3 + 1 ) dx} = J (2a: 3 - l)dx 


= ~2~ X 


= -(i-i) = f 


h = \ 


(c) BO: C 3 is x = 0 dx = 0 

ry =0 


.*. Is = 0 


h = (xdy - ydx) = 0 

Jv—1 


.’. 2A — 7 — 7i + /2 + ^3 — 1 + 2 ~^~ 0 — 1 ^ 

A = | square units 

And that brings this Programme to an end. We have covered some 
important topics, so check down the Revision summary and the 
Can You? checklist that follow and revise any part of the text if 
necessary, before working through the Test exercise. The Further 
problems provide an opportunity for additional practice. 
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Revision summary 14 

1 Differentials d y and dx 

(a) 



Ifz = f( W ), dz = |ck + 0dy + | ; dw. 

(c) dz = P dx + Q dy, where P and Q are functions of a: and y, is an 

exact differential if ^ ^. 

" dy dx 

Line integrals - definition 
I = | fix, y) ds = J ( Pdx + Qdy) 

Properties of line integrals 

(a) Sign of line integral is reversed when the direction of 
integration along the path is reversed. 

(b) Path of integration parallel to y-axis, dx = 0 . 


L = 


j c Qd,. 
1 


Path of integration parallel to x-axis, dy = 0 I c = j Pdx. 

(c) The y-values on the path of integration must be continuous 
and single-valued. 


4 Line of integral round a closed curve j) 

Positive direction anticlockwise 
Negative direction (j*! clockwise, i.e.(j) = — jj). 
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Line integral related to arc length 


1 = 


t A 

Fds = (.Pdx + Qdy) 

i AB i AB 


f*2 

f(*, y) 

Jx i 


' fdy \ 2 
1+ hr- dx 
\d x 


With parametric equations, x and y in terms of t, 


i = f f(*, y) ds = f ft*, y) 

i C ^ 


dxy fdyV ^ 

at + i dt 


Dependence of line integral on path of integration 

In general, the value of the line integral depends on the particular 
path of integration. 

Exact differential 

If Pdx + Qdy is an exact differential where P, Q and their first 
derivatives are finite and continuous inside the simply connected 
region R 

, , dP dQ 

(a) dy ~ dx 

(b) / = (P dx + Q dy) is independent of the path of integration 

Jc where c lies entirely within R 

(c) / = cb (P dx + Q dy) is zero when c is a closed curve lying 

Jc entirely within R. 

Exact differentials in three variables 

If P dx + Q dy + R dz is an exact differential where P, Q, R and their 
first partial derivatives are finite and continuous inside a simply 
connected region containing path c 

8P _dQ dP_dR dR_dQ 
dy dx J dz dx ’ dy dz 

(b) ^ (Pdx + Qdy+ R dz) is independent of the path of 
integration 

(c) j) (Pdx + Qd y + Rdz) is zero when c is a closed curve. 

Green's theorem 


|(P <to + Qd y ) = -}J{|-g}d I d, 

and, for a simple closed curve 


1 A A 

o (xdy-ydx) = 2 

*■ C i J? t 


= 2 J j dx dy = 2 A 


where A is the area of the enclosed figure. 
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Q Can You? 


Checklist 14 

Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that 
you can: 

• Evaluate double and triple integrals and apply them to 
the determination of the areas of plane figures and the 
volumes of solids? 

Yes □ □ □ □ □ No 


No 


Understand the role of the differential of a function of 
two or more real variables? 

Yes □ □ □ □ □ No 

Determine exact differentials in two real variables and 
their integrals? 

Yes B B B B B No 

Evaluate the area enclosed by a closed curve by contour 
integration? 

Yes □ □ □ □ □ No 

Evaluate line integrals and appreciate their properties? 
Yes □ □ □ □ □ No 

Evaluate line integrals around closed curves within a 
simply connected region? 

Yes □ □ □ □ □ No 

Link line integrals to integrals along the x-axis? 

Yes □ □ □ □ □ No 

Link line integrals to integrals along a contour given in 
parametric form? 


Yes 


No 


Discuss the dependence of a line integral between two 
points on the path of integration? 

Yes □ □ □ □ □ No 

Determine exact differentials in three real variables and 
their integrals? 

Yes B B B B B No 

Demonstrate the validity and use of Green's theorem? 
Yes □ □ □ □ □ No 


Frames 



to 13 


Ira toll 


20 1 to 


2711 to |41 



to HI 


51 to 



54 1 to I 56 


56| to 



66 J to 



709 to 
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Test exercise 14 


1 Determine the differential dz of each of the following. 

(a) z = x 4 cos 3 y; (b) z = e 2y sin 4x ; (c) z = x 2 yw 3 . 

2 Determine which of the following are exact differentials and integrate 
where appropriate to determine z. 

(a) dz = (3 x 2 y 4 + Sx) dx + (4x 3 y 3 — 15 y 2 ) d y 

(b) dz = (2x cos 4y — 6 sin 3x)dx — 4(x 2 sin 4 y 2y) d y 

(c) dz = 3e? x (l - y) dx + ( e 3x + 3y 2 ) d y. 

3 Calculate the area of the triangle with vertices at O (0, 0), A (4, 2) and 
B (1, 5). 

4 Evaluate the following. 

(a) I = J c {(x 2 - 3y) dx + xy 2 d y} from A (1, 2) to B (2, 8) along the curve 
y = lx 2 . 

(b) I = J c (2x + y)dx from A (0, 1) to B (0, -1) along the semicircle 
x 2 + y 2 = 1 for x > 0. 

(c) 1 = f c {(l +xy)dx + (1 -\-x 2 )dy} where c is the boundary of the 
rectangle joining A (1, 0), B (4, 0), C (4, 3) and D (1, 3). 

(d) I = J c 2 xy ds where c is defined by the parametric equations 

7T 

x = 4 cos 6, y = 4 sin 6 between 9 — 0 and 9 = -. 

V-J 

(e) 7 = J c {(8xy + y 3 ) dx + (4x 2 + 3 xy 2 ) dy} from A(l, 3) to B(2, 1). 

(f ) I = j> c {(3x + y) dx + (y - 2x) dy} round the boundary of the ellipse 
x 2 + 4y 2 = 36. 

5 Apply Green's theorem to determine the area of the plane figure 
bounded by the curves y = x 3 and y — y/x. 

6 Verify that dw = (2 xyz + 2z - y 2 )dx + (x 2 z - 2yx)dy + (x 2 y + 2x)dz is 
an exact differential and find the value of 

| dw where 

(a) c is the straight line joining (0, 0, 0) to (1, 1, 1) 

(b) c is the curve of intersection of the unit sphere centred on the origin 
and the plane x + y + z = 1. 
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£ Further problems 14 


1 Show that I = J c {xy 2 w 2 dx + x 2 yw 2 dy + x 2 y 2 w&w} is independent of [ 8 
the path of integration c and evaluate the integral from A (1, 3, 2) to 

B (2, 4, 1). 

2 Determine whether d z = 3x 2 (x 2 + y 2 ) dx + 2 y(x 3 + y 4 ) dy is an exact 
differential. If so, determine z and hence evaluate J c dz from A (1, 2) 
to B (2, 1). 


3 Evaluate the line integral I = cb 




xdy - ydx 
+ y 2 + 4 


} 


where c is the boundary 


of the segment formed by the arc of the circle x 2 + y 2 = 4 and the chord 
y = 2 - x for x > 0. 

4 Show that 


I = J c {(3x 2 siny + 2 sin 2x + y 3 ) dx + (x 3 cos y + 3xy 2 ) dy} 
is independent of the path of integration and evaluate it from A (0,0) to 

B (14 

Evaluate the integral I — J c xy ds where c is defined by the parametric 
equations x = cos 3 1, y = sin 3 1 from t — 0 to t = 

xdx ydy 


6 Verify that dz 


x 2 -y 2 


0 0 for x 2 > y l is an exact differential and 

x 2 y 2 


evaluate z = f{x, y) from A (3, 1) to B (5, 3). 


7 The parametric equations of a circle, centre (1, 0) and radius 1, can be 
expressed as x = 2 cos 2 0, y = 2 cos 0 sin 0. 

Evaluate I = f r {(x + y) dx + x 2 dy} along the semicircle for which y > 0 
from O (0, 0) to A (2, 0). 

8 Evaluate £{x 3 y 2 dx+ x 2 ydy} where c is the boundary of the region 
enclosed by the curve y = 1 - x 2 , x = 0 and y = 0 in the first quadrant. 

9 Use Green's theorem to evaluate 


I = o {(4x + y) dx + (3x - 2y) dy} 


where c is the boundary of the trapezium with vertices A (0, 1), B (5, 1), 
C (3, 3) and D (1, 3). 

10 Evaluate I = J c {(3x 2 y 2 + 2 cos 2x - 2xy) dx + (2x 3 y + 8y - x 2 ) dy} 

(a) along the curve y = x 2 - x from A (0, 0) to B (2, 2) 

(b) round the boundary of the quadrilateral joining the points (1, 0), 
(3, 1), (2, 3) and (0, 3) 
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Verify that dw 


y -6x + -Ay 
z z 


value of 


^%dz is an exact differential and find the 
z 2 


dw 

Jc 

where c is the straight line joining (0, 0, 1) to (1, 2, 3) for either region 
z > 0 or z < 0. 
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Learning outcomes 

VVTien you have completed this Programme you will be able to: 

• Evaluate double integrals and surface integrals 

• Relate three-dimensional Cartesian coordinates to cylindrical and 
spherical polar forms 

• Evaluate volume integrals in Cartesian coordinates and in 
cylindrical and spherical polar coordinates 

• Use the Jacobian to convert integrals given in Cartesian coordi¬ 
nates into general curvilinear coordinates in two and three 
dimensions 


617 
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Double integrals 



Let us start off with an example with which we are already familiar. 

Example 1 

A solid is enclosed by the planes z = 0, y = 1, y = 2, x~0, x~3 and 
the surface z = x + y 2 . We have to determine the volume of the solid so 
formed. 

First take some care in sketching the figure, which is 



In the plane y=l,z = x + l, i.e. a straight line joining (0, 1, 1) and 
(3, 1, 4) 

In the plane y = 2, z = x + 4, i.e. a straight line joining (0, 2, 4) and 
(3, 2, 7) 

In the plane x = 0, z = y 2 t i.e. a parabola joining (0, 1, 1) and (0, 2, 4) 

In the plane x = 3, z = 3 + y 2 , i.e. a parabola joining (3, 1, 4) and 
(3, 2, 7). 


Consideration like this helps us to visualise the problem and the time 
involved is well spent. 

Now we can proceed. 


The element of volume 8v = 8x8y8z 


Then the total volume 


V = 


dx d y dz between appropriate 
limits in each case. 
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We could also have said that the element of area on the z = 0 plane 
8a = 8y 8x 

and that the volume of the column 8v c = z8a = zSxSy 
Then, since z = x + y 2 , this becomes 8v c = (x + y 2 ) 8y 
Summing in the usual way then gives 

V = | z da 

= | J(* + y 2 )dxdy 

where is the region bounded in the x-y plane. 

Now we insert the appropriate limits and complete the integration 

V = . 


V = 11-5 cubic units 



Because 
V - 


ry=2 rx=3 

C x + jr)dxdy 

Jy=1 Jx 0 


-t 

-i 


x=0 


2 r y 2 -• *= 3 

~\ 2 
3 


iy 


2 y + r 


Jl 


v = 


11-5 

11*5 cubic units 


Although we have found a volume, this is, in fact, an example of a 
double integral since the expression for z was a function of position in 
the x-y plane within the closed region 


i.e. 


1 = 


f(x, y) d a 



f(x, y) d y dx 



In this particular case, R is the region in the x-y plane bounded by 
x = 0,x = 3,y=l,y = 2. 
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Example 2 

A triangular thin plate has the dimensions shown and a variable 
density p where p — 1 + x + xy. 



We have to determine 

(a) the mass of the plate 

(b) the position of its centre 
of gravity G. 


(a) Consider an element of area at the point P (x, y) in the plate 



8a = 8x 8y 

The mass 8m of the element is 
then 

8m — p 8x 8y 


Total mass M = 


k A A k 

d m— pdxdy 

* J? * » J? * 


Now we insert the limits and complete the integration, remembering 
that p = (1 + x + xy) 

M = . 


M= 17 - 


Because we have 


U f*=2 ry=2x 

p dxdy = I (1 +x + xy) dydx 

Ja= 0 Jv=0 


= 


f{2x 

Jo 


Jx =U jy=( 

,2-j y= 2x 

d; 

► 

' J y=0 


+ 2x z + 2x 3 


" 2 2 x 3 X 4 ] 2 1 

- X + ^“ + t| 0 _17 3 


(b) To find the position of the centre of gravity, we need to know 
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the sum of the moments of mass about OY and OX 



(1) To find x, we take moments about OY. 



Moment of mass of element about OY 


= x8m 

= x(l +x + xy)6x6y 


Sum of first moments = 


/> 


(x + x 2 + x 2 y) dxdy 




R J 



|.*=2 ry = 2 x 

Because sum of first moments = (x + xr + x 2 y) d y dx 

Jx= 0 Jv=0 


=u Jy=' 

2 r v 2,,2-\ y= 2x 

2 .. , x X 


k 

xy + xy + 

Jo L 


dx 


Jy=0 


f 2 

{2x 2 + 2x 3 + 2x 4 }dx 
Jo 

r 2 

2 (x z +x 3 + x l ) dx 
Jo 


a 3 x 4 a 5 " 1 2 


2 i t + t + t 


= 26 


o 


15 


Now Mx = sum of moments x — 




We found previously that M = 17 


1 

3 


which gives x = 1 


33 

65 


1-508 



x 


= 26 


2 

15 


(2) To find y we proceed in just the same way, this time taking 
moments about OX. Work right through it on your own. 

y = . 
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Note that this again referred to a plane figure in the x-y plane. 

Now let us move on to something slightly different 



Multiple integration 2 


Surface integrals 



When the area over which we integrate is not restricted to the x-y 
plane, matters become rather more involved, but also more 
interesting. 


If 5 is a two-sided surface in 
space and R is its projection 
on the x-y plane, then the 
equation of S is of the form 
z = f{x, y) where f is a sin¬ 
gle-valued function and 
continuous throughout R. 

Let 8A denote an element of 
R and 8S the corresponding 
element of area of S at the 
point P(x,y,z) in S. 



Let also <f>(x , y, z) be a function of position on S (e.g. potential) and let 7 
denote the angle between the outward normal PN to the surface at P 
and the positive z-axis. 

8A 

Then 8A « 8S cos 7 i.e. 8S «-= 8A sec 7 and 

cos 7 

^2(j>(x,y,z)8S is the total value of </>(x,y,z ) taken over the surface S. 
As 8S —> 0, this sum becomes the integral 


I = 


(j>(x, y, z) dS 


and, since 8S « Msec 7 , the result can be written 


7 = 


R 


<j>{x, y, z) sec 7 dx Ay 


7 < 


7r 


Notice that cos 7 = n • k, where k is the unit vector in the z-direction 
and n is the unit normal to the surface at P. 

With limits inserted for x and y, the integral seems straightforward, 
except for the factor sec 7 , which naturally varies over the surface S. 

We can, in fact, show that sec 7 = 

(see Programme 17, Frames 69 ff) 

Therefore, the surface integral of <j)(x, y, z) over the surface 5 is given by 


(a) 1 = 


= J 4>(x, y, z) cL 

lkW 


( 1 ) 


, ,dz\ z fdz\ 2 

1+l s) + feO d * d) ' 


or (b) I = 

where z = f(x, y) 


( 2 ) 
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Note that, when </>(x,y,z) = 1, then I = | dS gives the area of the 
surface S. 

5= f d5 = f f 

JS JR J 

Make a note of these three important results. 

Then we will apply them to a few examples. 



Example 1 

Find the area of the surface z = yjx 2 + y 2 over the region bounded by 
x 2 + y 2 ~ 1. 



Oz dz 

So we now find — and — and determine 

dx dy 

which is. 



Because 

Z= (x 2 + y 2 ) 1 / 2 


dz 

dx 


1 

2 


y/2 

(x 2 +y 2 y lf 2 2x 



dz 


\ {x z + y 2 ) 1/2 2 y 




S=VZ\ dx dy = y/Z x 
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the area of the region R 


But R is bounded by x 2 + y 2 = 1, i.e. a circle, centre the origin and 
radius 1. area = 7r 


S = V2 


I I 

dxdy = VliT 

»jR * 


Example 2 

Find the area of the surface S of the paraboloid z 
the cone z = 2 yjx 2 + y 2 . 


= x z + y z cut off by 


z = Isjx 2 + y 2 


\ / A— z = x 2 + y 2 

\\ // 


4z = 2y 


z-y 2 


We can find the point of intersection A by considering the y-z plane, 
i.e. put x = 0. 

Coordinates of A are. 


A (2, 4) 


(13J 


The projection of the surface S on the x-y plane is 





For this we use the equation of 
the surface 5. The information 
from the projection R on the x-y 
plane will later provide the limits 
of the two stages of integration. 


For the time being, then, 5 = 
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Using Cartesian coordinates, we 
could integrate with respect to y 

from y = 0 to y = V4 - x 2 and then 
with respect to x from x = 0 to x = 2. 
Finally, we should multiply by four 
to cover all four quadrants. 


cx 2 ry=V4-x 2 , - 

i.e. S = 4 J 1 4- 4x 2 + 4 y 2 dydx 

Jx=0 Jy=0 V 

But how do we carry out the actual integration? 

It becomes a lot easier if we use polar coordinates. 
The same integral in polar coordinates is. 




Finish it off. 
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S = 3618 square units 


Because 


pu—Z7r t>r=z pZtt r -i "I z 

S=\ (l + 4r 2 ) 1/2 rdrd0 = —(l + 4r 2 ) 3/2 d 0 

J0=O Jr =0 Jo L 12 JO 

-j i* 27r f 12* 

= 12J { 173/2 - 1 } d0 = 5 ' 7577 H =36-18 


Now on to Example 3. 


Example 3 

To determine the moment of inertia of a thin spherical shell of radius 
a about a diameter as axis. The mass per unit area of shell is p. 

Equation of sphere 
x 2 + y 2 + z 2 = a 2 
Mass of element = m = p8S 
I as E mr 2 « E pSSr 2 

Let us deal with the upper hemisphere 

In = pr 2 dS 
Js 



Now determine the partial derivatives and simplify the integral as far 
as possible in Cartesian coordinates. 

In =. 




In this particular example, R is, of course, the region bounded by the 
circle x 2 + y 2 = a 2 in the x-y plane. 

Converting to polar coordinates 

x = rcos0; y = rsin0; dxdy = rdrd0 

the integral becomes In = . 
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Because for x 2 + y 2 = r 2 : limits of r: r = 0 to r = a 

limits of 0: 0 = 0 to 0 = 27r 



If we substitute u —a 2 -r 2 then the integral is evaluated as 

Ir = . 



Because 


When u = a 2 — r 2 then d u = —2rdr so that r 2 — a 2 — u and 

rdr = — Therefore 
2 



Now, to complete In we have 
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Therefore, the moment of inertia for the complete spherical shell is 

T 8ira 4 p 

s = 3 2 

The total mass of the shell M = 4ira 2 p .'. I = —-— 

Now let us turn our attention towards volume integrals and in 
preparation review systems of space coordinates. 

Space coordinate systems 

1 Cartesian coordinates (x, y, z) - referred to three coordinate axes 
OX, OY, OZ at right angles to each other. These are arranged in a 
right-handed manner, i.e. turning from OX to OY gives a right- 
handed screw action in the positive direction of OZ. 



The three coordinate planes, x = 0, y = 0, z = 0, divide the space 
into eight sections called octants. The section containing x > 0, 
y > 0, z > 0 is called the first octant. 



y 


For a point P {x, y, z) 

OL 2 = x 2 +y 2 
OV 2 = x 2 + f + z 2 

Note that this is Pythagoras' theorem in three dimensions. 
We are all familiar with this system of coordinates. 
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2 Cylindrical coordinates (r, 0, z) are useful where an axis of 
symmetry occurs. 



Any point P is considered as having 
a position on a cylinder. If L is the 
projection of P on the x-y plane, 
then (r 5 0) are the usual polar 
coordinates of L. The cylindrical 
coordinates of P then merely require 
the addition of the z-coordinate. 

r > 0 


Relationship between Cartesian 



and cylindrical coordinates 

If we consider a combined figure, 
we can easily relate the two systems. 

Expressing each of the following in 
terms of the alternative system, 



z =.. z = 



So, in cylindrical coordinates, the surface defined by 

(1) r = 5 is . 

(2) 0 = 7r/6 is . 

(3) z = 4 is . 
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(1) r — 5 is a right cylinder, radius 5, with OZ as axis. 

(2) 9 = 7 r/6 is a plane through OZ, making an angle ir/6 with OX. 

(3) z = 4 is a plane parallel to the x-y plane cutting OZ at 4 units 
above the origin. 



So position P (2, 3, 4) in Cartesian coordinates 

=.in cylindrical coordinates 

and position Q (2-5, n/3, 6 ) in cylindrical coordinates 

=. in Cartesian coordinates. 


P (2, 3, 4) = (VT3, 0-983, 4) in cylindrical coordinates 
Q (2-5, 7 r/ 3 , 6 ) = (1-25, 2-165, 6 ) in Cartesian coordinates. 



3 Spherical coordinates (r,0,0) are appropriate where a centre of 
symmetry occurs. The position of a point is considered as being a 
point on a sphere. 



r is the distance of P from the origin and 
is always taken as positive. 

L is the projection of P on the x-y plane 

9 is the angle between OP and the 
positive OZ axis 

$ is the angle between OL and the OX 
axis. 


Note that (a) <j> may be regarded as the longitude of P from OX 

(b) 9 may be regarded as the complement of the latitude 
of P. 


Relationship between Cartesian and spherical coordinates 



The combined figure shows the 
connection between the two sys¬ 
tems, so 

x = . r =. 

y = . o = . 

Z =. </> = . 
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x = rsin0cos<£ 

r - sjx 2 + y 2 + z 2 

y = rsin0sin0 

0 = arccos(z/r) 

z = rcos0 

(j> = arctan (y/x) 



For the spherical coordinates of any point in space 
r > 0; 0 < 0 < 7r; 0 < <f> <2ir 

So, converting Cartesian coordinates (2, 3, 4) to spherical coordinates 
gives... 


P (r, 0, (f>) = (5-385, 0-734, 0-983) 


Because 

x = 2, y = 3, z = 4 

r = yfx 2 + y 2 + z 2 = V 4 + 9 + 16 = V29 = 5-385 

0 = arccos(z/r) = arccos(4/v / 29) = 0-734 
(/> = arctan(y/x) = arctan 1-5 = 0-983 

And, in reverse, spherical coordinates (5,7r/4, 7 t/ 3) transform into 
Cartesian coordinates. 



P (x, y, z) = (1-768, 3-061, 3-536) 


Because 

x = rsin0cos0 = 5sin^cos^ = 5(0-707)(0-5) = 1-768 

y = rsin^sin^ = 5sin^sin^ = 5(0-707)(0-866) = 3061 

*1 e) 

z = rcos0 = 5cos^ = 5(0-707) =3*536. 

One of the main uses of cylindrical and spherical coordinates occurs in 
integrals dealing with volumes of solids. In preparation for this, let us 
consider the next important section of the work. 

So move on 
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Element of volume in space in the three coordinate systems 

1 Cartesian coordinates 



3 Spherical coordinates 




rsin9§<{) 


8v = SrrSOr sin 68$ 
8v = r^ sin 6 Sr 60 8<j) 


It is important to make a note of these results, since they are required 
when we change the variables in various types of integrals. We shall 
meet them again before long, so be sure of them now. 
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Volume integrals 



A solid is enclosed by a lower surface z\ — f(x, y) and an upper surface 
z 2 = F(x, y). 

Then, in general, using Cartesian coordinates, the element of 
volume is 6v = 6x 6y 6z. 

The approximate value of the total volume V is then found 

(a) by summing Sv from z = z\ to z = zi to obtain the volume of the 
column 

(b) by summing all such columns from y = y\ to y = yz to obtain the 
volume of the slice 

(c) by summing all such slices from x = x\ to x = x 2 to obtain the total 
volume V. 

Then, when 8x -» 0, 8y —► 0, 8z -> 0, the summation becomes an 
integral 

rx=x 2 ry=y 2 pz=z 2 

V = I dzdydx 

Jx—x i Jz=zj 


Example 1 

Find the volume of the solid bounded by the planes z = 0, x = 0, y = 0, 
x z + y 2 = 4 and z = 6 - xy for x > 0, y > 0, z > 0. 

First sketch the figure, so that we can see what we are doing. Take your 
time over it. 
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z= 6-xy 



.Ll'L 
_1_X_ 


2 2 


8v = 8x8y8z 

z= 6—xy 

Volume of column E 8x8y8z 

z —0 

V4-x z ( 6-xy 

Volume of slice « EE 6x 8y 8z 

y= 0 t z=0 
2 V4-x 2 6-xy 

Total volume « E E E & ^ & 

*=0 y=0 z=0 

If fix —> 0, fiy —> 0, 8z —> 0, then 

*2 rV4-x z p6-xy 

V = dzdydx 

Jo Jo Jo 

Starting with the innermost integral 

J '6—xy r "I 6—xy 

d z—z 

o L Jo 

= 6-xy 


'4—x 2 


Then 


(6 - xy) Ay = 
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34 




Because 


J V4-* 2 

(6 - xy) d y = 

0 


6y- 


xy 2. 


-i y—V4-x z 


r =o 


Then finally V 


— 6V4 — X 2 - ^ (4 — x 2 ) 
|6(4 -x 2 ) 1/2 -2x + ' 3 


0 l 


1 } 


dx 


Now we are faced with 


(4 - x 2 ) 1 / 2 dx. You may remember that this is a 

standard form j Va 2 - x 2 dx — \ jxVa 2 - x 2 + a 2 arcsin^j. 

<*2 

If not, to evaluate \/4 -x 2 dx, put x = 2sin0 and proceed from 

Jo 

there. 

Finish off the main integral, so that we have 

V = . 



Because we had 

*2 


V = 


(6(4-x 
o l 


2 ) 1/2 -2x + ^-}.dx 


x 3 '| 

2J 


3 

W 4 — x 2 + 4 arcsin— 

2 

r v 4 i 

x z - — 


2 

0 

L 8 J 


3{4 arcsin 1-4 arcsinO} — 4 + 2 
3{27r} — 2 = 67r — 2 
16-8 
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Alternative method 

We could, of course, have used cylindrical coordinates in this 
problem. 



Sv = rSrS96z 
x = rcos0; y = rsin0 
.*. z = 6 - xy 

= 6 — r 2 sin0cos0 

r 2 

= 6 - —sin 20 
2 


tt/ 2 p6-(r 2 /2) sin 26> 


|*7r/ Z 

Jr=0 J 0—0 Jz=0 


r dr d0 dz 


7r/2 p2 r6-(r z /2)sin26» 


*7r/z pz r° — v 

J 0=0 Jr=0 Jz—0 


dzrdrd0 


Finish it 


V = 6ir - 2 (as before) 


m r 2 \ 

6 -ysin20 Jrdrd0 

r /2 r , r 4 . i r-2 

= br 2 -—sin20 Ad 

Jo L o J r=0 

j*tt/2 

= (12 -2 sin 20) d0 

Jo 


= 120 + cos 20 

Jo 

= (6tt — 1) — 1 

V=6tt-2 

In this case, the use of cylindrical coordinates facilitates the 
evaluation. 


Let us consider another example. 
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Example 2 

To find the moment of inertia and radius of gyration of a thick hollow 
sphere about a diameter as axis. Outer radius = a; inner radius = b; 
density of material = c. 

It is convenient to deal with one-eighth of the sphere in the first 
octant. 



Using spherical coordinates, the element of volume 

8v = . 



Also the element of mass m = cSv 

Second moment of mass of the element about OZ 

= mp 2 = m(r sin 0) 2 

= c r 2 sin 0 8r 86 8(j> r 2 sin 2 9 
= cr 4 sin 3 0 5r50 50 

.*. Total second moment for the solid 

7 t /2 7 t /2 a 

I\ « ^ ^2 c sbi 3 0 ^0 00 

4 >=0 9=0 r=b 

Then, as usual, if 8r —> 0, 86 -» 0, -* 0, we finally obtain 

ctt/2 p7t/ 2 pa 

Ji = c r 4 dr sin 3 0 d0 d0 

J©=0 J9=0 J r=b 

which you can evaluate without any difficulty and obtain 

h = . 
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h =j^{a s -b s )c 


Because 


n 7r/2 r j.5 - ] a 

c— sin 3 0d0d^ 
o . 5 b 


n it/2 c 

— (a 5 - b s ) sin 3 0 d 0 d<f> 
o ^ 


r f 7r / 2 r / 2 

-(a 5 -Z? 5 ) (1 - cos 2 0) sin 0 d0 d<£ 

5 Jo Jo 

C 5 5 r /2 [ COS 3 ^] 7 " 72 

-(a 5 -Z? 5 ) — cos 0 H--— d0 

^ Jo L ^ Jo 


Therefore, the moment of inertia for the whole sphere I is 


I = 8Ji i.e. I = — (a 5 — £ s )c 
Radius of gyration (k) Mk 2 = I 


7 __ j2 fa 5 -b 5 

* = V 5 \ a 3 — fc 3 


We had already calculated the total mass M = —(a 3 — b 3 )c and since 

I = ~(a s - b 5 )c then 
15 v ' 


^ (a 3 - b 3 )ck 2 = t? ( fl5 - b 5 )c 

O ±o 

2 /« s -i> 5 \ 
k —5 


h fa s - b s ' 
5 Vfl 3 — fr 3 


We have set the working out in considerable detail, since spherical 
coordinates may be a new topic. Many of the statements can be 
streamlined when one is familiar with the system. 

Now move on for another example 
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[4il Example 3 

Find the total mass of a solid sphere of radius a, enclosed by the surface 
x 2 + y 2 + z 2 = a 2 and having variable density c where c = 1 + r |z| and 
r is the distance of any point from the origin. 

This is a case where spherical coordinates can clearly be used with 
advantage. 



In the element of volume, 
the three dimensions are 





so that 8v = 



8v = r 2 sin 9 8r 89 8<j> 


Then the mass of the element = c8v = (1+ r\z\)8v 
and z = rcos0 

m = c8v = (1 + r 2 cos0) r z sm98r898<j) 

Since the density uses | z | = 1 we must only consider the region where 
cos 0 > 0 and so we consider the upper hemisphere only. The integral for 
the total mass Mi is 

Mi =. 

Write out the integral and insert the limits. 
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* 2 tt P7t/ 2 <*fl 

i.e. Mi = {r 2 sin 9 dr d 9 d </> + r 4 sin 9 cos 9 dr d 9 d<j>\ 

J ( P =0 J 0=0 Jr =0 

h + h 

p2?r rrr /2 ta 

h~\ r 2 sin 9 dr d9 d<j> gives. 

Jo Jo Jo 

Do not work it out. You can doubtless recognise what the result would 
represent. 


The volume of the hemisphere 


Because the integral is simply the summation of elements of volume 
throughout the region of the hemisphere. 

2 . 

Thus, without more ado, h = — 7r or. 

*3 

Now for h. 


J 2w f TT /2 f a 

r 4 sin 9 cos 9 dr d 9 d<j> 

0 Jo Jo 

=. Evaluate the triple integral. 



Because 


f 27 T ptt /2 a S 

h=\ —sin^cos^d^d^ 

Jo Jo 5 



So now finish it off. For the complete sphere 


M = 
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Because 

M 1 =h+I 2 = | m 3 = ^(10 + 3a 2 ) 

Then, for the whole sphere, M = 2Mi = _ (10 + 3a 2 ) 

A O 

Each problem, then, is tackled in much the same way. 

(a) Draw a careful sketch diagram, inserting all relevant information. 

(b) Decide on the most appropriate coordinate system to use. 

(c) Build up the multiple integral and insert correct limits. 

(d) Evaluate the integral. 

And now we can apply the general guide lines to a final problem. 

Example 4 

Determine the volume of the solid bounded by the planes x = 0, y = 0, 
z = x, z = 2 and y = 4 - x 2 in the first quadrant. 

First we sketch the diagram. 







There is no axis of symmetry and no spherical centre. We shall 
therefore use.coordinates. 


Cartesian 


So off you go on your own. There are no snags. 

V= . 
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V = 6- cubic units 

o 


Here is the complete solution. 

2 4-x z 2 

v ~J252/L 6x6 y 6z 

x=0 y=0 z=x 
o2 o4-x z r2 

V = \ dzdydx 

Jx=0 Jy=0 J z—x 

r2 p4-x 2 


‘Zr x~ 

(2 — x)dydx 

«. 0 * 0 

r 2 r 1 

2 y -xy dx 

J 0 . . y =0 


f {8 - 2x z -4x + x 3 }dx 

Jo 


2x 3 2 A 4 

= 8^ —5— 2^ 2 + — 

3 4 




And that is it Now we move to the next section of work 


Change of variables in multiple integrals 

In Cartesian coordinates, we use the variables (x, y, z); in cylindrical 
coordinates, we use the variables (r, 6, z); in spherical coordinates, we 
use the variables (r, 0, (/>); and we have established relationships 
connecting these systems of variables, permitting us to transfer from 
one system to another. These relationships, you will remember, were 
obtained geometrically in Frames 23 to 30 of this Programme. 

There are occasions, however, when it is expedient to make other 
transformations beside those we have used and it is worth looking at 
the problem in a rather more general manner. 


This we will now do 
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First, however, let us revise a result from an earlier Programme on 
determinants to find the area of the triangle ABC. 



If we arrange the vertices A (xi, yi) 

b (* 2 , yz) 
c (* 3 , yz) 

in an anticlockwise manner then 

area triangle ABC = trapezium AMPC 4 - trapezium CPNB 

- trapezium AMNB 

= H(*3 -*i)0'i +ys) + (x 2 -x 3 )(y 2 +y 3 ) - (X 2 -X! )0i +y 2 )} 

= \ {* 3/1 - xiyi + x 3 y 3 - xty 3 + x 2 y 2 + x 2 y 3 - x 3 y 2 - x 3 y 3 

- x 2 y t - x 2 y 2 + x^i + xiy 2 ) 

= \{(^3 - ^ 3 ^ 2 ) + (x 3 yi - xyy 3 ) + (xi y 2 - x 2 y{)} 

111 
= 2 Xi x 2 x 3 

yi yz ys 

The determinant is positive if the points A, B, C are taken in an 
anticlockwise manner. 

We shall need to use this result in a short while, so keep it in mind. 

On to the next frame 
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Consider the double integral 


A A 


JR J 


<f>(x, y)dA where d A = d xdy in 


Cartesian coordinates. Let u and v be two new independent variables 
defined by u = F(x, y) and v = G(x, y) where these equations can be 
simultaneously solved to obtain x = f(u, v) and y = g(u, v). Further¬ 
more, these transformation equations are such that every point (x, y) 
is mapped to a unique point ( u, v) and vice versa. 



Let us see where this leads us, so on to the next frame 

The equation u~F(x, y) will be a family of curves depending on the 
particular constant value given to u in each case. 




Curves u = F(x,y) for different con¬ 
stant values of u. 


Similarly, v = G(x,y) will be a family of curves depending on the 
particular constant value assigned to v in each case. 


v = 4 



3 

v= 2 


Curves v = G(x, y) for different 
constant values of v. 
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These two sets of curves will therefore cover the region R and form a 
network, and to any point P (xo, yo) there will be a pair of curves u = Uo 
(constant) and v = Vq (constant) that intersect at that point. 



The u - and v-values relating to any particular point are known as its 
curvilinear coordinates and x = f(u, v) and y = g(u f v) are the transfor¬ 
mation equations between the two systems. 

In the Cartesian coordinates (x, y) system, the element of area 
SA = SxSy and is the area bounded by the lines x = xq, x = xq + 8x f 
y = y 0f and y = y 0 + 6y. 

In the new system of curvilinear coordinates (u, v) the element of area 
8A\ can be taken as that of the figure P, Q, R, S, i.e. the area bounded 
by the curves u = Uo, u — Uo + 8u, v = Vo and v = v 0 + 8v. 

Since 8A 1 is small, PQRS may be regarded as a parallelogram 

i.e. Mi « 2 x area of triangle PQS 

and this is where we make use of the result previously revised that the 
area of a triangle ABC with vertices (x\, y\), (x 2 , y 2 ), (* 3 , y$) can be 
expressed in determinant form as 

Area =. 
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Before we can apply this, we must find the Cartesian coordinates of 
P, Q and S in the diagram on page 646 where we omit the subscript o 
on the coordinates. 

If x = f(u, v), then a small increase 8x in x is given by 

8x =. 



and, for y = g(u , v) 

8y = 



Now 

(a) P is the point {x, y) 

(b) Q corresponds to small changes from P. 

dx dx dy dy 

du dv r du dv 

But along PQ v is constant. 8v = 0. 

8x = ^-8u and 8y = ^-8u 
du du 

i.e. Q is the point (x + ^ 8u. y + ^ 8u ]. 

\ du du J 

(c) Similarly for S, since u is constant along PS 8u — 0 and 

S is the point (x + ^8v, y + 

So the Cartesian coordinates of P, Q, S are 

p (*,y); Q ( x +% 6u ’y + ^ 6u }’ s { x + % 5 v ’Y+% Sv 

.*. The determinant for the area PQS is. 
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Subtracting column 1 from columns 2 and 3 gives 


Area = - 


0 


dx 

du 


8u 


dy 

-r -8u 

du 


0 

dx 

-^r 6v 

dv 

dy x 
-Sv 

dv 


which simplifies immediately to 



Area = \ 

dx dx 

au Su 


2 




du dv 




Then, taking out the factor 8u from the first column and the factor 8v 
from the second column, this becomes 

Area —. 



dx dx 


i 

du dv 

8u8v 

2 

dy dy 



du dv 



The area of the approximate parallelogram is twice the area of the 
triangle. 


dx 

dx 

du 

dv 

dy 

dy 

du 

dv 


Area of parallelogram = 8Ai — 

Expressing this in differentials 
dx dx 
du dv 
dy dy 
du dv 

and, for convenience, this is often written 

d A = d u dv 

d(u , v) 


8u8v 


dA = 


du dv 
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d(x, y) 
d(u, v) 


is called the Jacobian of the transformation from the Cartesian 


coordinates {x, y) to the curvilinear coordinates (u, v). 


dx dx 

n ' ’ d(u,v) dy dy 

du dv 


So, if the transformation equations are 

x — u(u + v) and y = uv 2 

J(u f v) =. 


J(u,v) = uv(4u + v) 


Because 


dx 

—- = 2 u + v 
du 

dx 

dv~ 

fy.-yl 

dy 

du 

dv~ 


2 u + v 

J(u,v) = 

V 2 


4 u 2 v + 2UV 2 - wv 2 


v z 2wv| 

= 4w 2 v + uv 2 = wv(4w + v) 


Next frame 


Sometimes the transformation equations are given the other way 
round. That is ; where u and v are given as expressions in x and y. In 
such a case J(u, v) can be found using the fact that 

d(x, y) = 1 

d(u, v) ( d(u, v) \ 

y)J 

For example, if the transformation equations are given as u = x 2 + y 2 
and v = 2 xy then 

J{u, v) =. 
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/(», v) 


4 Vi/ 2 - v 2 


Because 


du du 
d(u, v) _ dx dy 
d(x, y) ~~ dv dv 
dx dy 


2x 2y A 2 a 2 

2y 2x 


and so 


m v) = 


9(x, y) 
d(u, v 


1 

d(u, v) 
d(x, y) 


4(x z - y z ) 


Now u-v = x 2 - 2xy + y 2 = (x -y) 2 

and w + v = * 2 + 2xy + y 2 = (x + y) 2 

and so * 2 - y 2 = (* - y)(x + y) = - vy^ + v 


= \A/2 — v2 


- v giving 


m v) = 


4\/u 2 - v 2 


There is one further point to note in this piece of work, so move on 


Note : In the transformation; it is possible for the order of the points 
P, Q ; R, S to be reversed with the result that 8A may give a negative 
result when the determinant is evaluated. To ensure a positive element 
of area ; the result is finally written 

d A = d u dv 

d(u, v) 

where the 'modulus' lines indicate the absolute value of the Jacobian. 
Therefore, to rewrite the integral | Ji^*, y)d*dy in terms of the 

new variables, u and v, where x = f(u, v) and y = g(u , v), we substitute 

d(x y) 

for x and y in F(x, y) and replace dxdy with ^ dwdv. 

The integral then becomes 


* * 

V), g(u, v)} 

t li t 


d(u, v) 


du dv 


Make a note of this result 
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Example 1 


» A 

Express I = xy 2 dxdy in polar coordinates, making the substitutions 

i K < 


x = rcosO, y = rsinfl. 
dx dx 

»= cos# w-~ rsme 

^ = sin 6 ^ = rcos0 


••• Hr,9) 


Hr, 9) 


Then! 



r 3 sin 2 9 cos 9 r dr 6.9 


Because xy 1 = r cos 9 r z sin 2 0 — r 3 sin 2 9 cos 9 
I d{x f y) I j*. jm a—aq 


d(r,0) 


I 


drd0 = rdrd0 


r 3 sin 2 0cos0rdrd0 


I A 

4 • 

r* si 

« R « 


sin 2 0 cos 0 dr d0 


Now this one. 


Example 2 


Express I = j J(x 2 + y 2 )dx dy in terms of w and v, given that x — u 2 -v 
and y = 2 wv. 

y) 

First of all, the expression for ^ J ^ gives. 
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1 = 4 


| j(w 2 + v 2 )‘ 


du dv 


One more. 

Example 3 

By substituting x = 2uv and y = u(l - v) where u> 0 and v > 0, express 

k A 

the integral / = x 2 ydxdy in terms of u and v. 


Complete it: there are no snags. 


I = 
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1 = 8 t/ 4 v 2 ( 1 - v) d u dv 

t j?« 


Working: 


x = 2 uv 


y — u-uv 


dx 
" du 
dy 
du 


J(u, v) — 


d(x t y) 
d{u , v) 


^=l-v 

du 

dx dy 
du du 

dx dy 
dv dv 


2v 1 - v 


v 1 - v v 1 

= 2w = 2u 

1-1 10 

• y) - 2 » 

’ ‘ d(u, v) 

* 2 y = 4w 2 v 2 (w - «v) = 4« 3 v 2 (1 - v) 

* A 

I = 4u 3 v 2 (1 - v) 2ududv 

iji« 

» A 

1 = 8 w 4 v 2 (l - v) dwdv 

> K i 


-2 u 


Transformation in three dimensions 

If we extend the previous results to convert variables (x, y, z) to 
(u, v, w), we proceed in just the same way. 

If X = f(u, v, w); y = g(u, v, w); z = h(u, v, w) 

dx dy dz 
du du du 

Then ^ dz 

he I(u,v,w ) d{uvw) Qy gy 

dx dy dz 
dw dw dw 

and the element of volume dy = dxdydz becomes 
dlf = |/(u,v,w) |dudvdw 


Also \F(x,y,z)dxdydz is transformed into 


f J Jg(«,v,w) 


d(x, y, z) 
d(u, v, w) 


du dv dw 


Now for an example, so move on 
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Example 4 

» A > 

To transform a triple integral I— F(x,y,z)dxdydz in Cartesian 

J V « 

coordinates to spherical coordinates by the transformation equations 
x = rsin0cos<£ 
y = rsindsiiuj) 
z = r cos0. 

First we need the partial derivatives, from which to build up the 

Jacobian. 

These are . 


— = sm^ cos ^ = sm0sm<£ — = 


-j- = r cos 0 cos <j> -£■ = 



f^sin 9 


Because 


J(r, 0, </>) = 


0 0 cos 6 sin 6 

= r 2 cos 2 0 sin 0 

- sin <j) cos (j> 

ry * COS0 sin<£ 

+ r 2 sin 3 e Y Y 
- sin (j> cos (j> 

, ry o O 9 , COS0 sin<£ 

= (r 2 sin 3 0 + r sin 0 cos 2 0) 

- sin (j> cos <£ 

= r 2 sin 0(sin 2 0 + cos 2 0) (cos 2 (j> + sin 2 4>) = r 2 sin 0 


/. / = 


G(w, v, w)r 2 sin 0 dr d0 d<f> 


which agrees, of course, with the result we had previously obtained by 
a geometric consideration. 
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And that is about it. Check carefully down the Revision summary 
and the Can You? checklist that now follow, before working through 
the Test exercise. The Further problems give additional practice. 

e | Revision summary 15 

1 Surface integrals 

1 = [ f( x > y ) da = f( x > y) dyd* 

JR ». jR « 

2 Surface in space 

1= f </>(x,y,z)dS = f [ <j>{x, y, z) sec 7 dx dy (7 < n/2) 



3 Space coordinate systems 

(a) Cartesian coordinates (x, y, z) 


First octant: 
x > 0 ; y > 0 ; z > 0 


(b) Cylindrical coordinates (r, 0, z) r > 0 

^ x = rcos9 r = y/x 2 + y 2 

y = r sin 6 0 = arctan(y/*) 

— z — z z = z 

y 


(c) Spherical coordinates (r, 0,4>) r > 0 





X 
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4 Elements of volume 

(a) Cartesian coordinates 



\ZZV_3x 

/ 5 y/ 


8v = 8x8y8z 


(b) Cylindrical coordinates r > 0 



(c) Spherical coordinates 



8v = r 2 sin 08r8d8</> 


5 Volume integrals 


V = 


dzdydx 


I = 


f{x, y, z)dzdydx 
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Change of variables in multiple integrals 
(a) Double integrals x = f(u, v); y = g(u f v) 

dx dy 

s , \d(x> y )I .A d(x, y) du du 


d(x, y) 

d{u, v) 


dudv; /(m,v) = 


d(u,v) dx dy 
dv dv 


j= LI f ^' v )' ^ v )> du dv 

(b) Triple integrals x = f(u, v , w); y = g{u, v, w); z = h(u, v, w) 

dx dy dz 
du du du 

uu v w) = y ’ z) = 

/ [U, V, W) a(M;V lv) dv dv Qy 

dx dy dz 
dw dw dw 


Then/ = \F(x, y, z)d*dydz 


G(w, v, w) ^ Xf X' z ) dwdvdw 
v ' ' ' d(u, v, w) 


Can You? 


Checklist 15 

Check this list before and after you try the end of Programme test 

On a scale of 1 to 5, how confident are you that 
you can: 

• Evaluate double integrals and surface integrals? 

Yes □ □ □ □ □ No 

• Relate three-dimensional Cartesian coordinates to 
cylindrical and spherical polar forms? 

Yes □ □ □ □ □ No 

• Evaluate volume integrals in Cartesian coordinates and 
in cylindrical and spherical polar coordinates? 

Yes □ □ □ □ □ No 

• Use the Jacobian to convert integrals given in Cartesian 
coordinates into general curvilinear coordinates in two 
and three dimensions? 

Yes □ □ □ □ □ No 


Frames 


to I 3 * 
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Test exercise 15 



1 Determine the area of the surface z — yjx 2 + y 2 over the region bounded 
by x 2 + y 2 = 4. 


2 Evaluate the surface 


integral I = [ (j> dS where <f> = ■— .. 

J5 y Jx 2 +y : 


over the 


surface of the sphere x 2 + y 2 + z 2 = a 2 in the first octant. 


3 (a) Transform the Cartesian coordinates 

(1) (4, 2, 3) to cylindrical coordinates (r, 0, z) 

(2) (3, 1, 5) to spherical coordinates (r, 0, 0). 

(b) Express in Cartesian coordinates (x,y,z) 

(1) the cylindrical coordinates (5, 7t/4, 3) 

(2) the spherical coordinates (4,7 t/ 6,2). 


4 Determine the volume of the solid bounded by the plane z = 0 and the 
surfaces x 2 + y 2 = 4 and z = x 2 + y 2 + 1. 


5 Determine the total mass of a solid hemisphere bounded by the plane 
z = 0 and the surface x 2 + y 2 + z 2 = a 2 (z > 0) if the density at any 
point is given by p = 1 - z (z < a). 


6 


a) Express the integral J = j j (x - y) dx dy in terms of w and v, where 
x = u( 1 + v) and y = u — v. 

b) Express the triple integral I = inm dxdydz in terms of 


w, v, w using the transformation equations 
x = w + v + w; y = v 2 w; z = u-w. 


£ Further problems 15 



1 Evaluate the surface integral / — j (x 2 +y z )dS over the surface of the 

cone z 2 = 4(x 2 + y 2 ) between z = 0 and z = 4. 

2 Find the position of the centre of gravity of that part of a thin spherical 
shell x 2 + y 2 + z 2 = a 2 which exists in the first octant. 

3 Determine the surface area of the plane 6x + 3y + 4z = 60 cut off by 
x = 0, y = 0, x = 5, y = 8. 

4 Find the surface area of the plane 3x + 2y + 3z = 12 cut off by the 
planes x = 0, y = 0, and the cylinder x 2 + y 2 = 16 for x > 0, y > 0. 
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5 

6 

7 

8 

9 


10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 


21 


Determine the area of the paraboloid z = 2(x 2 + y 2 ) cut off by the cone 
z = i/x 2 +y z . 

Find the area of the cone z 2 = 4(x 2 + y 2 ) which is inside the paraboloid 
z = 2 (x 2 +y 2 ). 

Cylinders x 2 + y 2 = a 2 and x 2 + z 2 = a 2 intersect. Determine the total 
external surface area of ttie comnion poition. 

Determine the surface area of the sphere x 2 + y 2 + z 2 = a 2 cut off by the 
cylinder x 2 + y 2 = ax. 

A cylinder of radius b t with the z-axis as its axis of symmetry, is removed 
from a sphere of radius a t a> b, with centre at the origin. Calculate the 
total curved surface area of the ring so formed, including the inner 
cylindrical surface. 

Find the volume enclosed by the cylinder x 2 + y 2 = 9 and the planes 
z = 0 and z = 5 - x. 

Determine the volume of the solid bounded by the surfaces 
y = x 2 , x = y 2 , z = 2 and x + y + z = 4. 

Find the volume of the solid bounded by the plane z = 0, the cylinder 
x 2 + y 2 = a 2 and the surface z = x 2 + y 2 . 

A solid is bounded by the planes x — 0 t y — 0, z = 2, z — x and the 
surface x 2 + y 2 = 4. Determine the volume of the solid. 

Find the position of the centre of gravity of the part of the solid sphere 
x 2 + y 2 + z 2 = a 2 in the first octant. 

A solid is bounded by the cone z = 2^/x 2 +y 2 , z > 0, and the sphere 
x 2 + y 2 + (z - a) 2 = 2a 2 . Determine the volume of the solid so formed. 

x 2 y 2 z 2 

Determine the volume enclosed by the ellipsoid ~2 + fcr + ~2 = 1* 

c 

Find the volume of the solid in the first octant bounded by the planes 
x = 0,y = 0, z = 0, z = x + y and the surface x 2 + y 2 = a 2 . 


Express the integral 




(x 2 + y 2 ) dxdy in terms of u and v, using the 


transformations u = x-\-y, v = x-y. 


Determine an expression for the element of volume dxdydzin terms of 
u, v, w using the transformations x = u(l - v), y = uv, z = uvw. 

A solid sphere of radius a has variable density c at any point (x, y f z) 
given by c = k(a - z) where k is a constant. Determine the position of 
the centre of gravity of the sphere. 


Calculate 


x 2 y 2 


dx dy over the triangular region in the x-y plane with 


vertices (0, 0), (1, 1), (1, 2). 



660 Programme 15 


22 Evaluate the integral I = 
polar coordinates. 


o 


V*=i 


y 


y/*£yi x£ +r 


dxdy by transforming to 


23 


Evaluate I = 



dxdy. 


24 


25 


Find the volume bounded by the cylinder x 2 + y z = a 2 , the plane z = 0 
and the surface z = x 2 + y 2 . Convert to polar coordinates and show that 



By changing the order of integration in the integral 


r __ j* y 2 dydx 

Jo J* \Jx z + y 2 

show that / = ln(l + Vi). 
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Frames 



Learning outcomes 

When you have completed this Programme you will be able to: 

• Derive the recurrence relation for the gamma function and 
evaluate the gamma function for certain rational arguments 

• Evaluate integrals that require the use of the gamma function in 
their solution 

• Identify the beta function and evaluate integrals that require the 
use of the beta function in their solution 

• Derive the relationship between the gamma function and the beta 
function 

• Use the duplication formula to evaluate the gamma function for 
half integer arguments 

• Recognise the error function and its relation to the Gaussian 
probability distribution 

• Recognise elliptic functions of the first and second kind 

• Evaluate integrals that require the use of elliptic functions in their 
solution 

• Use alternative forms of the elliptic functions 


Prerequisite: Engineering Mathematics, (Fifth Edition) 

Programmes 15 Integration 1 /16 Integration 2 and 
17 Reduction formulas 

v.. . :. _ J 
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Integral functions 


e~ T dt 


Some functions are most conveniently defined in the form of integrals 
and we shall deal with one or two of these in the present Programme. 

The gamma function 

The gamma function r(x) is defined by the integral 

poo 

T(x) = (1) 

Jo 

and is convergent for x > 0. 

‘OO 

From (1): T(x +1) = f*e _t d t 

Jo 

Integrating by parts 

r(x + i)= ^(zi) 

= {0 - 0} + xT(x) 

r(x + i) = *r(x) ( 2 ) 

This is a fundamental recurrence relation for gamma functions. It can 
also be written as T(x) = (x — l)r(x - 1) 

With it we can derive a number of other results. 

For instance, when x = n, a positive integer > 1, then 

T{n +1) = nY{n) But T{n) = (n — 1)T (n - 1) 

- n(n - 1 )Y{n - 1) T(n - 1) = (n - 2 )Y{n - 2) 

= n(n - 1 ){n - 2 )T{n — 2) 


r(x + i)= 


= n{n - 1 ){n - 2){n — 3)... 1T(1) = n\T( 1) 
But, from the original definition r(l) =. 


r(i) = l 


Because 


J oo 

t°i 

0 


f d t 


- e 


= 0 + 1=1 


Therefore, we have T(l) = 1 

and Y(n + 1) = n\ provided n is a positive integer. 

r(7) =. 


r(7) = 720 


Because 

r(7) = r(6 + 1) = 6! = 720. 
Knowing T(7) = 720, T(8) = . 


and T(9) = 






Integral functions 


r(8) = 5040; T(9) =40320 


Because 

r(8) = r(7 + 1) = 7r(7) = 7(720) = 5040 
r(9) = r(8 + 1) = 8r(8) = 8(5040) = 40 320 

We can also use the recurrence relation in reverse 

r(* +1) = *r(*) 

W - 


For example, given that T(7) = 720, we can determine r(6) 

r(6) = E£+i> = Eg) ™ 120 

6 6 6 

and then r(5) =. 


r(5) = 24 


r<5) = 05+1) = m = 120 = 24 

o o o 

So far, we have used the original definition 


l OO 

r(x) = t*- 1 

JO 


-1 


e d t 


for cases where x is a positive integer n. 

What happens when x = We will investigate. 


f°C 

© = 

Jo 


t f dt 


Putting t = ir, d t — 2 u du, then 

r © 


r(i) =2 I e-" 2 dw 

Jo 


LU 


Because 


r fOO 

u -^e~ ul 2u dw = 2 I e~ ul du. 

Jo 


l OO 

Unfortunately, e~ u2 du cannot easily be determined by normal 

Jo 

means. It is, however, important, so we have to find a way of getting 
round the difficulty. 
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r°° _ 2 

Evaluation of e x dx 

Jo 

1*00 1*00 

Let I = e~* 2 dx, then also I = e' y2 Ay 

Jo Jo 

G OO \ / 1*00 \ 1*00 1*00 

e~* z dx ) ( e~ y2 Ay ) = I e ~( xZ + y ) dx Ay 

o J VJo / Jo Jo 

8a = 8x 8y represents an element of area in the x-y plane and the 
integration with the stated limits covers the whole of the first 
quadrant. 



Converting to polar coordinates, the element of area 8a — r86 8r. Also, 

+ y2 — 

e~(* 2+yZ ) = e~ rZ 

For the integration to cover the same region as before, 



This result opens the way for others, so make a note of it 

and then move on to the next frame 






Integral functions 


Before that diversion, we had established that 

‘OO 

r(i)=2 e~ u2 du 
Jo 

We now know that j e ul du = r(J) = yfi f 

From this, using the recurrence relation T(x +1) = xT(x), we can 


obtain the following 


r (i)=2 r (|) =§(v® 

r® = ^ 

r® = 1 r® = | (^) 

r®-^5 

r (I) =. 




Because 


r ® = r (l+i)=|r(|) 



Using the recurrence relation in reverse, i.e. T(x) 
also obtain 


T(x + 1) 

—-we can 

x 


r( r(i) ^ 

1 z> -I (-§)(-}) W 

Negative values of x 

T(x +1) 

Since T(*) = — >- -, then as x -> 0, T(*) —► oo r( 0 ) = OO. 

X 

The same result occurs for all negative integral values of x - which does 
not follow from the original definition, but which is obtainable from 
the recurrence relation. 


Because at 

x = -l, 

r(-i) = r W = eo 


x = —2, 

r( 2) = r ^ = ooetc. 

Also, at 

x — — — 

r ( I)= 2 V^ 

2 

and at 

X — — — 

^ 2 f 

r(-S=^ = |^ 


2 


Similarly T(—§) = 
and T(-|) = 
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So we have 

(a) For n a positive integer 
T(n + 1) = riT(ri) = n\ 
r(l) = 1; r(0) = oo; T(-n) = ± oo 



(b) r® - ,fi; 

r(-J) - ifi 


r(-|) =|^s= 

r®-^; 

Tj 

1 

II 

1 

Kl 00 

*1 

W7\ _ lS-y/^r. 

8 ' 



This is quite a useful list Make a note of it for future use 


Graph of y — r(x) 

Values of r(x) for a range of positive values of x are available in 
tabulated form in various sets of mathematical tables. These, together 
with the results established above, enable us to draw the graph of 




For large n it can be shown that T(n + 1) « Vzim n n e~ n which gives rise 
to Stirling's formula for an approximation to the factorial of a large 
number 

n\ « VZtth n n e~ n 







Integral functions 


667 


Revision 

Let us now revise the main points before we move on to some 
examples. 

The definition of T(x) is that T(x) =. 


1*00 

T(x) = 

Jo 


The recurrence relation states that 

T(x + 1) = 



When x is a positive integer, i.e. x = n, then 

r(n + l) =. 


T(n + 1) = n\ 


Then we have a number of specific results 

r(i) =.; r(0) =.; r© 


r(i) = i ; r(0) = oo; r(i) = v^ 


and finally, for all negative integral values of n 

r(n) =. 


r(n) = ±00 


Listing them together, we have 


J OO 

o 


T(x + 1) = xT{x) 

T (n + 1) = n\ for n a positive integer 

r(i) = 1; r(0) = oo; r® = ^ 

T(n) = ± oo for n a negative integer. 
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Now for a few examples of evaluation of integrals. 


Example 1 


Evaluate 


poo 

Jo 


e X dx. 


We recognise this as the standard form of the gamma function 

pOO 

T(x) = f x " 1 e“ t d t with the variables changed. 

Jo 


It is often convenient to write the gamma function as 


‘OO 

r(v) = x v_1 

Jo 


1 e X dx 


Our example then becomes 


l OO poo 

= x 7 e~ x dx = xf~ x e~ x dx where v = 
Jo Jo 



i = r(v) = r(8) = 


T(8) = 71 = 5040 


J OO 

x 7 e~ x dx = T(8) = 7! = 5040 

0 


Example 2 


Evaluate 


*oo 

X 

,0 


3 e 4x dx. 


poo 

If we compare this with r(v) = x v_1 e~ x dx, we must reduce the 

Jo 

power of e to a single variable, i.e. put y = 4x, and we use this 
substitution to convert the whole integral into the required form. 

y = 4x dy = 4 dx Limits remain unchanged. 

The integral now becomes. 


hi© 

1 po° 1 

J = 3 ?l y > e , iy = Jjr(v) 




where v = 
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v = 4 



Because 


poo poo 

y y ~ l e~ y dy y 3 e~ r dy 
Jo Jo 



Because 


1 = 


256 
One more. 


r (4) 


1 (3!) = 6 


256 


256 128 


Example 3 


Evaluate 


'OO 

x l/2 e -x 2 fa. 


0 


The substitution here is to put 




Work through it as before. When you have completed it, check with 
the next frame. 


Here is the working. 

y = x 2 dy = 2x dx Limits x = 0, y = 0; 
x = y 1/2 /. x 1/2 = y 1/4 




dy/2x = 


100 y 1 / 4 e~y dy 
o 2y 1 / 2 


x — oo, y — ex). 


1 f°° 

= 2 Jo y~ 1/4 e ~ y d y 

i p°° o i /X\ 

= ■= y v_1 e~ y dy where v = - I = -T[-) 
2J 0 4 2 V 4 J 

From tables, r(0-75) = 1-2254 


I = 0-613 
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Here is part of a table that may be useful. 



Now we will move on to another set of functions closely related to 
gamma functions. 

Let us start a new frame 


The beta function 

The beta function B (m, n), is defined by 

f 1 

B (m, n) — * m_1 (l - x) n ~ l dx 

Jo 

which converges for m > 0 and n > 0. 

Putting (1 - x) = u x = l-u dx = - du 


Limits: when x = 0, u— 1; when x = 1, u = 0 

B(m, n) — — j (1 — u) m ~ x u n ~ x dw = j (1 — w) m_1 u n ~ l du 

= f u n ~ l (1 - w) m-1 dw = B(u, m) 

Jo 

B (m, n) = B (n, m) 


(1) 


Alternative form of the beta function 

We had 

f 1 

B (m, n) = ^ m-1 (l - ^) w_1 dx 

Jo 

If we put x = sin 2 ^ , the result then becomes 
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p/2 

B (m, n) — 2 

sin 2 " 1-1 0 cos 2 " -1 0 d0 

1 

0 



Because if * = sin 2 0, d* = 2 sin 0 cos 0 d0. 

When * = 0, 0 = 0; when a = 1, 0 = 7r/2. 1 — * = 1 — sin 2 0 = cos 2 0 


B(m, n) = 2 | sin 

'o 

r 71 "/ 2 


|»7r/2 

Jo 




0cos 2 " 2 0sin0 cos0d0 


*7T/Zr 

B(m, n) = 2 sin 2 " 1-1 0 

Jo 


,2h-1 


cos^" A 0 d0 

Make a note of this result. We shall need to use it later. 


(3) 


Reduction formulas 

In Programme 17 of Engineering Mathematics (Fifth Edition) we 
established useful reduction formulas relating to integrals of powers 
of sines and cosines, particularly when the integral limits are 0 and it/2. 

*12 n _ i f /2 



(a) 


(4) 


(5) 


r ,£ . „ . «-ir . „. 2 , . _ «-1 

sin * d* =- sin x dx i.e. S n = -S „_2 

Jo n Jo n 

r*/2> n — 1 P"/ 2 _ i 

(b) cos" =- cos" -2 x dx i.e. C n = -C n _2 

Jo w Jo w 

A third reduction formula for products of powers of sines and cosines 
is 

J tt/ 2 m—1 r /2 

sin m x cos"x dx =- sin m 2 x cos"x dx 

0 m + n Jo 

|*7r/2 

If we denote sin" 1 x cos" x dx by / m? the last result can be written 

Jo 


fm, n — 


m — 1 
m + n 


Im-2, n 


j*7T/2 

Alternatively, sin" 1 * cos"* d* can be expressed as 

Jo 

n- 1 r /2 


(6) 


m 4- 

n - 1 


1 pv* 

- sin" 1 * 

n Jo 


cos" 2 * d* 
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J tt/2 

sin 2m_1 0 cos 2 ” -1 0 d0 and if we apply (6) to the 
o 


integral, we have 


P7I-/2 

sin 2 " 1 " 1 

Jo 


0 cos 2 " 1 0 d0 


(2m - 1) - 1 
(2m - 1) 4- (2 m - 
m — 1 f 7 "/ 2 . 


I p 

- 1) Jo 


sin 2m 3 0 cos 2 " 1 0 d0 


m + n- 


_ -J^ |*7r 

n- 1 Jo 


sm 


2m—3 


0 COS 2 " x 0d0 


Now, using (7) with the right-hand integral 


f ?r/2 

sin 2 " 1 " 1 

Jo 


0 cos 2 " 1 0 d0 = 


m -1 


(2m - 1) - 1 


m + n - 1 (2m - 3) + (2m - 1) 

|>7r/2 

x sin 2m_3 0cos 2 " _3 0d0 
Jo 


l 2m 3 0 cos 2 " 3 0 d0 


m - 1 m - 1 
m + M- 1 m + M-2 

7r/2 

x [ sin 2m_3 0cos 2 "" 
Jo 


2m 3 0 cos 2 " 3 0 d0 


sin 2m 3 0 cos 2 " 3 0 d0 


B(m, m) = - —————— • 2 P sin 2 " 1 3 0 cos 2 " 3 0 d0 

v ' (m + M- l)(m + M-2) Jo 

i.e. B(m, n) = - ——————B(m — 1, m — 1) (8) 

This is obviously a reduction formula for B(m, n) and the process can 
be repeated as required. 

For example B(4, 3) =. 


Bf 4 (3)(2)(2)(1) 

} (6)(5) (4)(3) B ' } 


Because, applying (8) 

Br4 2V (3)(2)(2)(1) 

B ^' 3 ^ (6)(5) B 3 ' ^ (6)(5) (4)(3) B ' 

Now we must evaluate B(2, 1) for we can go no further in the 
reduction process, since, from the definition of B(m, m), m and n 
must be 





Integral functions 


673 


>0 


But B(2, 1) = 2 sin 3 6 cos 6 d 9 


B(4, 3) 


(3) (2) (2)(1) 1 


• (6)(5) (4)(3) 2 

(3)(2)(1) x (2)(1) 
(6)(5)(4)(3)(2)(1) 

Similarly, B(5, 3) =. 


sin 4 01 71,2 1 


(3!) (2!) 

( 6 !) 


B(5,3) = 


(4!)(2!) 

(7!) 


Because 


Brs = M^ B r 4 21 (4)(2)(3)(i) 

B(5,3) (7)(6) B(4,2) (7)(6) (5)(4) B 3 ’ 1 


*tt/ 2 r 

B(3,1) = 2 sin 5 0 cos 0 d(9 = 2 - 
Jo 


• 6 /Vi 

sm°0l 


• Br < ^ (4)(2)(3)(1) 1(2) (4!)(2!) 

•• > (7)(6) (5) (4) 3 (2) (7!) 

In general B(m, n) = > ~ 

f7r/2 

Note that B (k, 1) = 2 sin 2 *" 1 0 cos0 d0 

Jo 

7r/2 

= 2 f sin 2 * -1 0 d(sin 0) 
Jo 

r . „i */ 2 . 


sin 2 * 0 


= 2 


••• »(*, 1) = ^ 

B(fc, 1) = B(l, k) = | 


( 10 ) 


We can also use the trigonometrical definition (3) to evaluate B(|,|) 

»y =. 
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>11 i 




B(il) 


Because 


|>tt/2 

B(m, n) = 2 sin 2m_1 0 co 
Jo 

f ?r/2 

• • |) = 2 I sin°0 cos°0 

Jo 


2n—1 


0d0 


P7T 

= 2 

Jo 


7r/2 r "I 

1 d0 = 2 0 = 7T 

0 L Jo 


Now let us summarise our various results so far. 


(ii) 


Next frame 


Revision 


B(ra, n) — f x m 1 (1 -x) n 1 dx m > 0, n > 0 
Jo 

B(ra, n) = B(rc,m) 

7T^2 

B(ra, n) = 2 J sin 2 ” 1 " 1 0 cos 2 ”" 1 0 d0 

B(m - "> - (mS-~l)t~+n-2) m 


B(ra, n) 


(m — 1)!(m — 1)! 
(ra + M- 1)! 


m and n positive integers 


B(*, 1) = B(1,*)=£ B(l,l) = l 

B(l, 1) = 7T 

Be sure that you are familiar with all these. We shall be using them all 
in due course. 


Relation between the gamma and beta functions 

If m and n are positive integers 

B(m, n) = im . ~ 1)!( " ~ : ?>' 

(m + M—1)! 

Also, we have previously established that, for n a positive integer, 
n\ — T{n + 1) 

.’. (ra-l)! = r(ra) and (n—1)! = T(n) 
and also (m + n - 1)! = T(m + n) 

v ' (m + n-1)! r(m + n) 


B (m, n) 


( 12 ) 


The relation B(m, n) — holds good even when m and ra are 

not necessarily integers. 

We will prove this in the next frame , so move on 



Integral functions 


Proof that B (ra, n) 


T(m)T(n) 
T(m + n) 


POO POO 

Let T(m) = x m ~ l e~ x dx and T(n) — y n ~ l e~ y d y 

Jo Jo 

J 'OO POO 

x m ~ 1 e~ x dx y n ~ x e~ y dy 

° jo 

poo poo //// 

= x 171 ^ 1 y n ~ x e~( x+y ^ dx dy yyy, 

Jo Jo 

Note that the integration is carried out over V//A 

the first quadrant of the x-y plane. 0 

Putting x — u 2 and y = v 2 dx = 2u du and dy = 2v dv 

poo poo 

T(m)T(n) = 4 u 2 m- 2 ^zn -2 e ~( M2+v2 WdMdv 

Jo Jo 

J oo poo 

u 2 m- l v 2n-l e -(« 2 +v 2 ) d „ dv 
0 Jo 

If we now convert to polar coordinates, y 
u — r cos 0; v = r sin 0; dw dv = r dr d0 S0 

w 2 + v 2 = r 2 0<r<oo O<0< 7r/2 / y 



J 7r/2 poo 

r 2m-X 

0 Jo 


cos 


2m i 0 r 2n i S j n 2« i# e r2 rdrd0 


n oo 

0 


, 2 m+ 2 n 2 e r 2 co$ 2m 1 q s j n 2 « 1 0 r dr d0 


Then, writing w = r 2 dw = 2r dr 

poo p 7 r /2 

r(m)T(M) = 2 w m+n ~ l e~ w dw sin 2 ” -1 0 

Jo Jo 


cos 


2m-1 


0d0 


B (m, n) = 


= T(m + n) x B(m, rz) 

r(m)r(n) 


T(m + n) 


(13) 


3 1 \ _ 


So B(|, 1) 



Because 

tj/3 in _ r (D r (z) _ yi/2 x V? _ tt 

1 ' 2 ' 2 ’ r(2) 1 2 

Now for some examples. 
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Application of gamma and beta functions 

The use of gamma and beta functions in the evaluation of definite 
integrals depends largely on the ability to change the variables to 
express the integral in the basic form of the beta function 

f x m ~ 1 (l—x) n ~ 1 dx 
Jo 

pr/2 

or its trigonometrical form 2 sin 2m_1 0cos 2 " -1 Odd. 

Jo 


Example 1 

Evaluate I = 


•I 

x 5 (l-x)' 

Jo 


dx. 


f i 

Compare this with B(m, n) = x m-1 (l - x) n ~ l dx 

Jo 

Then m — 1 = 5 m = 6 and n- 1 = 4 n 

I = B(6, 5) =. 


I = B(6, 5) = 


5! 4! _ 1 

10! ~ 1260 


Example 2 


Evaluate I 


-f* 


4 Vl — x 2 dx. 


Comparing this with B {m,n)~ [ x m 1 (l-x) n 1 dx 

Jo 

we see that we have x 2 in the root, instead of a single x. 
Therefore, put x 2 = y x = yn dx = \y~^dy 
The limits remain unchanged. I = . 


*=§»(§>§) 


Because 


1 = lo y2 ^ - 1 dy = 5 Jo ~~ ^ dy 


m- 1 = § m — | and m - 1 

• • 1 2 d \2’2J 

Expressing this in gamma functions 

1= . 


j n 
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1 r(f)r(§) 

2 r(4) 



From our previous work on gamma functions 

r®= 3 ^ 


r® 


r(4) = 3! 


Because 




1 (3y l ?r/4)( v /ff/2) _ 7T 
2' 3! 32' 

Now you can work through this one in much the same way. There are 
no tricks. 


Example S 


Evaluate I = 


‘ 3 x 3 dx 
o V3 - X 


You need to compare this with B (m, n) = [ x m 1 (1 — x) n 1 dx so bring 

Jo 

everything up on to the top line and then make the necessary change 
in the variables. Finish it off and then compare the results with the 
next frame. 


864\/3 

35 


42-76 



Here is the working; see whether you agree. 


f 3 x 3 dx f 3 x _i 

/5- = x 3 (3-*) 2 

Jov3-x Jo 


dx = 3 2 




dx 


Put- = y, i.e. x = 3y dx = 3 dy 
Limits: x = 0, y = 0; x = 3, y=l 

I = 27V3 \ f (1 - y)-i dy 
Jo 

^=27v^B(4,i)=27v^^M 

Now r(§) = r(9/2) = r(4) = 3! 


m — 1 
n-1 


.*. I = 27V3 X 6 X y/ir X 


16 864\/3 


lOSy^ 35 


42-76 


1 

2 


m 


Yi — — 

n 2 
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Example 4 

<* 71-/2 

Evaluate I = sin 5 0 cos 4 0 d0. 

Jo 

B (m, n) = 2 sin 2m_1 0 cos 2 " -1 0 d0 
Jo 

2m - 1 = 5 m = 3; 2rc - 1 = 4 

/. 7 = | B(3, 5/2) = 


/. ft = 5/2 


Finish it off 



1 r(f)r(i) 

2 r(i) 


Because 


2m - 1 = - 


tan0 d0 


rir/2 

= sm 2 
. o 


0 cos 2 0 d0 


3 1 

m = -; 2n - 1 = - — 


1 

” = 4 


• T = ±Ti{S 1^=1 r (D r (l) 

• 2 V 4 ' V 2 r(l) 

and, unless we have appropriate tables to evaluate r(|) and r(|), we 
cannot proceed much further. However, we do have such a table in 
Frame 24 so refer to it to evaluate the integral of our example. 
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I = 2-2214 


Because 

T(0-25) = 3-6256 and T(0-75) = 1-2254 

• j= 1. (1-2254)(3-6256) = 

2 1-0000 


Duplication formula for gamma functions 

We already know that, when n is a positive integer 
T(n) = (n- 1)! 

A useful formula enables us to calculate the gamma functions for 
values of n halfway between the integers. This is the duplication formula 
which can be stated as 


IY» + 1) = r ( 2n )v^ 

n ” + z) 2 2 " _ 1 r(n) 

Thus, to find T(3-5) T(«) = T(3) = 2! 

T(2n) = r(6) = 5! 


(14) 


r(3-5) = r(3 + i)=|^ 


3 3234 


The formula is quoted here without proof, but it is useful to have on 


occasions. 


So r(6-5) 


r(6-5) = 287-9 


TV* C-! _ TV.C , U _ r ( 12 )\/^ 

r(6-5)_r(6+ s )_ 2Ur(6) 

T(6) = 5!; r(12) = 11!; 2 11 = 2048 

•• r ‘ 6 - 5 > = 2 ^! = 2879 

Now let us consider another function represented by an integral. 

On then to the next frame 
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The error function 


The error function erf (x) is defined as 

erf (x) — f e~ t2 d t 
Jo 


and occurs in statistics and various studies in physics and engineering. 
This integral, for arbitrary x, can only be evaluated numerically and 
values of erf (x) for various values of x are obtained from tables. 

( b _ 2 

Where the limits of ^ d t are zero or ± oo, however, an exact result 

Ja 

J ‘°° 2 

e~ l dt in 
o 

Frame 6 when dealing with gamma functions and we established then 
that 

poo 

e~ t2 d t= . 

Jo 



Consequently 

2. f°° 

Lim (erf (x)) = —= e~ tZ dt =1 

x—>oo V^Jo 

By representing the exponential function in the integral by its 
Maclaurin series we see that 




Consequently erf (-x) = -erf (x) and so erf (x) is an odd function. 
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The graph of erf (x) 

erf(x) 



The complementary error function erfc (x) 

The complementary error function is defined as 

erfc (a) = -^= [ e~ t2 d t 
V 7r Jx 

which is related to the error function by the relation 

erfc (x) = . 



= 1 — erf (x) 


Example 1 

In terms of the complementary error function, for 0 < a < b 

J b 

e~ t2 d t = . 

a 
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\pK 


[erfc (a) - erfc (&)] 


Because 


e t2 dt = e t2 dt - e * 2 dt 


*a 

. 0 


^ erf (6)-^ erf (a) 


= ^[l-erfc(6)]-^ 
— [erfc (a) — erfc (b)} 


[1 - erfc (b)] - ^ [1 


- erfc (a)] 


Example 2 

In statistics the integral 

$(x) = -/L [ e“ t2/2 dt 
V27T J-00 


is the area beneath the Gaussian or normal probability distribution 
1 2 

—=-e~ l / 2 for the values -oo < t < x. 

V2tt 

-J—e~* 2/2 * 


o-2y 


015 


005 


-2 -1 -5 -1 - 0-5 


0-5 1 1-5 2 x 

-0075 


The area beneath the complete Gaussian curve is then 


if e-^a t = 

v27rJ-oo 




Integral functions 




because the integrand is 
even 

where u = t/y/2 
from Frame 47 


For positive x, $(x) is related to the error function 

=. 




Elliptic functions 

The use of elliptic functions provides a means of evaluating a further 
range of definite integrals; provided that the integrals can be 
converted by various appropriate substitutions into certain standard 
forms. 

If an integrand is a rational function of x and of y/P(x) where P(x) is 
a polynomial in x of degree 3 or 4, then the integral is said to be elliptic. 

For example ; — is an elliptic integral. The 

Jo v(l -2 x 2 )(4-3x 2 ) 

name is derived from such an integral occurring in the determination 
of the arc length of part of an ellipse. 
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Standard forms of elliptic functions 

(a) Of the first kind 



where 0 < <j> < tt/2 and 0 < k < 1. 


(b) Of the second kind 

E(k, <j>) = I Vl - k 2 sin 2 0 d0 (2) 

Jo 

where 0 < <j> < j and 0 < k < 1. 

Make a careful note of these two standard forms: then we can apply 
them to some examples. 

Example 1 

p / 2 /- r~r~ 

Evaluate V 4 — sin 2 9 d 9 in terms of an elliptic function. 

Jo 

Taking out a factor 4 to reduce the first term to 1 
I = 2 f /Z 1 -^sin 2 0 d6> 

The integral now agrees with the standard form, where k 2 = i.e. k = \ 
and (j> = 7r/2. 



Complete elliptic functions 

In each of the cases (1) and (2) listed above, if <f> = 7r/2, the integral is 
said to be complete and then 

F(k y 7r/2) is denoted by K(k) 
and E(k, 7r/2) is denoted by E(k). 

The method, then, rests on making suitable substitutions in a given 
integral to transform the integrand into one of the standard forms 
stated above. For various values of k and <j>, values of the functions 
F(k, 0), E(k, (/>), K(k) and E(k) are obtainable from published tables. 
These tables, which are quite extensive, are not reproduced here and 
so many required values will be given in the text. 

Incidentally, the result of Example 1 above, i.e. I = 2E(^, it/ 2) could 
also be written as 

/ = . 
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I = 2E(i) 


because, in this case, </> = 7r/2. 

From tables, we find that £(|) = 1*4675 I — 2*935 

Example 2 

f _ r /6 m 

Evaluate I = ~ —. 

Jo vl-4sin 2 0 

At first sight, this seems to be in standard form, but notice that the 
value of k 2 is 4, i.e. k = 2 - and this does not comply with the 
requirement that 0 <k <1. We therefore proceed as follows. 


J 7T/0 

o 7T 


Jo vl-4sin 2 0 
Put 4 sin 2 0 = sin 2 ^ 
i.e. 2sin0 = sinV> 


2cos 0 d0 = cos d'tp d0 = 


cos V? dip 
2cos0 


Also, for the new limits, when 0 = 0, V 7 = 
and when 0 = 7r/6, V 7 = 
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I = lF(b*/ 2 )=zK® 


From the appropriate tables, 1C0 = 1-6858 I = 0-8429 
Now for another 



Example S 


Evaluate I 


f 


d0 


a/ 3-4 sin 2 0 
The first step is to. 


take out a factor 3 to reduce the first term to 1 


1 r /3 d 0 

yj 1 - f sin 2 0 

Next, we see that k z > 1. Therefore, we put 


§sin 2 0 = sin 2 tp 


2 2 

sin 0 = sin —^cos 0 d0 = cos dtp d0 


a/ 3 . r ** a/3 

Then, so far, we have I = 


a/3 cosV> d^ 
2cos0 



1 1 a/3 cos ^ dy; 

y 1 - sin 2 ip 2cosd 


—P=sin 0 = sini/> 
v3 

Limits: when 0 = 0, ^ = 0 

s “l '^ sln9 = ^'T = 1 : -* = ’ /2 

Also cos0 = a/i - sin 2 0 = J 1 — |sin 2 

/ = . 
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which is now in standard form with k 


V3 


and 0 = 7r/2 




From tables =21565 .’.7-1078 

Now, what about this one? 


Example 4 

|*7r/2 

Evaluate 7 — 

Jo 

The trouble here is the plus sign in the denominator. Were it a minus 
sign as in Example 2, the integral could be converted into standard 
form and would present no difficulty. 

In this case, the key is to put 0 = it/2 - fa i.e. sin 0 — cos 
Expressing the integral in terms of fa we have 

7=. 


dfl 

1 + 4 sin 2 0 



Because 

0 — 7r/2 — t/j d0 = — dV> 

1+4sin 2 0 = 1 + 4(1 - cos 2 0) = 5 - 4cos 2 0 = 5- 4sin 2 

Limits: when 0 = 0,^ = ?r/2; when 0 — ir/2, tp — 0 and the expression 
above immediately follows. 

Move on 


So we have 7 


—d0 


J?r / 2 y 5 - 4 sin 2 tp 

The minus sign in the numerator can be absorbed by 
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Finally, taking out a factor 5 from the denominator, the integral 
becomes 



and this can then be written 


I= ± F (i_ a=± k (i_ 

V5 V5'’ 2 ) 75 \75. 


From tables Kb = K(0-8944) = 2-2435 /. I = 1-003 

Alternative forms of elliptic functions 

(a) Of the first kind 


F(k,x)= r 

Jo 


r (l - u 2 )( 1 - k 2 u 2 ) 


where 0 < x < 1 and 0 < k < 1. 
(b) Of the second kind 


E(Kx) 


* 1 1 - k 2 u 2 

nV 1 -U 2 


where 0 < x < 1 and 0 < k < 1. 

Note these two new forms and then we can deal with a few examples. 
As before, it is a case of transforming the given integrand into the 
required form by suitable substitutions. 


Example 1 


Evaluate I = 


(-VV2 U _ 3„2 

Jo V 1 -U 


d u. 


Here we remove a factor 4 from the numerator to reduce the first term 
to 1. 

ol/y/2 /l -%U 2 m 


= 2 r 

Jo V 1 - » 


This is now in standard form with k =.and x = 
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I = 2E\ 


V3 1 


2 ' y/2. 
1= 1*4564 


2(0*7282) from tables 


Example 2 


Evaluate I 


,1/2 

Jo 


dw 


V5 - 6u z + w 4 
Factorising the denominator gives I = 



‘ 1//2 dw 

o i/(! - u2 )( 5 - » 2 ) 


Taking out a factor 5 

T _ j_ r 1 / 2 _ d« _ 

v'sJo J(l - u 2 )(l - %u 2 ) 

which is in standard form with k = l/Vs and x — 1/2 

7 =. 





In some tables, k is quoted as sin 0, i.e. sin 0 = 


and 


x is quoted as sin 0, i.e. sin <j) = - 


1 

vi 

1 

2 


Then 17(1/75, 1/2) = 0-528 
7 = 0-236 


0 = 26° 34' 
0 = 30°. 


Now move on for Example 3 
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Example 3 


p/3/ 4 I 2 — x 2 

Evaluate J = j 


We have to convert this into the form 


1 -k 2 u 2 

—- tz-qu, so first 

1 - u 2 


concentrate on the denominator. Any suggestions? 


Put 4x z = u 2 i.e. 2x — u 


4x 2 = u 2 2x = u 2dx = du 

Limits: when x = 0, u = 0 and when x 
Also 2 - x z = 2 - u z /4 
The integral now becomes. 


= y/3/4, u = >/3/2 



Finally, taking out the factor 2 in the numerator 

1 = . 



r 1 Jy/2 V3 

[t-2 


Then sin 0 = —— 0 = 20° 42' andsin<£ = — <j> = 60° 

A 

From tables, = 1*029 I = 0*728 

So it is all just a question of manipulation to transform the given 
integral into the required standard forms, and then of reference to the 
appropriate tables. 
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The Revision summary follows, to be read in conjunction with the 
Can Yon? checklist, checking with the relevant parts of the 
Programme any points of which you are unsure. You will then find 
the Test exercise straightforward. Finally the Further problems 
provide additional practice. 

j Revision summary 16 

' 1 Gamma functions 


(a) T(x) = 


poo 

t^^e^dt 


x > 0 


Jo 

F(x + 1) = xT(x) 

(b) If x = n, a positive integer 
Y(n + 1) = n\ 

r(i) = i 

r(0) = oo r(— n) = d= oo 


(c) £ e * 2 dx = ^ 

(d) T(i) = yft 

r (§) = ¥ 
r(-i) = -2V5F 



2 


(e) Duplication formula r (n + i) = 


Beta functions 

(a) B(m, n) = f x m-1 (l -x)”' 1 dx 

Jo 


m > 0; n > 0 


B (m, n) = B(rc, m) 

;tt/2 

B(ra, n) = 2 


sin 2 " 1 i^cos 2 ” ^d# 


o 


(b) B(m, n) = 


(m - l)(n - 1) 


(m + n- \){m + n — 2) 


B (m — 1, n — 1) 


B(*, 1) = B(l, *) = - 
B(l/ 1) = 1; B(I I)=7T 


B(m, n) = 


> 2 ' 2 > 

r(m) • r(n) 


Y(m + n) 

(c) m and n positive integers 

(m - 1 )\(n - 1)1 


B (m, n) = 


(m + n- 1)! 
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3 Error function 

(a) erf (. x ) = -^= [ e~ tZ dt 

V^Jo 



Complementary error function 



4 


Elliptic functions 

(a) Standard forms 

(1) of the first kind: 



(2) of the second kind: 



In each case, 0 <<j>< 7r/2; 0 < k < 1. 


7T 

(b) Complete elliptic integrals 0 = - 

F(k, l)=K(k) 

E(k, l)=E(k) 

(c) Alternative forms of elliptic functions 

(1) of the first kind: F(k,x) 

f* ll _ V2 U 2 

(2) of the second kind: E(k,x) = J y —— dw 
In each case 0 < x < 1; 0 < k < 1. 


|*_d u _ 

Jo J{1 - w 2 )(l - k 2 u 2 ) 
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Checklist 16 

Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that Frames 

you can: 

• Derive the recurrence relation for the gamma function 

and evaluate the gamma function for certain rational _ 

arguments? | i | to phi 

Yes □ □ □ □ □ No 



• Evaluate integrals that require the use of the gamma 
function in their solution? 

Yes □ □ □ □ □ No 



• Identify the beta function and evaluate integrals that 
require the use of the beta function in their solution? 

Yes □ □ □ □ □ No 



• Derive the relationship between the gamma function 
and the beta function? 

Yes □ □ □ □ □ No 



• Use the duplication formula to evaluate the gamma 
function for half integer arguments? Bill and 

Yes □ □ □ □ □ No 


• Recognise the error function and its relation to the 
Gaussian probability distribution? 

Yes n n n n n no 

• Recognise elliptic functions of the first and second 
kind? 

Yes □ □ □ □ □ No 

• Evaluate integrals that require the use of elliptic 
functions in their solution? 

Yes □ □ □ □ □ No 

• Use alternative forms of the elliptic functions? 

Yes □ □ □ □ □ No 
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Test exercise 16 


[ 78 } 


Evaluate (a) (b) ( c ) ^ ^ 


3r(4) 


J 'OO 

x 5 e~ x 
o 


e dx 


r(2*5) 
(e) f° 

Jo 


r® 


x 6 e 4x2 dx. 


[ x 5 (2 — x)‘ 
Jo 


Determine (a) J x*(2 — x) 4 dx 

|*7r/2 

(b) sin 7 0 cos 3 6 d 0 
Jo 

[»7t/8 


(c) 


*7T/0 

si 

Jo 


sin 2 40 cos 5 40 d 0. 


3 Show that 

(a) [ e ~* 2 dt = v^rerf {a) 

J-a 

(b) t = ^, *>0. 

4 Evaluate 

(a) erfc(oo) 

(b) erfc(O). 


Express the following in elliptic functions. 

, , r /4 d 9 
(a) 

Jo 


•v 

(b) 

JO 


\/1 - 2 sin 2 0 

V3/2 dM 


a/4 - 5 u 2 + w 4 


£ Further problems 16 



Evaluate 



2 Determine 
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3 


4 


5 

6 

7 


f°° „ 

If m and n are positive constants, show that x m e~ ax dx can be 

Jo 


expressed in the form ^ 

Evaluate the following. 

rl/2 

(a) x 4 (l-2x) 3 dx 
Jo 

tl/y/2 

(b) x 2 V 1 - 2x 2 dx 
Jo 

p/2 

(c) sin 5 0 cos 4 0 d0 
Jo 

(d) r sin 0vW0 d0 

(e) f sin 3 20 cos 6 20 d0 
Jo 

fl/3 _ 

(f) x 2 Vl - 9x 2 dx. 

Jo 

Show that -^-erf (x) = -^=e~* 2 . 
dx y/i r 

Show that the Laplace transform of the error function is given as 
E(s) = j erf (t) dt = —-—erfc^j for s > 0. 

The Fresnel integrals are defined as 
C(x) = | cos^^-^ dt and S(x) — J si 
Show that 


* 'irt 2 ' 

— I sm i — ) dt 


-^^(Yll-cW-ZSW 
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Express the following in elliptic functions, 
(a) f V1 + 4 sin 2 0 d6 


^ r /2 dO 

(b) -- 

.o VcosO 

< c > 

f 2 dx 

(d Jo ^(9-x z )(16-x z ) 

, . f 2 _ dx _ 

W Jo i/(4 -x 2 )(5 —x 2 ) 

® r , d * 

Jo v sin 2 0 + 2 cos 2 0 

, . r /3 d0 

(g) , — 7 ==• 

J a/4 -y/sin 2 0 + 2 cos 2 0 

Using the substitution x = tan 0 prove that the integral 

j- 1 _dx_ 

Jo -y/(1 +X 2 )(1 + 4x 2 ) 

can be expressed in the form 

i r /4 d 0 


(f) 

Jo 

fTT/ 

(g) 

J 7T/ 


J 

2J0 ,/T 


-1 COS 2 0 


Hence, using 0 = - - <£, evaluate the integral in terms of elliptic 
functions. 

Evaluate the following. 


(a) 

,*0-5 

dx 

Jo ^ 

/3 — 4x 2 -hx 4 

(b) 

|*10 

dx 

Jo-5 > 

/3 - 4x 2 + x 4 

(c) 

|*tt/2 

d0 


Jo - 

V 25 + 9 sin 2 0 

(d) 

j*7T/3 

d0 




Jo - 

V 4 + 3 sin 2 0 
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Learning outcomes 

When you have completed this Programme you will be able to: 

• Obtain the scalar and vector product of two vectors 

• Reproduce the relationships between the scalar and vector 
products of the Cartesian coordinate unit vectors 

• Obtain the scalar and vector triple products and appreciate their 
geometric significance 

• Differentiate a vector field and derive a unit vector tangential to 
the vector field at a point 

• Integrate a vector field 

• Obtain the gradient of a scalar field, the directional derivative and a 
unit normal to a surface 

• Obtain the divergence of a vector field and recognise a solenoidal 
vector field 

• Obtain the curl of a vector field 

• Obtain combinations of div, grad and curl acting on scalar and 
vector fields as appropriate 


Prerequisite: Engineering Mathematics (Fifth Edition) 

Programme 6 Vectors 
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Introduction 



The initial work on vectors was covered in detail in Programme 6 of 
Engineering Mathematics (Fifth Edition) and, if you are in any doubt, 
spend some time reviewing that section of the work before proceeding 
further. 

The current Programmes on vector analysis build on these early 
foundations, so, for quick reference, the essential results of the 
previous work are summarised in the following list. 


Summary of prerequisites 


1 

2 


3 


A scalar quantity has magnitude only; a vector quantity has both 
magnitude and direction. 

The axes of reference, OX, OY, OZ, form a right-handed set. The 
symbols i, j, k denote unit vectors in the directions OX, OY, OZ, 
respectively. 

If OP = r = a x i + a y j + a z k then OP = |r| = yj a% + a* + a* where 
|r| is the modulus of r. 


The direction cosines [l, m, n] are the cosines of the angles between 
the vector r and the axes OX, OY, OZ, respectively. For any vector 
r = a x i + a y j + a z k 


and Z 2 + m 2 + n 2 = 1. 


4 


5 


6 


Scalar product ('dot product') 

A ■ B = AB cos 9 where 9 is the angle between A and B and where 
A and B are the moduli of A and B. 

If A = a x i + a y j + a z k and B = b x i + b y j + b z k then 
A • B = a x b x + a y b y + a z b z and A • B = B • A 

Vector product ('cross product') 

A x B = AB sin 9 in a direction perpendicular to A and B so that 
A, B, (A x B) form a right-handed set. 

Therefore IA x B| = AB sin 9 


Also A x B = 


V * 

1 I 

fly fli. 


k 

a z 


? x b y b z 
Angle between two vectors 


where A x B = -B x A 


cos 9 = hh + mim 2 4- n\n 2 


where ?i, mi, n\ and l 2j m 2 , n 2 are the direction cosines of vectors 
1*1 and r 2 respectively. 

For perpendicular vectors l\l 2 + mim 2 + nin 2 = 0 
For parallel vectors l\l 2 + mim 2 + n\n 2 — 1. 


One or two examples will no doubt help to recall the main points. 
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Example 1 (Direction cosines) 


If i, j, k are unit vectors in the 
directions OX, OY, OZ, respectively, 
then any position vector OP (= r) 
can be represented in the form 

OP = r = a x i + a y \ + a z k. 

Then |r| =. 





M = 7; 

/ = 0-429; m = 0-286; « = 0-857 


Because 


(| r |) 2 = 9 + 4 + 36 = 49 
l = cos a = | = 0-4286 

m = cos/? = f = 0*2857 

n = cos 7 = f = 0-8571. 
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Example 2 (Angle between two vectors) 

If the direction cosines of A are Zi, mi, n\ and those of B are 
h, m 2 , n 2 f then the angle between the vectors is given by 

cos 9 = hh + mim 2 + tiitiz. ( 1 ) 

If A = 2i + 3j + 4k and B = i - 2j + 3k, we can find the direction 
cosines of each and hence 0 which is. 



Because 



For A: 

1 *i 

= V4 + 9 + 16 = V29 


• • ! 

2 3 

Zi = —t=; mi = —=; «i 
V29 V29 

For B: 

*2 

= Vl+T+9 = Vli 


• •• 1. 

l ~vu ; m2 ~vrv " 2 

Then 

cos 0- y _{2 6 + 12}- 

V14 x 29 


V2S 


VT4 


0 = 66° 36' 

Let us now look at the question of scalar and vector products. 

On to the next frame 


Example 3 (Scalar product) 

If A and B are two vectors, the scalar product of A and B is defined as 

A • B = AB cos 9 (2) 

where 9 is the angle between the two vectors. If A * B = 0 then A _L B. 

If we consider the scalar products of the unit vectors i, j, k, which are 
mutually perpendicular, then 

i j = (1)(1) cos 90° = 0 /. ij=jk=ki=0 

and i • i = ( 1 )( 1 ) cos 0 ° =1 i i = j j=k k = l. 

In general, if A = a x i + a y j + a z k and B = b x i + h y j + b z k then 
A • B = a x b x + a y b y + a z b z which is, of course, a scalar quantity. 

So, if A = 2i — 3j + 4k and B = i + 2j + 5k, then 

A • B =. 


A-B = 2 — 6 + 20 = 16 


Also, since A • B = AB cos 0, we can determine the angle 0 between the 
vectors. In this case 0 =. 
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0 = 57° 9' 

A = 2i - 3j + 4k /. A =| A |= V4 + 9 + 16 = V29 
B = i + 2j + 5k B= | B |= vTTT+ 25 = V30 
We have already found that A • B = 16 and A • B = AB cos 0 

/. 16 = \/29\/3Ocos0 cos 0 = 0-5425 /. 0 = 57° 9' 

So, the scaZar product of A = a*i + a y j + a z k and B = b x i + b y j + Z? z k 
is A • B = a x b x + a y b y + a z b z 

and A • B =AB cos 0 where 0 is the angle between the vectors. 

It can also be shown that 

(a) A B = B A 

and (b) A (B + C) = A B + A C 

Make a note of these results 

Example 4 (Vector product) 

If A = a x i + a y j + a z k and B = Z^i + b y j + b z k the vector product 
A x B has magnitude | A x B| = AB sin 0 in the direction perpendicular 
to A and B such that A, B and (A x B) form a right-handed set. 

We can write this as 

A x B = (AB sin 0)n (3) 

where n is defined as a unit vector in the positive normal direction to 
the plane of A and B, i.e. forming a right-handed set. 

i j k 

Also A x B = a x a y a z (4) 

b x b y b z 

If we consider the vector products of the unit vectors , i, j, k, then 
ix j = (l)(l)sin90°k = k 

jxk = i, kxi^j 

Note that 

j x i = -(i x j) = -k 
k x j = —i, i x k = — j 
Also 

i x i = (1)(1) sinO°n = 0 

jxj = kxk = 0 

It can also be shown that 

(a) A x (B + C) = A x B + A x C 
and (b) A x B = — (B x A) 

Make a note of these results (3), (4) and (5). 

Then, if A = 3i - 2j + 4k and B = 2i-3j-2k 

A x B = . 


( 5 ) 
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A x B = 16i + 14} - 5k 


We simply evaluate the determinant 


A x B = 3 -2 


\2 -3 -21 

1(4 + 12) - j(—6 - 8) + k(—9 + 4) = 16i + 14| - 5k 

Move on to the next frame 


We have seen therefore that 

the scalar product of two vectors is a scalar 
but that the vector product of two vectors is a vector. 

We know also that |A x B| = AB sin 0 

Therefore, the angle between the vectors A and B given in Example 4 is 

9 =. 


6 = 79° 40' 

Because 

A = 3i-2j + 4k, B = 2i-3j-2k, and AxB = 16i + 14j — 5k 
| A x B | = Vl6 2 + 14 2 + 5 2 = Vi 77 = 21-84 

A =| A |= \/3 2 + 2 2 + 4 2 = %/29 = 5-385 

B =| B |= a/ 2 2 + 3 2 + 2 2 = VT7 = 4-123 
21-84 = (5-385)(4-123)sin£l 
sin0 = 0-9838 /. 0 = 79° 40' 

So, to recapitulate: 

If A = a*i + flyj + a z k and B = b x i + feyi + Z7 2 k and 0 is the angle 
between them 

(a) Scalar product = A • B = a x b x + a y b y + 

= AB cos 0 

i j k 

(b) Vector product = A x B = a x a y a z 

b x b y b z 

and | A x B | = AB sin 9. 

Make a note of these fundamental results: we shall certainly need them. 

Then , in the next frame, we can set off on some new work 
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Triple products 

We now deal with the various products that we form with three 
vectors. 

Scalar triple product of three vectors 

If A, B, C are three vectors, the scalar formed by the product A-(BxC) 
is called the scalar triple product. 

If A = a x i + a y j + a z k; B = b x i + b y j + b z k; C = c*i + c y j + c z k; 

i j k 

then BxC = ^ b y b z 

c x c y c z 

i j k 

A • (B x C) = (a x i + flyj + a z k) • b x b y b z 

Cx C y C z 

Multiplying the top row by the external bracket and remembering that 

i j=j k = k i = 0 and i i = j j = k k=l 

& x ci y d z 

we have A - (BxC) = b x b y b z (6) 

c x c y c z 

Example 

If A = 2i — 3j + 4k; B = i-2j-3k; C = 2i + j + 2k; 

2-3 4 

then A • (B x C) = 1 -2 -3 

2 12 


A • (B x C) = 42 


Because 


2-3 4 


A • (B x C) = 1 -2 -3 

2 12 

= 2(—4 + 3) + 3(2 + 6) + 4(1 + 4) 
As simple as that. 
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Properties of scalar triple products 


\b x b. 


dy di 


( 3 .) B • (C x A) — Cx Cy — Cx Cy 


&x dy dz 


since interchanging two rows in a determinant reverses the sign. If 
we now interchange rows 2 and 3 and again change the sign, we 
have 


dy dv d'. 


B • (C x A) = b x by b z = A • (B x C) 


A • (B x C) = B • (C x A) = C • (A x B) y } 

i.e. the scalar triple product is unchanged by a cyclic change of the 
vectors involved. 


by b 2 


dx dy dz 


B • (A X C) — dx dy dz — — bx by 


.*. B • (A x C) = —A • (B x C) 


i.e. a change of vectors not in cyclic order, changes the sign of the 
scalar triple product. 


dy d-w d ; 


A • (B x A) = b x by b z = 0 since two rows are identical. 


dx dy d 2 


A • (B x A) = B • (C x B) = C ■ (A x C) = 0 


Example 

If A = i + 2j + 3k; B = 2i-3j + k; C = 3i + j-2k 
A • (B x C) =. C ■ (B x A) = .. 
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A • (B x C) = 52; C • (A x B) = -52 



Because 


A • (B x C) 


1 

2 

3 



1(6 - 1) - 2(—4 - 3) + 3(2 + 9) = 52 


C • (B x A) is not a cyclic change from the above. Therefore 
C • (B x A) = -A ■ (B x C) = -52 


Coplanar vectors 

The magnitude of the scalar triple product | A«(B x C) | is equal to the 
volume of the parallelepiped with three adjacent sides defined by A, B 
and C. 



The scalar triple product A ■ (B x C) = A- (BC sin 9 n) = ABC sin 9 cos cj> 
where n is a unit vector perpendicular to the plane containing B and 
C, 9 is the angle between B and C and $ is the angle between A and n. 
Therefore 

| A • (B x C) | = ABC | sin 9 cos <j> \ 

Notice that in the figure both 9 and <j> are drawn as acute but in the 
general case this may not be so. Now, BC | sin0 | is the area of the 
parallelogram defined by B and C. The altitude of the parallelepiped is 
A | cos (j> | and so ABC | sin 9 cos $ | is the volume of the parallelepiped 
with three adjacent sides defined by A, B and C. 

Consequently if A • (B x C) = 0 then the volume of the parallele¬ 
piped is zero and the three vectors A, B and C are coplanar. 

Example 1 

Show that A = i + 2j - 3k; B = 2i - j + 2k; and C = 3i + j - k are 
coplanar. 

We just evaluate A • (B x C) = 


and apply the test. 
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A • (B x C) = 0 

Because 

1 2-3 

A • (B x C) = 2 -1 2 = 1(1 — 2) — 2(—2 - 6) - 3(2 + 3) =0. 

3 1-1 

Therefore A, R, C are coplanar. 

Example 2 

If A = 2i - j + 3k; R = 3i + 2j + k; C = i +pj + 4k are coplanar, find 
the value of p. 

The method is clear enough. We merely set up and evaluate the 
determinant and solve the equation A • (R x C) = 0. 

P = . 



Because 

2-13 

A ■ (R x C) = 0 \ 3 2 1=0 

1 p 4 

2(8 — p) + 1(12 — 1) + 3(3p — 2) = 0 /. 7p = —21 p=- 3 

One more. 

Example 3 

Determine whether the three vectors A = 3i + 2j - k; R = 2i - j + 3k; 
C = i - 2j + 2k are coplanar. 

Work through it on your own. The result shows that 


A, R, C are not coplanar 


Because 

3 2-1 

in this case A • (R x C) = 2 —1 3 = 13 

1-2 2 

/. A • (R x C) / 0 /. A, R, C are not coplanar. 

Now on to something different 
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Vector triple products of three vectors 

If A, B and C are three vectors, then 


A x (B x C) 

and (A x B) x C 


are called the vector triple products. (10) 


Consider A x (B x C) where A — a x i — a y \ + a z k; B = b x i + b y \ + i> z k 
and C = c*i + c,,j + c z k. 

Then (B x C) is a vector perpendicular to the plane of B and C and 
A x (B x C) is a vector perpendicular to the plane containing A and 
(B x C), i.e. coplanar with B and C. 

Note that, similarly, (A x B) x C is coplanar with A and B and so in 
general Ax(BxC)/(AxB)xC. 


Now 


i k 


(B x C) = 


by by 
Cy C Z 


by b z bx by 

+ k y 

Cy C7 Cy Cv 


Then A x (B x C) = 


by b 7 


Cy C z 


by b z 


Cy C z 


b x b y 

Cy Cy 


by b z b z by by by 

Cy C z C z Cy Cy Cy 

In symbolic form, further expansion of the determinant becomes 
somewhat tedious. However a numerical example will clarify the 
method. 


So make a note of the definition (10) above and then go on to the next frame 


Example 1 

If A = 2i - 3j + k; B = i + 2j - k; C = 3i + j + 3k; determine the 
vector triple product A x (B x C). 

We start off with BxC=. 
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A x (B x C) = 21i + 17j + 9k 


Because 

i j k 

A x (B x C) = 2 -3 1 

7-6 5 

= i(15 + 6) -1(—10 - 7) + k(-12 + 21) 

= 21i + 17| + 9k 

That is fundamental enough. There is, however, an even easier way of 
determining a vector triple product. It can be proved that 

A x (B x C) = (A - C)B - (A ■ B)C 

and (A x B) x C = (C ■ A)R — (C ■ B)A ( } 

The proof of this is given in the Appendix. For the moment, make a 
careful note of the expressions: then we will apply the method to the 
example we have just completed. 


A = 2i - 3j + k; B = i + 2j - k; C = 3i + j + 3k and we have 

A x (B x C) = (A ■ C)B - (A • B)C 

- (6 - 3 + 3)(i + 2J - k) - (2 - 6 - l)(3i + \ + 3k) 

— 6 (l + 2j — k) + 5 (3i + j + 3k) 

= 21i + 17j + 9k 

which is, of course, the result we achieved before. 

Here is another. 

Example 2 

If A = 3i + 2j - 2k; B = 4i - j + 3k; C = 2i - 3j + k determine 
(A x B) x C using the relationship (A x B) x C = (C • A)B - (C • B)A. 

(A x B) x C -. 
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-50i - 26j + 22k 

Because 

(A x B) x C = (C • A)B - (C ■ B)A 

= (6 - 6 - 2)(4i - j + 3k) - (8 + 3 + 3)(3i + 2j - 2k) 
= —2(4i - j + 3k) - 14(3i +2\- 2k) 

= -50i - 26j + 22k 

Now one more. 



Example 3 

If A = i + 3 j + 2k; B = 2i + 5j-k; C = i + 2j + 3k 

A x (B x C) =. 

(A x B) xC= . 

Finish them both. 


A x (B x C) = Hi + 35J - 58k 
(A x B) x C = 17i + 38J - 31k 


Because 

Ax (Bx C) = (A■ C)B- (A• B)C 

= (1 + 6 + 6)(2i + 5j — k) - (2 + 15 - 2)(i + 2j 4- 3k) 

= 13(2i + 5J - k) - 15(i + 2j + 3k) 

= lli + 35j — 58k 

and 

(A x B) x C = (C - A)B - (C • B)A 

= (1 + 6 + 6)(2i + 5j - k) - (2 +10 - 3)(i + 3J + 2k) 

= 13(2i + 5j - k) - 9(1 + 3j + 2k) = 17i + 38j - 31k 

These two results clearly confirm that 

A x (B x C) / (A x B) x C so beware! 

Before we proceed, note the following concerning the unit vectors. 

(a) (i x j) = k 
i x (i x j) = i x k = -j 

(b) (i x i) x j = (0) x j = 0 
(i x i) x j = 0 

and once again, we see that 

i x (i x j) ^ (i x i) x j 

On to the next 
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Finally, by way of revision: 

Example 4 

If A = 5i — 2j + 3k; B = 3i + j - 2k; C = i - 3 j + 4k; determine 

(a) the scalar triple product A • (B x C) 

(b) the vector triple products (1) A x (B x C) 

(2) (A x B) x C. 

Finish all these and then check with the next frame 

(a) A - (B x C) = -12 

(b) (1) A x (B x C) = 621 + 44j - 74k 
(2) (A x B) x C = 109i + 7j - 22k 


Here is the working. 


(a) A • (B x C) = 


5 

3 

1 



3 

-2 

4 


= 5(4 - 6) + 2(12 + 2) + 3(—9 - 1) = -12 


(b) (1) A x (B x C) = (A • C)B - (A • B)C 

= (5 + 6 + 12)(3i + j — 2k) 

- (15 - 2 - 6)(i - 3j + 4k) 
= 23(3i + j - 2k) - 7(1 - 3j + 4k) 

= 62i + 44j - 74k 


(2) (A x B) x C = (C • A)B - (C • B)A 

= 23(3i + j - 2k) - (—8)(5i - 2j + 3k) 
= 1091 +7j- 22k 


Let us now move to the next topic 

[ 28 ] Differentiation of vectors 

In many practical problems, we often deal with vectors that change 
with time, e.g. velocity, acceleration, etc. If a vector A depends on a 
scalar variable t, then A can be represented as A(£) and A is then said 
to be a function of t. 

If A = a x i + a y j + a z k then a x , a y , a z will also be dependent on the 
parameter t 

i.e. A (t) = a x (t) i + a y (t) j + a z (t)k 
Differentiating with respect to t gives. 
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^{A(t)} = + i ^ t {a y (t)} + kA {flz (t )} 


dA . d , d dy dfl/ 

In short df-^ + l-^ + k^- 

The independent scalar variable is not, of course, restricted to t In 
general, if u is the parameter, then 

dA _ 
d u 




If a position vector OP moves to OQ 
when u becomes u + 8u, then as 8u -» 0, 
the direction of the chord PQ becomes 
that of the tangent to the curve 

dA 

at P, i.e. the direction of —— is along the 

d u 

tangent to the locus of P. 


Example 1 

If A = (3 u 2 + 4)i + (2 u - 5)J + 4w 3 k, then 

dA _ 
d u 


dA 


= 6ui + 2j + 12w 2 k 


d 2 A 

If we differentiate this again, we get = 61 + 24wk 

dA d 2 A 

When u = 2, ^- = 121 + 2i + 48k and = 6i + 48k 

d u 9 d u 2 


Then 


dA 


and 


d z A 
d u 2 
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dA 


d 2 A 


— =49-52; —5- =48-37 

d u d u 2 


Because 


and 


dA 
d u 
d 2 A 
dw 2 


= {12 2 + 2 2 + 48 2 } 1/2 = {2452} 1/2 = 49-52 
= {6 2 + 48 2 } 1/2 = {2340} 1/2 = 48-37 


Example 2 

If F = i sin 2 1 + je 3t + k (t 3 


4f), then when t 
d 2 F 

. ; dt 2 ~' 


^ = 2 cos 2i + 3e 3 j — k 


d z F 

dt 2 


= -4 sin 2i + 9e 3 j + 6k 


dF d 2 F 

From these, we could if required find the magnitudes of — and 

dF _ d 2 F _ 

df ~ .' dt 2 _ . 


! = 6o ' 27 ^ 


d 2 F 

dt 2 


= 180-9 


Because 


and 


d z F 

dt 2 


= {(2 cos 2) 2 + 9e 6 + 1} 1/2 
= {0-6927 + 3631 + 1} 1/2 = 60-27 

= {(-4 sin 2) 2 + 81e 6 + 36} 1/2 
= {13-23 + 32 678 + 36} 1/2 = 180-9 


One more example. 

Example 3 

If A = (u + 3)i - (2 + u 2 ) j + 2w 3 k, determine 


dA 


d z A 


dA 


d z A 


(a) — (b) (c) ^ (d) ^ 

d u d u 2 d u d u 2 


at u = 3. 


Work through all sections and then check with the next frame 
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Here is the working. A = (u + 3)i - (2 + u 2 ) j + 2w 3 k 

(a) ^ = i - 2«j + 6m 2 k At u = 3, ^ = 1 - 61 + 54k 
du ’ d« * 


d z A d z A 

(h) 3^- = -2j + 12«k At u = 3, ^=-2j + 36k 

(c) ^ = {1 + 36 + 2916} 1/2 = (2953) 1/2 = 54-34 

j2 * 

(d) = ( 4 + 1296} 1/2 = (1300) 1/2 = 36 06 

The next example is of a rather different kind , so move on 


Example 4 

A particle moves in space so that at time t its position is stated as 
x = 2t + 3, y = t 2 + 3t, z = t 3 + 2t 2 . We are required to find the 
components of its velocity and acceleration in the direction of the 
vector 2i + 3j + 4k when t = 1. 

First we can write the position as a vector r 
r = (21 + 3)i + (f 2 + 3f)j + (t 3 + 2t 2 )k 


Then, at f = 1 


^ = 2i + 5j + 7k; 


d 2 r 

dt 2 


d z r 

dt 2 


= 2j + 10k 


( 37 ) 


Because 


= 21 + (2 1 + 3)j + (31 2 + 4t)k 


and 


, „ ut 

d 2 r 

^ = 2j + (6t + 4)k 


= 2i + 5j + 7k 


At f = 1, 


d z r 

dt 2 


= 2j + 10k 


Now, a unit vector parallel to 21 + 3j + 4k is 
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2i + 3j + 4k 
74+1T+T6 


1 

71 ? 


(2i + 3 j + 4k) 


Denote this unit vector by I. Then 


the component of — in the direction 




8-73 


Because 


1 

71 ? 


(2i + 5j + 7k) • (2i + 3j + 4k) 


1 

71 ? 

47 

729 

8-73 


(4 + 15 + 28) 


Similarly, the component of 


d 2 r 

dt 2 


in the direction of I is 




Because 

COS0 


d 2 r 


dt 2 


d 2 r 

dt 2 

1 


729 

1 


V29 

46 


(2j + 10k) • (2i + 3j + 4k) 
(6 + 40) 


729 
= 8-54 
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In simpler notation, this becomes: 

If r = a x i + a y \ + a z k then the unit tangent vector T is given by 

dr/d u 
|dr/dw| 

Example 1 

Determine the unit tangent vector at the point (2, 4, 7) for the curve 
with parametric equations x = 2 u; y = u 2 + 3; z — 2 u 2 + 5. 

First we see that the point (2, 4, 7) corresponds to u = 1. 

The vector equation of the curve is 

r = a x i + flyj + a 7 k = 2wi + ( u 2 + 3) j + (2 m 2 + 5)k 

dr _ 
d u 
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Let us do another. 

Example 2 

Find the unit tangent vector at the point (2, 0 5 n) for the curve with 
parametric equations x = 2 sin 0; y = 3 cos 0; z = 20. 

We see that the point (2, 0, ir) corresponds to 0 = 7 t/ 2 . 

Writing the curve in vector form r =. 


Then, at 0 


r = 2sin0i + 3cos0j + 20k 


/? dr 
/2, de 


dr 

d0 

T 


Finish it off 


dr 

- 3,+2k; 


= \/l3 


VT3 


(-3J + 2k) 


And now 


Example 3 

Determine the unit tangent vector for the curve 
X = 3t; y = 2t 2 ; z = t 2 + t 
at the point (6, 8, 6). 

On your own. T =. 



The point (6, 8, 6) corresponds to t = 2 
r = 3ti + 2t 2 \ + ( t 2 + f)k 


• d t 


3i + 4tj + (2 1 + l)k 


At t = 2, r = 6i + 8j + 6k and — = 3i + 8j + 5k 


■' Idtl 
.. T 


= (9 + 64 + 25) 1/2 = v / 98 


dr/d t _ 1 
|dr/dt| ~ y/98 


(3i + 8j + 5k) 
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Partial differentiation of vectors 


48 


If a vector F is a function of two independent variables u and v, then 
the rules of differentiation follow the usual pattern. 

If F = xi + y\ + zk then x, y, z will also be functions of u and v. 

dF dx dy dz 
Then -^-^^-i + ^j+^-k 
du du du du 

dF dx . dy . dz 
dv dv dv 9 dv 
^F_^x. cfy. d 2 z 
du 2 du 21 + du 2 + du 2 
d 2 F_d 2 x. d 2 y. d 2 z 
dv 2 ~dv 2l ~ h dv z1 ' h dv 2 
d 2 F _ d 2 * . cPy . cPz 
dudv dudv 1 + dudv + dudv 

and for small finite changes du and dv in u and v, we have 

dF dF 

dF = — du + ^dv 
du dv 

Example 

If F = 2uvi + (u 2 - 2v) j + (w + v 2 )k 

dF_ dF_ 

du .' dv 

d 2 F d 2 F _ 

dw 2 .' dudv 


—- = 2vi + 2uj + k; 



d 2 F 

dw 2 


dF 

= 2wi - 2i + 2vk 
dv 9 

d 2 F 

—- = 2i 
dudv 


This is straightforward enough. 

Integration of vector functions 

The process is the reverse of that for differentiation. If a vector 
F = xi + yj + zk where F, x, y , z are expressed as functions of u, then 

J b rb cb ob 

Fdw = i xdw + j ydi/ + k zdw. 
a Ja Ja Ja 

Example 1 

If F = (3 1 2 + 4t)i + (2f - 5)j + 4f 3 k, then 

3 3 3 3 

| Fdt = i| (3t 2 + 4t) dt + j | (2t-5)dt + kj 4t 3 dt=. 
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42i - 2J + 80k 



Because 



^t 3 + 21 2 ) + j(t 2 - 5f) + kf 4 


3 

1 


= (451 - 6j + 81k) - (31 - 4j + k) = 42i - 2j + 80k 


Here is a slightly different one. 


Example 2 

If F = 3ui + 1 / 2 j + (u + 2)k 

and V = 2wi - 3wj + (u — 2)k 

evaluate (F x V)dw. 

Jo 

First we must determine F x V in terms of u . 

Fx V=. 


FxV=(m 3 +u 2 + 6w)i - (w 2 - 10w)j - (2w 3 + 9w 2 )k 



Because 


1 


FxV = 


3 u 
2 u 


j k 

m 2 (m + 2) 
-3 u (u - 2) 


which gives the result above. 


Then 



| {14i + 13j — 24k} 



Because 

J(F x V)du = + + ^y-5« 2 ^j- (y + 3 “ 3 ) k 

f 2 (F x V)d u = (4 + f ■+ 12)1 - (f - 20)j - (8 + 24)k 
Jo 

= | {14i + 13| — 24k} 
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Example 3 

If F = A x (B x C) where 

A = 31 2 ! 4- (2 1 - 3) j + 4tk 
B = 2i + 41j + 3(1 - t)k 
C = 2ti - 3t 2 i - 2tk 

determine [ Fd t. 

Jo 

First we need to find Ax (B x C). The simplest way to do this is to use 
the relationship 

A x (B x C) =. 


A x (B x C) = (A • C)B — (A • B)C 


A • C = 61 3 — 61 3 + 9t z — 8 ^ = t 2 
A • B = 6J 2 + 8^ - 12t + 12t - 12 1‘ 


Then F = A x (B x C) 

= t z {2i + 4fj + 3(1 - t) k} - 2t z {2ti - 3t 2 j - 2tk} 

f 1 Fdt=. 

Jo 

Finish off the simplification and complete the integration. 


Jg{-20i + 132j + 75k} 


Because 

F = A x (B x C) = (2f 2 - 41 3 )! + (4t 3 + 6t 4 )j + (31 2 + l 3 )k 
Integration with respect to t then gives the result stated above. 

Now let us move on to the next stage of our development 
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Scalar and vector fields 



If every point P (x, y, z) of a 
region R of space has associated 
with it a scalar quantity 0(x, y, z), 
then 0(x, y, z) is a scalar function 
and a scalar /zeZd is said to exist in 
the region R . 



Examples of scalar fields are temperature, potential, etc. 



Similarly, if every point P (x, y, z) 
of a region R has associated with it 
a vector quantity F(x, y, z), then 
F(x, y, z) is a vector function and a 
vector /ie/rf is said to exist in the 
region R. 


Examples of vector fields are force, velocity, acceleration, etc. 
F(x, y, z) can be defined in terms of its components parallel to the 
coordinate axes, OX, OY, OZ. 

That is, F(x, y, z) = F x i + F y j + F z k. 


Note these important definitions: 
we shall be making good use of them as we proceed 


Grad (gradient of a scalar function) 



If a scalar function 0(x, y, z) is continuously differentiable with 
respect to its variables x, y, z, throughout the region, then the gradient 
of (j), written grad <f> , is defined as the vector 


grad 0 = 


d(j ), , 

S‘-V + 3i k 



Note that, while 0 is a scalar function, grad 0 is a vector function. For 
example, if 0 depends upon the position of P and is defined by 
0 = 2x 2 yz 3 , then 

grad 0 = 4xyz 3 i + 2x 2 z 3 j + 6x 2 yz 2 k 
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Notation 

The expression (12) above can be written 


grad (j) 


. d . d d \ 

i a* +, * +k &r 


f d d d\ 

where ( i—- + i—- + k— ) is called a vector differential operator and is 
\ dx dy dzj 

denoted by the symbol V (pronounced 'del' or sometimes 'nabla') 

__ (. d . d _ d\ 

■.e. v=^, s + l 5 :+ k s j 

Bewarel V cannot exist alone: it is an operator and must operate on a 
stated scalar function <j>(x, y t z). 

If F is a vector function, VF has no meaning. 

So we have: 


v*=gBd*=(i!+i£+k!)* 


(13) 


Make a note of this definition and then let us see how to use it 


Example 1 

If (/> = x 2 yz 3 -f xy 2 z 2 f determine grad 0 at the point P (1, 3, 2). 


By the definition, 


, , d<t>. d(f). d<t>- 

grad* = V* = s . + ^, + s k. 


All we have to do then is to find the partial derivatives at x = 1, y 
z = 2 and insert their values. 

V<£ =. 


4(211 + 8j + 18k) 


Because 


(f = x 2 yz 3 + xy 2 z 2 ^ = 2xyz 3 + y 2 z 2 


^ = x 2 z 3 + 2xyz 2 
ay 


= 3x 2 yz 2 + 2xy z z 


Then, at (1, 3, 2) ^ = 48 + 36 = 84 

dx ox 


^ = 8 + 24 

dy 


| - 32 
9y 


^=36 + 36 ^=72 

oz oz 

grad 0 = V0 = 84i + 32J + 72k = 4(21i + 8j + 18k) 
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If A = x z zi + xyi + y 2 zk 
and B = yz 2 i + xz) + x 2 zk 

determine an expression for grad (A • B). 

This we can soon do since we know that A • B is a scalar function of 

x, y and z. 

First then, A • B =. 



2*yz(z z + 1 + yz) i + x 2 z(z z + 1 + 2yz) j + x z y(3z z + 1 + 2yz)k 


Because 


if <f> = A - B = (. x 2 zi + xy\ + y^zk) • (yz 2 i + xzj + * 2 zk) 
= x 2 yz* + x 2 yz + x^z 2 


= 2xyz' 5 + 2xyz + 2xy z z z = 2xyz(z z + 1 + yz) 


^ = * 2 z 3 + * 2 z + 2x z yz z = x z z(z z + 1 + 2yz) 

^ = 3* 2 yz 2 + * 2 y + 2x z y z z = x z y(3z 2 + 1 + 2 yz) 

V (A • B) = 2 xyz(z 2 + 1 + yz)i + x 2 z(z 2 + 1 + 2yz)j 


2~,r,2 _ J2 


+ * 2 y(3z 2 + 1 + 2yz)k 


Now let us obtain another useful relationship. 


dr 

P 


dy l^ax 




If OP is a position vector r where 
r = xi + yj + zk and dr is a small 
displacement corresponding to 
changes d*, dy, dz in x, y, z 
respectively, then 

dr = d* i + dy j + dz k 


If (j)(x, y, z) is a scalar function at P, we know that 

grad ( ».V ( » = s , + -, + -k 
Then grad <£ • dr =. 
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Because 

grad# dr- Q^i + ^j + ^k) (dti + dyl + dzk) 

^dx + ^ + ^dz 

dx dy dz 

= the total differential do of (j> 

That is 

d<f) = dr • grad <j> 


(14) 

This will certainly be useful so make a note of it 



Directional derivatives 

We have just established that 
d(j> — dr • grad <f> 

If ds is the small element of arc between 
P (r) and Q (r + dr) then ds = |dr| 

dr _ dr 
ds — |dr| 



o 


dr 

and — is thus a unit vector in the direction of dr. 
ds 


ds 


dr 

ds 


* grad 4> 


dr 


If we denote the unit vector — by a then the result becomes 

ds 


d^ 

ds 


= a • grad <j> 


j t 

-jj is thus the projection of grad <j> on the unit vector a and is called the 

directional derivative of (j> in the direction of a. It gives the rate of 
change of (f> with distance measured in the direction of a and 

j i 

— = a • grad $ will be a maximum when a and grad <f> have the same 
direction, since then 

a • grad (j> =) a || grad (f >) cos 9 and 6 will be zero. 

Thus the direction of grad (j> gives the direction in which the 
maximum rate of change of $ occurs. 
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Example 1 

Find the directional derivative of the function 0 = x 2 z + 2xy 2 + yz 2 at 
the point ( 1 , 2, - 1 ) in the direction of the vector A = 2i + 3j - 4k. 

We start off with 0 = x 2 z + 2 xy 2 + yz 2 

V0 =. 


V0 = (2 xz + 2y 2 )i + (4 xy + z 2 )j + (x 2 + 2yz)k 


Because 


= 2xz + 2y 2 ; 


= 4 xy + z 2 ; 


= x 2 + 2 yz 


Then, at (1, 2, - 1) 

V0 = (-2 + 8)i + (8 + 1)| + (1 - 4)k = 6i + 9J - 3k 
Next we have to find the unit vector a where A = 2i + 3 j — 4k 
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That is all there is to it. 

(a) From the given scalar function <j>, determine V<j>. 

(b) Find the unit vector a in the direction of the given vector A. 

(c) Then ^ = a • Vcf>. 

ds 

Example 2 

Find the directional derivative of 0 = x 1 2 3 y + y 2 z + z 2 x at the point 
(1, - 1, 2) in the direction of the vector A = 4i + 2j - 5k. 

Same as before. Work through it and check the result with the next frame 



(j) = x 2 y + y 2 z + z 2 x 

.*. V(j) = (2 xy + z 2 )i + (x 2 + 2yz)j + (y 2 + 2z*)k 
At (1, - 1, 2), V<j> = 2i - 3j + 5k 

A = 4i + 2j — 5k /. | A | = Vl6 + 4 + 25 = V45 = 3\/5 


a 


3%/5 


(4i + 2f - 5k) 


. 

ds 


= a • V0 = — F (4i + 2j - 5k) • (2i - 3j + 5k) 
3y5 

1 -23 

= — = (8 - 6 - 25) = —= = -3*43 

3 VS J 3 VS 


Example 3 

Find the direction from the point (1, 1, 0) which gives the greatest rate 
of increase of the function <!> = (x + 3 y) 2 + (2 y - zf. 

This appears to be different, but it rests on the fact that the greatest 
rate of increase of 0 with respect to distance is in 
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the direction of Vo 


All we need then is to find the vector V<j>, which is 


Vf/> = 4(21 + 8j - k) 


Because 

(f> = (x + 3 yf + (2 y - zf 

^ = 2(x + 3y); ^ = 6(x + 3y) + 4(2y - z); ^=-2(2y-z) 

At <'• °>' !=* §r 32: l =- 4 

V0 = 8i + 32j - 4k = 4(2i + 8J - k) 
greatest rate of increase occurs in direction 2i + 8j - k 

So on we go 


Unit normal vectors 

The equation of 0(x, y, z) = constant represents a surface in space. For 
example, 3x — 4y + 2z=l is the equation of a plane and 
x 2 + y 2 + z 2 = 4 represents a sphere centred on the origin and of 
radius 2. 


If dr is a displacement in this sur¬ 
face, then d0 = 0 since 0 is constant 
over the surface. 


Therefore our previous relationship dr • grad <j> = d0 becomes 
dr • grad 0 = 0 

for all such small displacements dr in the surface. 

But dr • grad0 =| dr || grad0 | cos0 = 0. 

0 = 5 grad0 is perpendicular to dr, i.e. grad 0 is a vector 

perpendicular to the surface at P, in the direction of maximum rate of 
change of 0 . The magnitude of that maximum rate of change is given 
by | grad 0|. 
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The unit vector N in the direction of grad <f> is called the unit normal 
vector at P. 




Example 1 

Find the unit normal vector to the surface x 3 y + 4 xz 2 + xy z z + 2 = 0 at 
the point (1,3, -1). 

Vector normal = V0 =. 


V<j> = (3 x 2 y + 4z 2 + y z z )i + (. x 3 + 2xyz) j + (8*z 4- *y 2 )k 


Then, at (1, 3, - 1), V<£ = 4i - 5J + k 

and the unit normal at (1, 3, - 1) is 



Because 

I V<£| 

and N 


V16 + 25 + 1 = a/42 
V<£ 1 


V*| V42 


(4i - 5J + k) 


One more. 


Example 2 

Determine the unit normal to the surface 
xyz + x 2 y — Syz - 5 = 0 at the point (3, 1, 2). 
All very straightforward. Complete it. 
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Unit normal = N = —— (8i + 5 j - 2k) 

a/93 


Because 

0 = xyz + x 2 y - 5 yz - 5 

V(j> = (yz + 2xy)i + (xz + x 2 - Sz) j 4- (xy - 5y)k 
At (3, 1,2); V0 = 8i -|- 5j — 2k; | V<£ |= >/64 + 25 + 4 = V93 

Unit normal = N = , Yf , = —~ (8i + 5j - 2k) 

|V<H V93 J ' 

Collecting our results so far, we have, for (fi (x, y, z) a scalar function 

/ \ j i i-7, d(/>, d(j ). d(j>- 

(a) grad^ = V^- s i + ^, + i? k 

(b) d<£ = dr • grad^ where d<j> = ~ d* + ~ dy + ~ dz 

dx dy dz 

j j 

(c) directional derivative ~ = a • grad <f 


(d) unit normal vector N = 


V0 

V0 


Copy out this brief summary for future reference. It will help 


Grad of sums and products of scalars 


(a) V(A + B)=i|^(A+J»)}+|||;(i4+B)J+k|^(i4+B) 


fdA. dA. &4, 

{* I + * )+ te k 


1 (dB. dB. dB , 

M^ 1+ ^ ,+ ^ k 


V(A + B) = VA + VB 


(b) V(AB)=i|^(v4B)J+i|| ; ( J 4B)}+k 


(AB) 


.(.dB •( a 9B r, dA 

( A dB. BB. BB^ 1 

~{ A ^ i+ V + ^ M < 




. dB r, 9A 

A ~z —I - B-j— 

az az 


, 1 („dA. BA. n dA. } 


= A 


(dB. dB. dB^\ D 

t* 1 + * , + fc k } +B 


fdA. 

(a* 1 


. BA. dA 

1 + ep + Tz 


k } 


dy’ dz J dy’ dz J 

V(AB) = A(VB)+B(VA) 

Remember that in these results A and B are scalars. The operator V 
acting on a vector . 
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Example 

If A = x 2 yz + xz 2 and B = xy 2 /. 7 ?, evaluate V(AB) at the point 
(2, 1, 3). 

We know that V(AB) = A(VB) + B(VA) 

At (2, 1, 3), 

VB =.; VA =. 


V2? = 3i + 12j - 25k; VA = 21i + 12| + 16k 



dB. dB. dB 2 • „ . / 2 _ 2\» 

= ax 1+ az k = 7 21+2x721 + to* ~ 3z ) k 

= 3i + 12j - 25k at (2, 1, 3) 

_ ^4, dA, dA , /rt 2\» 2 • /2 . ._ 

VA = ^' I + ^;l + ‘^ k = (2xyz + z 2 )i + x 2 zj + {icy + 2xz)k 

= 21i + 12j + 16k at (2, 1, 3) 

Now V(AB) =A(VB) +B(VA) =. 


Finish it 



Because 

V(AB) = A(VB) + B(VA) 

A = x 2 yz + xz 2 at (2, 1, 3), A = 12 + 18 = 30 

B = xy 2 z - z 3 at (2, 1,3), B = 6 - 27 = -21 

.'. V(AB) = 30(3i + 12j - 25k) - 21(21i + 12j + 16k) 

= -35 li + 108j - 1086k 

= 3(—117i + 36j — 362k) 

So add these to the list of results. 

V(A + B) = VA + VB 
V(AB) = A(VB) H-B(VA) 

where A and B are scalars. 

Now on to the next page 
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Div (divergence of a vector function) [ 78 J 

The operator V • (notice the 'dot'; it makes all the difference) can be 
applied to a vector function A(x, y, z) to give the divergence of A, 
written in short as div A. 


If A = a x i + a y \ + a z k 
div A = V • A = 


.9 .9 9 

l dx + ^dy + K dz, 


a x i + a y j + a z k 


* „ * 9n x 9a y da z 

A = V • A = —- H- - H-- 

dx ^ dy dz 


Note that 

(a) the grad operator V acts on a scalar and gives a vector 

(b) the div operation V- acts on a vector and gives a scalar. 


Example 1 

If A = x 2 yi - xyz\ + yz 2 k then 

div A = V ■ A = 


div A = V • A == 2xy — xz + 2yz 



We simply take the appropriate partial derivatives of the coefficients of 
i, j and k. It could hardly be easier. 


Example 2 

If A = 2x 2 yi - 2 (xy 2 + y 3 z) j + 3y 2 z 2 k, determine V ■ A, i.e. div A. 
Complete it. V * A =. 


V-A = 0 



Because 


A = 2x 2 yi 


V • A = 


9a x 

9x 


- 2 (xy 2 + y 3 z) j + 3y 2 z 2 k 

d&y d& z 

~dy + ~dz 


— 4 xy - 2(2 xy + 3y 2 z) + 6y 2 z 
= 4 xy — 4 xy — 6y 2 z + 6y 2 z = 0 


Such a vector A for which V • A = 0 at all points, i.e. for all values of 
x, y, z, is called a solenoidal vector. It is rather a special case. 
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Curl (curl of a vector function) 

The curl operator denoted by Vx, acts on a vector and gives another 
vector as a result. 



If A = a x i + a y j + a z k, then curl A = VxA. 

ia __ . /. d . d * d\ . , 

i.e. curl A = V x A = (i— + J 7 - + k— I x (a x 1 + a y | + a z k) 

i j k 

d d d 


, . da z day 

VxA = i |^-^-1 + j 


dx dy dz| 
a z 

• / da x da z 


a x a y 


+ k 


da y da x 


dy dz ) ' * \ dz dx ) ~ \dx dy 

Curl A is thus a vector function. It is best remembered in its determinant 
form, so make a note of it 

If V x A = 0 then A is said to be irrotational. 

Then on for an example 

Example 1 

If A = (y 4 - x z z z )i + (x z + y z ) j - x 2 yzk, determine curl A at the point 
(1, 3, -2). 

i j k 

d d d 

dx 


curl A = V x A = 


dy 


dz 


y 4 - x z z z x z + y 2 -x z yz 


Now we expand the determinant 

v x A = i<! ^~ x2yf) - ^ + y 2 ) 




+ k 




All that now remains is to obtain the partial derivatives and substitute 
the values of x, y, z. 

V x A =. 



Zi — 8 j — 106k 


V x A = i{-x 2 z} - j{-2xyz + 2x 2 z} + k{ 2x - 4y 3 }. 

At (1, 3,-2), V x A = i(2) - j(12 - 4) + k(2 - 108) 

= 2 i - 8 j - 106k 
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Example 2 

Determine curl F at the point (2, 0, 3) given that 
F = ze 2xy i + 2 xz cos yj + (x + 2y)k. 

In determinant form, curl F = V x F =. 



Now expand the determinant and substitute the values of x, y and z, 
finally obtaining curl F =. 


curl F = V x F = —2(i + 3k) 

Because 

VxF = i{2 - 2x cosy} — j{l — e 2xy } + k{2z cosy - 2xze Zxy } 
At (2, 0, 3) VxF = i(2 - 4) - j(l - 1) + k(6 - 12) 

= -2i - 6k - —2(i + 3k) 

Every one is done in the same way. 


Summary of grad, div and curl 

(a) Grad operator V acts on a scalar field to give a vector field. 

(b) Div operator V- acts on a vector field to give a scalar field. 

(c) Curl operator Vx acts on a vector field to give a vector field. 

(d) With a scalar function <f>(x, y, z) 

, , _, 3<p . d(f . 3<j>- 

g "d^ W= S. + f, + S k 

(e) With a vector function A = a x i + a y j + a z k 

X T- * T7 A i fitly 

(1) divA.V.A = _ + 1 j; + _ 


3 3 3 

(2) curl A = VxA = Z. ° 

9a: 9y dz 


a% a y a% 


Check through that list , /wst to make sure . We sZiaZZ need tZiera aZZ 
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By way of revision, here is one farther example. 

Example 3 

If (j> = x 2 y 2 + x 3 yz - yz 2 
and F = xy 2 i - 2yz\ + xyzk 

determine for the point P (1, - 1, 2), 

(a) V0, (b) unit normal, (c) V • F, (d) V x F. 

Complete all four parts and then check the results with the next frame 


Here is the working in full. </> = x 2 y 2 + x 3 yz - yz 2 
/ . d(j>. d<j >. d(f) 

<a) v ^-ai ,+ ^' + S k 

= (Ixy 1 + 3x 2 yz)i + (2 x z y + x 3 z - z 2 )j + (x 3 y - 2yz)k 
At (1, -1, 2) V<j> = -4i - 4j + 3k 


(b) N 


V0 

W 




16 +16 + 9 = v / 41 


N 


-v/41 


(4i + 4j — 3k) 


. x i, _ . _ day da? 

(c) F = xy 2 ! — 2yzj h- xyzk V * F = —^ + -—^ + —— 

dx dy dz 

V • F = y 2 — 2z + xy 

At (1, - 1, 2) V • F = 1 - 4 - 1 = -4 V ■ F = 


i j k 

d d d 
dx dy dz 

xy 2 —2yz xyz 

V x F = i(xz + 2y) - j(yz - 0) + k(0 - 2xy) 

= (xz + 2y)i — yzj - 2xyk 

At (1, - 1, 2) V x F = 2j + 2k VxF = 2(j + k) 

Now let us combine some of these operations. 


(d) V x F = 
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Multiple operations 

We can combine the operators grad, div and curl in multiple 
operations, as in the examples that follow. 


Example 1 

If A = x 2 yi + yz 3 j - zx 3 k 


then 

Then 

i.e. 


div A = V * A 


grad (div A) 


grad div A 


(l ,+ |> + l k )<^ + >' z3 '- zA > 

2xy + z 3 + x 3 = 0 say 

T-7/T-7 A \ 90. 90. 90 

V(V ‘ A) = ^ 1 + ^ + ^ k 
(2y + 3x 2 )i + (2x)j + (3z 2 )k 

V(V • A) = (2 y + 3x 2 )i + 2xj + 3z 2 k 


Move on for the next example 


Example 2 

If 0 = xyz - 2y 2 z + x 2 z 2 f determine div grad 0 at the point (2, 4, 1). 
First find grad 0 and then the div of the result. 

At (2, 4, 1), div grad 0 = V • (V0) =. 



div grad 0 = 6 

Because we have 0 = xyz — 2y 2 z + x 2 z 2 

.. 90. 90. 90 

grad 0 = V0 = —l h- 1 + —^-k 

6 ^ ^ dx dy 9 dz 

— (yz + 2xz 2 )i + (xz - 4yz)j + (xy - 2y z + 2x 2 z)k 

div grad 0 = V • (V0) = 2z 2 - 4z + 2x 2 

At (2, 4, 1), div grad 0 = V ■ (V0) = 2- 4 + 8 = 6 



Example 3 

If F = x 2 yzi + xyz 2 \ + y 2 zk determine curl curl F at the point (2, 1, 1). 

Determine an expression for curl F in the usual way, which will be a 
vector, and then the curl of the result. Finally substitute values. 

curl curl F =. 
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curl curl F = V x (V x F) = i + 2j + 6k 


Because 


curl F = tt" ~rT~ 


x z yz 


Then curl curl F 


i k 

d_ d_ 
dy dz 
xyz 2 y 2 z 


(lyz - 2xyz)i + x 2 yj + ( yz z - x 2 z)k 


1 2yz - 2 xyz x 2 y yz 2 - x z z | 

= z 2 i - (-2 xz - 2y + 2xy)j + (2 xy -2 z + 2xz) k 

At (2, 1, 1), curl curl F = V x (V x F) = i + 2j + 6k 


Remember that grad, div and curl are operators and that they must act 
on a scalar or vector as appropriate. They cannot exist alone and must 
be followed by a function. 

One or two interesting general results appear. 

(a) Curl grad <j> where (/> is a scalar 

A d<j>. d(j >. d<f> 

*“ d * = s , -v + & k 


curl grad <j> 


i j k 


d d d 
dx dy dz 
dcj) d<f) d<f) 
dx dy dz 

. f d 2 0 d^fj) 
dydz dzdy 


. f d 2 (j> d z <j) 1 
i[dzdx dxdz) 


+ k 


dxdy dydx 


curl grad (j> = V x (V<£) = 0 
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(b) Div curl A where A is a vector. A = a x i + a y j + a z k 


curl A = V x A = — — — 


d d 
dy dz 

Cly Cl Z 


, / da z day ^ 
dz j 

Then div curl A = V • (V x A) = 

_ d^a z d z a y 
dxdy dzdx 
= 0 

div curl A = V • (V x A) = 


da z da x 
dx dz 


+ k 


du y da x 
dx dy 


(. d . d , 9\ 

d 2 a z d 2 a x d z a y d 2 a x 
dxdy + dydz + dzdx dydz 


(c) Div grad (/> where ^ is a scalar 

, , d<fi. d(j>, d(j >. 

g,ad#= s ,+ ^' + ^ t 

Then div grad 6=V- (V<p) 

_ (• ® i • ® i i, ® A ( d 4>. 

- \ l frc + 1 di + k di) ' {di 1 
d z <j> d 2 ^ d z (j) 

d Z (j) d z (j) d z (j) 
divgrad<£ = V-(V0) = ^ + ^ + ^! 

= V 2 ^, the Laplacian of 0 
The operator V 2 is called the Laplacian. 

So these general results are 

(a) curl grad <f> = V x (V<£) = 0 

(b) div curl A = V * (V x A) = 0 

(c) divgrad^ = V-(W) = 0 + p + 0 


dcj). dip. dip 

ex'+W' + ai* 


That brings us to the end of this particular Programme. We have 
covered quite a lot of new material, so check carefully through the 
Revision summary and Can You? checklist that follow: then you 
can deal with the Test exercise. The Further problems provide an 
opportunity for additional practice. 
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Revision summary 17 

If A. = 0L X 1 + Cly\ + #zkj B = b x l by\ "i~ 
have the following relationships. 


C = c x i + c y \ + c z k; then we 


1 Scalar product (dot product) A - B = AB cos 0 
A • B = B ■ A and A • (B -4- C) = A * B + A ■ C 


2 


3 


If A • B = 0 and A, B / 0 then A _L B. 

Vector product (cross product) A x B = (AB sin 9 )n 

n = unit normal vector where A, B, n form a right-handed set. 

|i i k| 


A x B 


Q-x 

bx 


U\ 


az 

b z 


A x B = - (B x A) and Ax(B + C)=AxB + AxC 
Unit vectors 


(a) i i = j j = k k=l 
i j = j k = k i = 0. 

(b) ixi = jxj=kxk = 0 

i x j = k, j x k = i, k x i = j. 


4 Scalar triple product A • (B x C) 


A • (B x C) 


a x 

b x 

Cv 


a x 


Uz 

b z 

C7 


A • (B x C) = B • (C x A) = C • (A x B) 


Unchanged by cyclic change of vectors. 

Sign reversed by non-cyclic change of vectors. 

5 Coplanar vectors A • (B x C) = 0. 

6 Vector triple product A x (B x C) and (A x B) x C 

A x (B x C) = (A • C)B - (A • B)C 
and (A x B) x C = (C • A)B - (C • B)A. 


Differentiation of vectors 

f , a 7 are functions of u 

dA 

d u du 


If A, a Xt Uy t w-z 


da x d Uy da z * 

■1 H—;—J H—-—JK 


du du 


8 Unit tangent vector T 


dA 

_ du 

dA 

du 
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9 Integration of vectors 

*b rb ob rb 

A du = i I a x du + j I a y du + k I a z du 

Ja J a Ja Ja 

LO Grad (gradient of a scalar function 4>) 

j , _ . d<f >. d<t>. d(f ), 

gradd-V*- —1 +— 1 +— k 

'del'= operator V - + ^ + 

J / 

(a) Directional derivative — = a • grad <j> — a • V0 where a is a unit 

vector in a stated direction. Grad <j> gives the direction for 
maximum rate of change of </>* 

(b) Unit normal vector N to surface y, z) = constant. 

N = ^ 

I V0 I 

.1 Div (divergence of a vector function A) 

j. . __ . da x da y da z 

divA = V-A = ^ + -f + -^ 

<9* dy dz 

If V ■ A = 0 for all points, A is a solenoidal vector. 

2 Curl (curl of a vector function A) 


curl A = V x A = 


i j k 

d d d 

dx dy dz 
a x a y a z 


If V x A = 0 then A is an irrotational vector. 
Operators 

grad (V) acts on a scalar and gives a vector 
div (V) acts on a vector and gives a scalar 
curl (Vx) acts on a vector and gives a vector. 

Multiple operations 

(a) curl grad <\> = V x (V0) = 0 

(b) div curl A = V • (V x A) = 0 

(c) div grad ^_V-(V« = g + || + g 

= V 2 0, the Laplacian of 4>. 
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No 


Obtain the scalar and vector triple products and 
appreciate their geometric significance? 

Yes □ □ □ □ □ No 

Differentiate a vector field and derive a unit vector 
tangential to the vector field at a point? 

Yes □ □ □ □ □ No 


□ 

□ 

No 

□ 

□ 

No 


Integrate a vector field? 

Yes □ □ □ □ □ No 

Obtain the gradient of a scalar field, the directional 
derivative and a unit normal to a surface? 

Yes □ □ □ □ □ No 


No 


Obtain the divergence of a vector field and recognise a 
solenoidal vector field? 

Yes □ □ □ □ □ No 


Yes U U U U U 

Obtain the curl of a vector field? 

Yes □ □ □ □ □ 


No 


Obtain combinations of div, grad and curl acting on 
scalar and vector fields as appropriate? 

Yes □ □ □ □ □ No 


Frames 


Checklist 17 

Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that Frames 

you can: 

• Obtain the scalar and vector product of two vectors? to | 4 | 

Yes □ □ □ □ □ No 

• Reproduce the relationships between the scalar and 
vector products of the Cartesian coordinate unit 
vectors? 

Yes □ □ □ □ □ No 


1 I to 



28 1 to 



49 1 to I 55 


56 I to I 77 


.7*1 to I 8f 


80 1 to 



\ '..I TO I-: 



kV-\ 
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Test exercise 17 


Find (a) the scalar product and (b) the vector product of the vectors 
A = 3i-2j + 4k and B = i + 5 j -2k. 

If A = 2i + 3 j - 5k; B = 3i + j + 2k; C = i - j + 3k; determine 

(a) the scalar triple product A ■ (B x C) 

(b) the vector triple product A x (B x C). 

Determine whether the three vectors A = 2i + 3j + k; B = i - 2j + 2k; 
C = 3i + j + 3k are coplanar. 

If A = (u 2 + 5)i - (u 2 + 3)j + 2w 3 k, determine 
, . dA _. d 2 A , . dA ^ 

(a) d? m (c) *7 aU at " = 2 ' 


Determine the unit tangent vector at the point (2, 4, 3) for the curve 
with parametric equations 




2 u ; y — u + 3; z = 4u — u. 


If F = 2i + 4wj + w z k and G = u 2 i - 2u\ + 4k, determine 


f (F x G)d u. 
Jo 


Find the directional derivative of the function (j) = x 2 y - 2xz 2 -h y 2 z at 
the point (1, 3, 2) in the direction of the vector A = 3i + 2j - k. 

Find the unit normal to the surface 0 = 2* 3 z + x 2 y 2 + xyz - 4 = 0 at the 
point (2, 1, 0). 

If A = x 2 yi + (xy + yz) j + xz 2 k; B = yzi - 3xzj + 2xyk; and 
<j) — 3 x 2 y + xyz - 4y 2 z 2 - 3; determine, at the point (1, 2, 1) 

(a) V<£; (b) V • A; (c) V x B; (d) grad div A; (e) curl curl A. 


Further problems 17 


1 If A = 2i + 3j 4k; B = 3i + 5j + 2k; C = i - 2j + 3k; determine 
A-(BxC). 

2 If A = 2i + j — 3k; B = i-2j + 2k; C = 3i + 2j-k; findAx(BxC). 

3 If A = i — 2j + 3k; B = 2i + j-2k; C = 3i + 2j + k; find 

(a) A x (B x C); (b) (A x B) x C. 

4 If F = x 2 i + (3* + 2)j + sin^k, find 

. . dF .. d 2 F . dF / jn d . 1 

(a > 3? (c) dJ : «« S < F F ) atl = 1 - 
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5 

6 

7 

8 

9 

10 

11 

12 


13 


14 


15 

16 


17 


18 


If F = ui + (1 - u)} + 3wk and G = 2i — (1 + u)\ - w 2 k, determine 
(a) A(F.G); <b)i(FxG); <0 i(F + G). 

Find the unit normal to the surface 4 x 2 y 2 — 3 xz 2 — 2y 2 z + 4 = 0 at the 
point (2, -1, -2). 

Find the unit normal to the surface 2xy 2 + y 2 z + x 2 z - 11 = 0 at the 
point (-2, 1, 3). 

Determine the unit vector normal to the surface 
xz 2 + 3 xy - 2 yz 2 + 1 = 0 at the point (1, - 2, - 1). 

Find the unit normal to the surface x 2 y - 2 yz 2 + y 2 z = 3 at the point 
(2, - 3, 1). 

Determine the directional derivative of 0 = xe y + yz 2 + xyz at the point 
(2, 0, 3) in the direction of A = 3i - 2j + k. 

Find the directional derivative of <j> = (x + 2y + z) 2 - (x - y - z) 2 at the 
point (2, 1, -1) in the direction of A = i - 4j + 2k. 

Find the scalar triple product of 

(a) A = i + 2j — 3k; B = 2i-j + 4k; C = 3i + j-2k. 

(b) A = 2i - 3j + k; R = 3i + j + 2k; C = i + 4j-2k. 

(c) A = —2i + 3j — 2k; B = 3i-j + 3k; C = 2i-5j+k. 

Find the vector triple product A x (B x C) of the following. 

(a) A = 3i + j - 2k; B = 2i + 4\ + 3k; C = i - 2j + k. 

(b) A = 2i —j + 3k; B = i + 4j-5k; C = 3i-2j+k. 

(c) A = 4i + 2j — 3k; B = 2i-3j + 2k; C = 3i-3j+k. 

If F = 4f 3 i - 2 1 2 \ + 4fk, determine when t = 1 
dF d 2 F d 

(a) (b)^; (C) S (F.P). 


If (j) = x 2 sinz + ze y find, at the point (1, 3, 2), the values of 
(a) grad </> and (b) | grad 01. 

Given that $ = xy 2 -h yz 2 - x 2 , find the derivative of <j> with respect to 
distance at the point (1, 2, - 1), measured parallel to the vector 
2i — 3 j + 4k. 


Find unit vectors normal to the surfaces x 2 + y 2 - z 2 + 3 = 0 and 
xy-yz + zx - 10 = 0 at the point (3, 2, 4) and hence find the angle 
between the two surfaces at that point. 


If r = (t 2 + 3t)i - 2 sin 3fj + 3e 2t k, determine 


% 


(b) 


d z r 

df 2 ' 


(c) the value of 


d z r 


dt 2 


at t = 0. 
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19 (a) Show that curl (-yi + x\) is a constant vector. 

(b) Show that the vector field (yzi + zx j + xyk) has zero divergence and 
zero curl. 

20 If A = 2xz 2 i - xzj + (y + z)k, find curl curl A. 

21 Determine grad <f> where (j> = x 2 cos(2 yz - 0-5) and obtain its value at the 
point (1, 3, 1). 

22 Determine the value of p such that the three vectors A, B, C are 
coplanar when A = 2i + j + 4k; B = 3i + 2j + pk; C = i + 4j + 2k. 

23 If A = pi-6j-3k; B = 4i + 3j-k; C = i-3j + 2k 

(a) find the values of p for which 

(1) A and B are perpendicular to each other 

(2) A, B and C are coplanar. 

(b) determine a unit vector perpendicular to both A and B when p = 2. 
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Frames 



Learning outcomes 

When you have completed this Programme you will be able to: 

• Evaluate the line integral of a scalar and a vector field in Cartesian 
coordinates 

• Evaluate the volume integral of a vector field 

• Evaluate the surface integral of a scalar and a vector field 

• Determine whether or not a vector field is a conservative vector 
field 

• Apply Gauss' divergence theorem 

• Apply Stokes' theorem 

• Determine the direction of unit normal vectors to a surface 

• Apply Green's theorem in the plane 
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We dealt in some detail with line, surface and volume integrals in an 
earlier Programme, when we approached the subject analytically. In 
many practical problems, it is more convenient to express these 
integrals in vector form and the methods often lead to more concise 
working. 


Line integrals 


Let a point P on the curve c 
joining A and B be denoted by 
the position vector r with respect 
to a fixed origin O. 

If Q is a neighbouring point on 
the curve with position vector 
r + dr, then PQ = dr. 

The curve c can be divided up 
into many (n) such small arcs, 
approximating to dri, dr 2 , dr 3 ... 
dr p ... so that 

n 

AB = ]T d r p 

p =i 



where dr^ is a vector representing the element of arc in both 
magnitude and direction. 


Scalar field 


If a scalar field V exists for all points on the curve, then 

n 

V dr p with dr -» 0, defines the line integral of V along the curve c 
p =i 

from A to B, 

i.e. line integral = j V dr 


We can illustrate this inte¬ 
gral by erecting a continuous 
ordinate proportional to V at 
each point of the curve. 

| V dr is then represented by 

the area of the curved surface 
between the ends A and B of 
the curve c. 



To evaluate a line integral, the integrand is expressed in terms of 
x, y, z, with dr =. 
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dr = i dx + j dy + k dz 


In practice, x, y and z are often expressed in terms of parametric 
equations of a fourth variable (say m), i.e. x = x(u); y — y(u); z = z(u). 
From these, dx, dy and dz can be written in terms of u and the integral 
evaluated in terms of this parameter u. 

The following examples will show the method. 


Example 1 

If V = xy 2 z, evaluate J V dr along the curve c having parametric 

equations x = 3 u; y = 2 u z ; z = u 3 between A (0, 0, 0) and B (3, 2, 1). 

V = xy z z = (3w)(4w 4 )(w 3 ) = 12 u s 
dr = idx +jdy + kdz =. 


dr = i 3 du + j 4u du k 3 u 2 d u 


Because 

x = 3 u, dx = 3d u 

y — 2 u 2 , dy — 4m d u 

z — u 3 , dz — 3u z du 

Limits: A (0, 0, 0) corresponds to u — 
B (3, 2, 1) corresponds to u — 


A (0,0,0) = m = 0 B (3,2,1) = u= 1 


V dr = 12m 8 (i3dM +j4MdM + k3M 2 dM) 


Finish it off 



Because 

j V dr = 12 J (i 3u 8 du + j 4« 9 du + k 3u 10 du) 

which integrates directly to give the result quoted above. 
Now for another example. 
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Example 2 

If V = xy + y 2 z, evaluate V' dr along the curve c defined by 

Jc 

x = t 2 ; y = 2t; z = t + 5 between A (0, 0, 5) and B (4, 4, 7). 

As before, expressing V and dr in terms of the parameter t we have 

V =. dr =. 


^ = 6^ + 20t 2 ; dr = i 2tdf + j 2 dt + k dt 


Because 

V = xy + y z z = (t z )(2t) + (4 t 2 ){t + 5) = 6 1 3 + 20t z . 

Also x = t z dx = 2tdt 1 

y = 2t dy = 2 dt > dr = idx + j dy + kdz 

z = t + 5 dz = dt J =12tdt + j2dt + kdt 

| V dr = | (6t 3 + 20t z )(i2t + j2 + k)dt 

Limits: A (0, 0, 5) = t =. 

B (4, 4, 7) = f =. 



A (0,0,5) = t = 0; B(4,4,7) = t = 2 



^ dr = 



+ 20f z )(i2t + j2 + k)dt 


Complete the integration. 



2 

| ^ dr = 2 J {(6t 4 + 20f 3 )! + (61 3 + 20t 2 )j + (3t 3 + lOt^k} dt 

The actual integration is simple enough and gives the result shown. 
All line integrals in scalar fields are done in the same way. 









748 Programme 18 


Vector field 



If a vector field F exists for all 
points of the curve c, then for each 
element of arc we can form the 
scalar product F • dr. Summing 
these products for all elements of 

n 

arc, we have ^ F • dr p 

p=i 


Then, if dr p —» 0, the sum becomes the integral j F • dr, 
i.e. the line integral of F from A to B along the stated curve 


F dr 


In this case, since F • dr is a scalar product, then the line integral is a 
scalar. 

To evaluate the line integral, F and dr are expressed in terms of x, y, z 
and the curve in parametric form. We have 


and 


F = F x i + F y \ + i^k 
dr = idx + jdy + kdz 


Then F * dr = (F x i + F y j + F z k) - (i dx + j dy + k dz) 

= F x dx + F y dy + F z dz 


■ 1 


F • dr= \ F x dx + 


f F r dy + 

Jc Jc 


F 7 dz 


Now for an example to show it in operation. 


Example 1 

If F = x 2 yi -hxzj — 2yzk, evaluate J F • dr between A (0, 0, 0) and 

B (4, 2, 1) along the curve having parametric equations x = 4 1; y = 2 1 2 ; 
z = t 3 . 

Expressing everything in terms of the parameter t, we have 

F =. 

dx = .; dy — .; dz =. 









Vector analysis 2 


749 


F = 32£ 4 i + 4f 4 j -^k 
dx = 4d t; dy = 4tdt; dz = 3t z dt 


Because 


x 2 y = 

= (16f 2 )(2f 2 ) = 32t 4 

x = 41 

dx — 

4dt 

xz - 

= (4t)(t 3 ) = 4 f 4 

y = 2t 2 

• 

• 

• 

•£ 

II 

4tdt 

2yz = 

= (4t 2 )(t 3 ) = 4t 5 

N 

I! 

n* 

00 

dz = 

3t 2 dt 

Then J 

F - dr = f(321 4 i + 4f 4 j 

— 4t 5 k) 

* (i4dt +j4tdt + l 


= J(1281 4 + 16 1 5 

- 12t 7 )« 

it 


Limits: 

A (0, 0, 0) = t =. 

• 

B (4, 2, 1) 

= t=. 



J F • dr = J (128t 4 + 161 s - 121 7 ) dt 


128 8 3 _ 803 

^T + 3 ~2 “l50~ 


26-77 


If the vector field F is a force field, then the line integral J F • dr 

represents the work done in moving a unit particle along the 
prescribed curve c from A to B. 

Now for another example. 


Example 2 

If F = x z yi + 2yzj + 3z 2 xk, evaluate F • dr between A (0, 0, 0) and 
B (1, 2, 3) Jc 

(a) along the straight lines Ci from ( 0 , 0 , 0 ) to ( 1 , 0 , 0 ) 

then C 2 from ( 1 , 0 , 0 ) to ( 1 , 2, 0 ) 

and c 3 from ( 1 , 2, 0) to ( 1 , 2, 3) 

(b) along the straight line C 4 joining (0, 0, 0) to (1, 2, 3). 

As before, we first obtain an expression for F • dr which is 
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, z — O t dx = 0, dz = 0 



F. dr = 27 
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(b) If t is taken as the parameter, 
the parametric equations of c 
are 

x — . 

y = . 

z— . 



x — t) y — 2t: z — 3 1 



and the limits of t are 


t = 0 and t = 1 



As in Example 1, we now express everything in terms of t and 
complete the integral, finally getting 

F • dr =. 

i C4 



F • dr 


115 

4 


28*75 



Because 

F = 2^i + 12^ + 27^1* 
dr = idx + jdy + kdz = idf + j2d£ + k3df 


•i 

j C4 


F • dr 


0 


(2^1 + 12f 2 j + 27t 3 k) ■ (i + 2j + 3k) dt 


(2J 3 + 24f 2 + 81f 3 ) d t = [ (83/ :! + 24t 2 ) dt 
0 Jo 


-4 -i 1 

83—+ 8 f 3 
4 


115 


= 28*75 


Jo 


So the value of the line integral depends on the path taken between 
the two end points A and B 


(a) Jf ■ dr via ci, cz and C3 = 27 

j 


(b) F • dr via C4 


28-75 


We shall refer to this topic later. 

One further example on your own. The working is just the same as 
before. 
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Example S 

If F = x 2 y z \ + y 3 zj + z 2 k, evaluate J F ■ dr along the curve x = 2u 2 , 

y = 3u, z = u 3 between A (2, - 3, -1) and B (2, 3, 1). Proceed as 
before. You will have no difficulty. 

f Fd '. 


* . 500 Q 

F • dr = —— = 23*8 
21 


Here is the working for you to check. 
x = 2 u 2 y — 3u z = m 3 
x 2 y 2 = (4w 4 )(9w 2 ) = 36 w 6 dx = 4udu 

y 3 z = (2 7u 3 )(u 3 ) = 27w 6 dy = 3dw 

z 2 = w 6 dz = 3w 2 dw 

Limits: A (2, - 3, - 1) corresponds to u = -1 
B (2, 3, 1) corresponds to u = 1 

| F • dr = | (a 2 )/ 2 ! + y 3 zj + z 2 k) • (i dx 4- j dy + k dz) 


f 1 

(36w 6 i 

J-i 

f 1 

(144w 7 

J-i 


i + 27w b j + w b k) • (i4wdw +j3dw + k3w dw) 


+ 81w 6 + 3w 8 )dw 


o 81w 7 u 9 500 
= 18ir H—-—h — = —— 

7 3 j 21 


23-8 


Now on to the next section 


Volume integrals 


If V is a closed region bounded by a surface S and F is a vector field at 
each point of V and on its boundary surface S, then FdV is the 

Jv 

volume integral of F throughout the region. 
z , dV=dxdydz 




■ r%2 ryz c^z 

FdV= Fdzdyd* 

» V i Xi i Vi i Zi 


tili- 


*1 Jyi JZi 
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Example 1 

Evaluate FdV where V is the region bounded by the planes 

JV 

x = 2, y = 0, y — 3, z = 0, z = 4, and F = xyi + zj — x 2 k. 

We start, as in most cases, by sketching the diagram, which is 




Now another. 
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Example 2 

Evaluate FdV where V is the region bounded by the planes x = 0, 
Jv 

y = 0, z = 0 and 2x + y + z = 2, and F = 2zi + yk. 

To sketch the surface 2x + y + z = 2, note that 

when z = 0, 2* + y = 2 i.e. y = 2-2x 

when y = 0, 2* + z = 2 i.e. z = 2-2* 

when * = 0, y + z = 2 i.e. z = 2 - y 

Inserting these in the planes * = 0, y = 0, z = 0 will help. 

The diagram is therefore 



So 2x + y + z = 2 cuts the axes at A (1, 0, 0); B (0, 2, 0); C (0, 0, 2). 

Also F = 2zi + yk; z = 2 — 2x — y = 2(1 —x) -y 

a 2(1— x) r2(l-x)-y 

(2zi + yk)dzdydx 

o Jo 

a 2(l-x) r -I z = 2(1 -x)-y 

z 2 i + yzk dydx 

0 . . z = 0 


a 2 ( 1 -*) 

{[4(1-*) - 4(1 -x)y-\-y 1 ]i 

0 

+ [2(l-x)y-y 2 ]ls.}dydx 


£[{ 


4(1 - x) 2 y - 2(1 - x 




| (1 


- *)r - 


3 . 2(1—x) 

2 — — Ik dx 

3/ L = 0 


Finish the last stage 
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¥dV = l(2i +k) 

V *3 



Because 


8/! ..\3« , 4 


^IdV = J j-(1 - x) 3 i + -(1 - x) kj dx 

= -|(l-x) 4 i-^(l-x) 4 k =i(2i + k) 

And now one more ; slightly different. 

Example 3 

Evaluate F d V where F = 2i + 2zj + yk and V is the region bounded 
Jv 

by the planes z = 0, z = 4 and the surface x z + y 2 = 9. 

z It will be convenient to use cylindrical 

polar coordinates (p, 4>, z) so the rele- 
r-1 vant transformations are 



z = 


y = 

dV = 


x = p cos 4 >; 


z = z; 


y = p sin $ 
dV = pdpd<4>dz 


[ 26 J 


Then J F dV = J J J (2i + 2zj + yk) dx dy dz. 

Changing into cylindrical polar coordinates with appropriate change 
of limits this becomes 

1 p2i7t 

FdV"= (2i + 2zj + /9Sin0k)dz/9d/9d0 

JV hp = 0 Jp = 0 Jz = 0 

eZ/K i»3 "4 

= 2zi + z 2 j+/9Sin^zk pdpd<f> 

3(f) — 0 Jp = 0 _ . z = 0 

/*2tt r-3 

= (8i+ 16j + 4psin</>k)dpd</> 

Jo Jo 

•27r |*3 

= 4 (2pi + 4pj + p 2 sin 4> k) dp d 4> 

Jo Jo 

Completing the working; we finally get 

FdF=. 

iv 
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72n(i + 2j) 


Because 


Fd^ = 4 


v 


2ir r 


= 4 


o L 

‘2ir 


i + 2p 2 j + y sin cj> k 


i 3 


d <j) 


Jo 


0 


(9i -h 18j + 9sin0k)d0 


= 36 


= 36 


2tt 


0 


(i + 2j + sin 0 k) d <j> 


n 27r 


0i + 20j — cos 0k 


Jo 


= 36{(27ri + 4 ttj - k) - (-k)} 
= 727r(i + 2J) 


You will, of course, remember that in appropriate cases, the use of 
cylindrical polar coordinates or spherical polar coordinates often 
simplifies the subsequent calculations. So keep them in mind. 


Now let us turn to surface integrals - in the next frame 


Surface integrals 





B 


The vector product of two vectors A 
and R has magnitude 
|A x B| = AB sin# at right angles to 
the plane of A and R to form a right- 
handed set. 


If 9 = then |A x R| = AB in the 

direction of the normal. Therefore, if 
n is a unit normal then 
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If P (x, y) is a point in the x-y plane, 
the element of area dxdy has a 
vector area dS = (i dx) x (j d y). 

i.e. dS = dxdy{i x j) = dxdyk 

i.e. a vector of magnitude dxdy 
acting in the direction of k and 
referred to as the vector area. 


For a general surface S in space, each 
element of surface dS has a vector 
area d5 such that dS = dS n. 

You will remember we established previously that for a surface S given 
by the equation y, z) = constant, the unit normal n is given by 

. _ grad^ _ V0 
n_ |grad0| “ ]V0l 

Let us see how we can apply these results to the following examples. 



Scalar fields 

Example 1 

A scalar field V = xyz exists over the curved surface S defined by 
x z + y 2 = 4 between the planes z = 0 and z — 3 in the first octant. 

Evaluate f V dS over this surface. 


We have V = xyz S: x 2 +y 2 — 4 = 0, z = 0 to z = 3 

Jr —l V(j) 


dS = n dS where n = 


|V0| 


Now v <£ = |^i + |^| + ^k = 2xi + 2y\ and 
| Vcf> | = J Ax 2 + Ay 2 = lJx 2 +y 2 = 2^4 = 4 


Therefore 


V<j> xi + yj 


\Vcj>\ 

f VdS= [ V^ndS 
Js Js 


so that dS = n dS = 


xi + yi 


= \\ xyz(x\ + yj ) dS 
J s 

= ^l(x 2 yzi + xy 2 zj)dS 


( 1 ) 
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We have to evaluate this integral over the prescribed surface. 
Changing to cylindrical coordinates with p = 2 



x — 2 cos <j>; y = 2 sin (j> 
z — z; dS = 2 d <j> dz 


x 2 yz 


xy 2 z 


(4 cos 2 4>) (2 sin 0) (z) 
8 cos 2 <j> sin <j> z 
(2 cos <j>) (4 sin 2 4>) (z) 
8 cos (f> sin 2 0 z 


Then result (1) above becomes 


VdS = 4 


\ r 7r / z p 

= - (8cos 2 <£sin<£zi+8cos0sin 2 <£zj)2dzd<£ 

2 Jo Jo 

p / 2 f 3 

= 4 (cos 2 <£sin<£i + cos<£sin 2 <£j)2zdzd<£ 

Jo Jo 

iwr/2 

= 4J (cos 2 <£sin<£i + cos<£sin 2 <£j)9d0 


and this eventually gives 


VdS = 
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Example 2 

A scalar field V = x + y + z exists over the surface S defined by 
2x + 2y + z = 2 bounded by x = 0, y = 0, z = 0 in the first octant. 

Evaluate V' dS over this surface. 

.s 



S : 2x + 2y + z = 2 
x = 0 z = 2-2y 

y — 0 z — 2 — 2x 

z = 0 y — 1 -x 


Now V<^ = ^i+^j + ^k =2i + 2j + k and 
dx dy dz 9 

\V<j> | = V4 + 4 + 1 = V9 = 3 


Therefore 


n = -^ T = 2l + ^ + k sothat dS = ndS = i(2i + 2l + k)dS 
IV0 I O O 

If we now project dS onto the x-y plane, dR = dScos 7 
COS 7 = n - k = | ( 2 i + 2 j + k) • (k) = | 

dR = ^dS dS = 3dR = 3 dxdy 

ydS=[vndS=[ [(x + y + z)i(2i + 2j + k)3ckdy 

. s J s «, s d 


But z = 2 - 2x - 2y 


i 


VdS = 


f r < 2 

Jx = 0 Jy = 0 


- x - y) (2i + 2j + k ) dy dx 
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|(2i + 2j + k) 


Because 


VdS = 


fl r 2l 

2 y-xy-^r (2i + 2j + k)dx 

Jo L z Jo 


3 - 1 1 


O j A 

= i x - xZ +^r (2i + 2j + k) 

^ Jo 

= |(2i + 2j+k) 


Vector fields 


Example 1 

A vector field F = yi + 2j + k exists over a surface 5 defined by 
x 2 + y 2 + z 2 = 9 bounded by x = 0, y = 0, z = 0 in the first octant. 

Evaluate j F • dS over the surface indicated. 


dS = ndS 


where n = -^77 where <j> = x 2 + y 2 + z 2 - 9 
|V0| 


Now V<£ = ^i + ^i + ^k = 2xi + 2yj+2zk and 
dx dy dz 

\V<t> I = \Ux 2 + Ay 2 + 4z 2 = iJx 2 + y 2 + z 2 = 2y/9 = 6 



n = - (2xi + 2yj + 2zk) 
6 

= ^ (**++ zk ) 


3 


f F - dS= [ F • ndS = f (yi + 2j + k) 4(*i + yj + zk)dS 
Js Js Js d 

= — J* (xy + 2 y + z) d5 

Before integrating over the surface, we convert to spherical polar 
coordinates. 


x = 


z = 


y = - 

dS = 
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Limits of 0 and 0 are 9 = 0 to <j> = 0 to ^. 

JLj 

J \ p/2 p/2 

F • dS = - (9 sin 2 9 sin <£ cos <j> + 6 sin 9 sin 0 

s 3 Jo Jo 

+ 3 cos 9) 9 sin 9 d 9 d0 

p/2 p/2 

= 9 (3sin 3 0sin0cos0 +2sin 2 0sin0 

Jo Jo 

+ sin 0 cos 9) d0d<£ 


| s F.dS = 9(l4) 


Complete the integral 



Because 



dS = 9 



sin 0cos <j> + ^sin <f> + ^ 

Zu Zr 



n i . 2 i ^ i 4* 

= 9 sir <j> - - cos 4> — jr 



Example 2 

Evaluate j F • dS where F = 2yj + zk and S is the surface x 2 + y 2 = 4 in 
the first two octants bounded by the planes z = 0, z = 5 and y = 0. 


0: * 2 + y 2 — 4 = 0 


n 


V0 

|V0| 


v *=s ,+ i» + S k - 2, “ +2 >i 

|V0| = + 4y 2 = 2^Jx 2 + y 2 

= 2^4 = 4 

. ^ V* 


|V0| 

f, F ds I 


2 xi + 2yj 1 

—4-^ = 2 ( Xl + n ) 


F• dS = F ndS = 

s Js 
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y z dS 


Because 


J F-ndS = J (2yj + zk) + yj)dS 
= iJ s (2y 2 )d5 = | s y 2 dS 


This is dearly a case for using cylindrical polar coordinates. 

* = .; y = . 

z =.; dS =. 


x = 2 cos <f>\ y = 2 sin (j> 
z = z; d5 = 2 d<x> dz 

[ F - dS = [ y 2 dS = 4 sin 2 <£ 2 d<£ dz = 

Js Js JsJ 

Limits: <j> = 0 to <j> = it; z = 0 to z = 5 


8 J J sin <j> d <j> dz 


• ■ 

h 


F-dS = 



Example S 

Evaluate F • dS where F is the field x 2 i - yj + 2zk and S is the surface 

Js 

2x + y + 2z = 2 bounded by x = 0, y = 0, z = 0 in the first octant. 

We can sketch the diagram by putting x = 0, y = 0, z = 0 in turn in 
the equation for 5. 


When x = 0 

y + 2z = 2 


y = 0 

x + z= 1 

1 X 

1 

rH 

II 

N 

z = 0 

2x -f y = 2 

CN 

1 

csi 

II 


So the diagram is 
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F = x z i — yi + 2zk; <j>: 2x + y + 2z — 2 = 0 
V0 = ^i + ^j + ^k =2i + j + 2k |V0| = 3 

F • dS = f F ■ n dS 

Js Js 

=. (next stage) 



Because 

[ F- ndS = f ( x 2 i — y\ + 2zk) * i(2i + j + 2k)d5 
Js Js 3 

= M (2x 2 -y + 4z)dS 

If we now project the element of surface dS onto the x-y plane 
&R = dScoS 7 cos 7 = n • k dR = nkd5 dS = 

n * k 

n-k =^(2i + j + 2k) • (k) =| dS = ^ dx&y 

* A 

Using these new relationships, F • dS = F • n cLS 

Js Js 
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1 

- ( 2x 2 - y + 4z) 6x dy 
rj 2 


Because 


f F ■ n dS = ^ [ ( 2x 2 -y + 4z)dS 
is 3 J$ 


\ (2x z -y + 4z)^ dxdy 
3 J z 


= -J J (2x —y + 4z) d* dy 
Limits: y = 0 to y = 2 - 2x; x = Otox=l 

f 1 fl |*2—2 a 

F*ndS = - (2x 2 — y + 4z)dydx 

JS 2 Jo Jo 


But 2x + y + 2z = 2 z — - (2 — 2x - y) 


• i/" 


Complete the integration 


Here is the rest of the working. 


* i <*1 |* 2 — 2 a 

F • dS = FndS = - {2x 2 - y + 4 - 4* - 2y) dydx 

. S . S 0 * 0 


1 p2—2 a 


0 JO 


(2x 2 - 4x + 4 - 3y) dy dx 


\ j Q \(2x z -4x + 4)y- 


2 -i 2-2 a 


1 f 1 

\ (4^ : 

z Jo 

l r 1 

~ (6*- 
z Jo 


- 8* + 8 - 4x 3 + 8* 2 -8x - 6 + 12* - 6x 2 ) dx 


- 4x 3 — 4x + 2) dx 


[V 

Jo 


- 2* 3 - 2x + 1) dx 


x J ~ — -x* + x = - 

2 n 2 


While we are concerned with vector fields, let us move on to a further 
point of interest. 



Vector analysis 2 

Conservative vector fields 


In general, the value of the line integral j F • dr between two stated 

points A and B depends on the particular path of integration followed. 

If, however, the line integral between A 
B and B is independent of the path of 
integration between the two end points, 
then the vector field F is said to be 
conservative. 



It follows that, for a closed path in a conservative field, j) F ■ dr = 0. 
C2_ 

/* B Because, if the field is conservative 


—— q 
^ ^2 


F-dr 

Jci(AB) 

But [ F • dr 

Jc 2 (BA) 


• c 2 (AB) 

J C9 (j 


F-dr 


F • dr 


Hence, for the closed path AB Cl + BAc 2 

oF • dr = [ F - dr + [ F • dr 

Jci(AB) Jc 2 (BA) 

= f F ■ dr - f F-dr 

Jci(AB) Jc 2 (AB) 

= f F-dr - [ F-dr = 0 

JcifAB) J Ci (AS) 


F • dr = 0 


Note that this result holds good only for a closed curve and when the 
vector field is a conservative field. 

Now for an example. 

Example 

If F = 2xyzi + x 2 z\ + x 2 yk, evaluate the line integral F-dr between 
A (0, 0, 0) and B (2, 4, 6) 

(a) along the curve c whose parametric equations are x = u, y = u 2 , 
z = 3u 

(b) along the three straight lines ci: (0, 0, 0) to (2, 0, 0); C 2 : (2, 0, 0) 
to (2, 4, 0); c 3 : (2, 4, 0) to (2, 4, 6). 

Hence determine whether or not F is a conservative field. 

First draw the diagram 
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(a) F = Zxyzi + x 2 z\ + x 2 yk 

x = u; y = u 2 ; z — 3 u 

dx = d u; d y = 2u d u; dz = 3 dw. 

F • dr = (Zxyzi + x 2 zj + x z yk) • (i dx + j dy + k dz) 

= 2xyzdx + x z zdy + x z ydz 

Using the transformations shown above, we can now express F • dr 
in terms of u. 

F • dr =. 



Because 

Zxyzdx = (2u)(u z )(3u) du = 6m 4 d u 
x 2 zdy = (u z )(3u)(2u) du = 6u 4 du 
x 2 y dz = ( u 2 ) (u 2 ) 3 du = 3 u 4 du 

F • dr = 6w 4 du + 6 m 4 du + 3 u 4 du = 15w 4 du 
The limits of integration in u are 
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j F ■ dr = J 15 m 4 d u = [3u s ]*= 96 | 


F - dr = 96 


(b) The diagram for (b) is as shown. We consider each straight line 
section in turn. 

6 ( 2 , 4 , 6 ) 


l c 3 


C 1 C; 


/a y 


v 


/ 


| F • dr = J( 2 xyz dx + x 2 z dy + x 2 y dz) 

Ci: ( 0 , 0 , 0 ) to ( 2 , 0 , 0 ); y = 0 , z = 0 , dy — 0 , dz = 0 


i 


Fdr = 0 + 0 + 0 = 0 


In the same way, we evaluate the line integral along C 2 and C 3 


JL 


F dr = 


k 

Jc 3 


F- dr = 


[47 J 


r 


F * dr = 0; 

F • dr = 96 

Jc 2 J 

c 3 


Because we have | F • dr = J(2*yz dx + x 2 z dy + x 2 y dz) 
C 2 : ( 2 , 0 , 0 ) to (2,4, 0 ); x = 2, z — 0 , dx = 0, dz 


= 0 


■i 

i 


Fdr = 0 + 0 + 0 = 0 


F • dr = 0 


c 3 : (2,4,0) to (2,4, 6 ); x = 2, y = 4, dx = 0, dy = 0 


[ F-dr — 0 + 0-f f 16dz = 
Jc 3 Jo 

1 


i 6 


= 96 


Jo 


F • dr = 96 


Collecting the three results together 


% i 


F • dr = 0 + 0 + 96 


Ci+C 2 +C 3 


> 

I • 

JI 


c l+ c 2+ c 3 


F • dr = 96 
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In this particular example, the value of the line integral is independent 
of the two paths we have used joining the same two end points and 
indicates that F may be a conservative field. It follows that 

f F ■ dr - f F • dr = 0 i.e. oF• dr = 0 

Jc JC1+C2+C3 

So, if F is a conservative field, oF • dr = 0 

Make a note of this for future use 

Two tests can be applied to establish that a given vector field is 
conservative. 

If F is a conservative field 

(a) curl F = 0 

(b) F can be expressed as grad V where V is a scalar field to be 
determined. 

For example, in the work we have just completed, we showed that 
F = 2xyzi + x 2 z\ + * 2 yk is a conservative field. 

(a) If we determine curl F in this case, we have 

curl F =. 


curl F = 0 


Because 


v/ V 

curl F = 7 T- TT” TT~ 


curl F = 


• • 

i I 

d_ d_ 

dx dy 

2xyz x 2 /, 

(x 2 - x 2 )i 

0 


x 2 y 


- ( 2 xy - 2xy)j + ( 2 xz - 2 xz)k = 


(b) We can attempt to express F as grad V where V is a scalar in x, y, z. 
If V = f(x , y, z) 

. jj dv. dv. dv , 

grad V = — 1 +— j + —-k 
6 dx dy 9 dz 

and we have F = 2xyzi + x 2 zj + * 2 yk 

dV , 

= 2 x y z v = x z yz + f(y,z) 


" dx 
dV 

dy 

dV 


= x 2 z 


= x 2 y 


• V = 

• • w 


v = 


We therefore have to find a scalar function V that satisfies the 
three requirements. V =. 
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Because 



V = x 2 yz + f (y, z) 

V = x 2 yz + g(x, z) 

V = x 2 yz + h(x, y) 


These three are satisfied if f (y, z) = g(z, x) = h(x, y) = 0 
F = grad V where V = x 2 yz 


So two tests can be applied to determine whether or not a vector 
field is conservative. They are 


(a) 

(b) 


(a) curl F = 0 

(b) F = grad V 

Any one of these conditions can be applied as is convenient. 
Now what about these? 

Exercise 

Determine which of the following vector fields are conservative. 

(a) F = (x + y)i + (y - z) j + (x + y + z)k 

(b) F = (2 xz + y) i + (z + x)j + (. x 2 + y) k 

(c) F = ysinzi + xsinzj + (xycosz + 2z)k 

(d) F = 2xyi + (x 2 + 4yz) j + 2y 2 zk 

(e) F = ycosxcoszi + sinxcoszj -ysinxsinzk. 

Complete all five and check your findings with the next frame. 
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Divergence theorem 
fGauss r theorem) 



In general, this means that the volume integral (triple integral) on the 
left-hand side can be expressed as a surface integral (double integral) 
on the right-hand side. Let us work through one or two examples. 


Example 1 

Verify the divergence theorem for the vector field F = x z i + zj + yk 
taken over the region bounded by the planes z = 0, z = 2, x = 0, x = 1, 
y = 0, y = 3. 

Start off, as always, by sketching the relevant diagram, which is 





U3-- 


dV = dxdydz 
We have to show that 


f di 

Jv 


divFdy 


F-dS 


(a) To find f div FdV 
Jv 


div:F- V ■ F - i + ±± k ) • (A?i+zj+ >*) 

”s < * 2)+ l; (z)+ Ji M=2 * +0+0=2x 


div FdV — [ 2xdV = 
. v Jv 


2xdzdydx 


Inserting the limits and completing the integration 

f div FdV =.. 
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div F dV = 6 


Because 


divFd^ 


el i*d el el e3 r "I ^ 

= 2x dzdydx = 2xz dydx 

Jo Jo Jo Jo Jo L J 0 

*1 - " 3 el 1 

= 4 xy dx = 12x dx = 6x z = 6 

Jo L Jo Jo L Jo 


Now we have to find J F • dS 

(b) To find [ F• dS i.e. [ F • ndS 

Js Js 



The enclosing surface S consists of six separate plane faces denoted 
as Si, S 2 , -.., S 6 as shown. We consider each face in turn. 

F = x 2 i + zj + yk 

( 1 ) Si (base): z = 0 ; n = -k (outwards and downwards) 

F = x z i + yk dSi—dxdy 


■ i 

JSi 


F-ndS 


JSi 
1 r3 


(x 2 i + yk) • (—k)dydx 


*i eo 

(-y)dyd* 

Jo Jo 

fir y 2-|3 

- 4 - dx 
Jo L z Jo 


n = k 


dS 2 = dxdy 


■i 


FndS 


( 2 ) S 2 (top): z = 2 ; 
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Because 


» A I 

FndS = (* z i + 2j + yk)-(k)dyd* 

'59 J J So 


JS 2 

X |»3 g 

ydydx — - 
0 Jo L 


So we go on. 

(3) S 3 (right-hand end): y = 3; 
F = x 2 i + zj + yk 


n = i 


dS 3 = dx dz 


[ F ndS=[[ (* 2 i + zj + 3k) • (j)dzdx 

JS^ J J Sx» 


1 <*2 


zdzd* 


0 JO 


f 1 [z 2 l 2 f 1 

= — ck= 2dx = 2 

Jo|_ z Jo Jo 


(4) S 4 (left-hand end): y = 0; 


[ F-ncLS = 


dS 4 = dx dz 



Because 


1 * 2 i 

[ F ncLS = (x 2 i+ zj+ yk) • (-j) dzcU = (-z)dzd* 

J S& * < 5a *. 0 *. 0 


= Jl[-^]„ dX = Jo < - 2)djI 


= -2 


Now for the remaining two sides S s and S&. 
Evaluate these in the same manner, obtaining 


f F n 

JSs 


dS = 


F-ndS 
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[57 j 



Check: 

(5) 55 (front): x — 1; 


i 


F-ndS 


(6) Sg (back): x 0; 

F • ndS = 


k 


n = i dSs = dydz 

i 

(i + zj+yk) • (i)dydz = 

5s 

n = -i dS6 — d y dz 

(zj + yk) • (-i)dydz = 
5 6 


5s 


1 dy dz = 6 


56 


Odydz = 0 


Now on to the next frame where we will collect our results together 
For the whole surface 5 we therefore have 


F- dS=-^ + ^ + 2-2 + 6 + 0 = 6 
s z z 


I 

and from our previous work in section (a) div Fdy = 6 

Jv 

We have therefore verified as required that, in this example 


* 

di 

Jv 


divFdV" = F • dS 


b 

.5 


We have made rather a meal of this since we have set out the working 
in detail. In practice, the actual writing can often be considerably 
simplified. Let us move on to another example. 



Example 2 

Verify the Gauss divergence theorem for the vector field 
F = xi + 2j + z 2 k taken over the region bounded by the planes z = 0, 
z = 4, x = 0, y = 0 and the surface x 2 + y 2 = 4 in the first octant. 



Divergence theorem 
| divFdV r = | F dS 

5 consists of five surfaces 
5i, 5 2 ,..., 55 as shown. 


(a) div F = V • F = 


d . d . d 

dx 1 + dy , + az k 


(xi + 2j + z z k) 
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1 + 2 z 



C i* ■ 

divFdV r = VFdV r = (1 + 2z)dxdydz 
Jv Jv J J Jv 


Changing to cylindrical polar coordinates (p, <j>, z) 
x = pcos(j> y = /9sin0 z — z dV = pdpd(j)dz 
Transforming the variables and inserting the appropriate limits, 

1% rv tt/^\ 


we 



div F dV = 


Finish it 



Because 

div F dV 


% 

dr 

Jv 


J 7r/2 1*2 i*4 

(1 + 2z) dzpdpdcj) 

o Jo Jo 


1*7t/2 1*2 

= Jo JoL Z + Z 

i*7t/ 2 r i 2 


- 4 |*7r/2 1*2 

p dp d(f) = 20 p dp d (j> 

. o Jo Jo 


*7T/ 2. r 

10 P 2 d<j> = 

Jo L Jo 


mt/2 


40 d(j> = 207r 


o 


(i) 


(b) Now we evaluate F • dS over the closed surface. 

«/ i 



The unit normal vector 
for each surface is shown. 

F = xi + 2j + z 2 k 


(1) Si: z = 0; n=— k F = xi + 2j 

f F-ndS=f (*i + 2j) (-k)dS = 0 

Jsi Jsi 
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(2) S 2 : z = 4; 


F = xi + 2j + 16k 


FndS = [ (xi + 2j + 16k)-(k)dS= I 16dS 
J.s’, Js 2 


1&7T 


In the same way for 53 : F • n dS 

Js, 


and forS 4 : F-n 

1S4 


FndS = —16; 


f F• ndS = 0 

JSd 




Because we have 

(3) S 3 : y = 0; 


F = xi + 2j + z 2 k 


FndS 


/. f F n dS = [ (xi + 2j + z 2 k) • (—j) dS 

JS3 JS3 

= f (—2) dS = —2(8) = —16 
Js 3 

: x = 0; n = -i F = 2 j + z 2 k 

k A 

F ■ n dS = (2j + z 2 k) • (-i) dS = 0 

i 1S4 i tSa 


(4) S 4 : * = 0; 


Finally we have 
(5) S 5 : * 2 H- y 2 - 4 = 0 


n = -(xi + yj) 


Because 


x 2 + y 2 — 4 = 0 


VS _ 2xi + 2yj _ xi + yj 
I VS | yj4x 2 + 4y 2 2 



F nd5 = (xi + 2j + z 2 k)- = (x 2 + 2y)dS 

Converting to cylindrical polar coordinates, this gives 


FncLS 
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Because we have 
d S 


* 1 f 

F • n dS = ^ (x 2 + 2y) 

.. Ss "» 5s 


dS 


'•$5 

also 


'5 S 

x = 2cos (f>; 
z = z; 


y = 2sin(j) 
dS = 2 d<£ dz 


L 


F • ndS = — 
2 


o J 


7t/2 


0 


(4 cos 2 0 + 4 sin 0) 2 d<£ dz 


A ptc (2 

= 2 {(1 + cos2 cj)) + 2sin^)}d^dz 

* 0 » 0 

sin 2<j> 


2f |(tf- 

Jo 

.4 


W2 


- 2 cos (j> 


dz 


Jo 


= 2| (| + 2)dz = 47r+16 

Therefore, for the total surface S 

F - n dS = 0 + 167 t — 16 + 0 + 47r + 16 


j 

JV 


Js 


20tt 


divFdV 


1 


F • dS = 20 t r 


( 2 ) 


Other examples are worked in much the same way. You will remember 
that, for a closed surface, the normal vectors at all points are drawn in 
an outward direction. 


Now we move on to a further important theorem. 


Stokes r theorem 






If F is a vector field existing over an 
open surface S and around its 
boundary, closed curve c, then 

| curl F • dS = j) F - dr 


This means that we can express a surface integral in terms of a line 
integral round the boundary curve. 

The proof of this theorem is rather lengthy and is to be found in the 
Appendix. Let us demonstrate its application in the following 
examples. 
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Example 1 

A hemisphere S is defined by x 2 + y 2 + z 2 = 4 (z > 0). A vector field 
F = 2yi - xj 4- xzk exists over the surface and around its boundary c. 

Verify Stokes' theorem, that J curl F • dS = j> F • dr. 

S : x 2 + y 2 + z 2 - 4 = 0 
F = 2yi — xj + xzk 
c is the circle x 2 + y 2 = 4. 

c 



o F ■ dr = [ (2yi - xj + xzk) • (i dx + j dy + k dz) 
Jc Jc 

= | (2y dx - x dy + xz dz) 


Converting to polar coordinates 

x = 2cos0; y = 2sin^; z = 0 

dx = -2 sin 9 d 0; dy = 2 cos 0 d0; Limits 0 = 0 to 2 tt 

Making the substitutions and completing the integral 

J) F • dr =. 





o 


On to the next frame 
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(b) Now we determine j curl F • dS 

curl F • dS = | curl F ■ 


curl F • dS = j curl F ■ n dS F = 2yi - x j + xzk 
curl F =. 


curl F = -zj - 3k 


Because 


1 j k 

curlF =^ ^ ~ =i(0-0)-j(z-0) + k(-l-2) = - 2 j -3k 

2 y -x xz 


Now n = 


VS _ 2xi + 2yj + 2zk _ xi + yj + zk 
| VS | ^/4x 2 + 4y 2 4- 4 z 2 2 

17 C _ f / rrS Y\ 


Then J curl F • ndS = | (-zj - 3k) • ( * l + > \ + zk ^ dS 

= \\ (~y z ~ 3z) dS 

J s 

Expressing this in spherical polar coordinates and integrating; we get 

| curl F • ndS =. 


— 127T 


Because 


x = 2sin0cos0; y = 2sin0sin<£; z = 2cos0; dS = 4sin0d0d<£ 
f Iff 

curlF ndS = - (-2sin0sin<£ 2cos0 - 6cos0)4 sin0d0d<£ 

Js ZJsJ 


|“27T P7t/2 

-4 (2 sin 2 0 cos 0 sin 0 + 3 sin 0 cos 0) d0 d <j> 

Jo Jo 

. ( 2ir [2 sin 3 0 sin ^ 3 sin 2 01 ^ 

- 4 J„ —3 + — „ d * 


2 sin 3 0 sin <j> 3 sin 2 01 ,, 

+ —j„ * 


2?r /2 

= -4 sin<£ + ^J d^ = -12 tt 
S o we have from our two results (1) and (2) 


curl F • dS 


= o 
J c 


F-dr 


Before we proceed with another example, let us clarify a point relating 
to the direction of unit normal vectors now that we are dealing with 
surfaces. 

So on to the next frame 
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When we were dealing with the divergence theorem, the normal 
vectors were drawn in a direction outward from the enclosed region. 

With an open surface as we now have, there is in fact no inward or 
outward direction. With any general surface, a normal vector can be 
drawn in either of two opposite directions. To avoid confusion, a 
convention must therefore be agreed upon and the established rule is 
as follows. 



c 


A unit normal n is drawn perpendicular to the surface S at any point in 
the direction indicated by applying a right-handed screw sense to the 
direction of integration round the boundary c. 

Having noted that point, we can now deal with the next example. 

Example 2 

A surface consists of five sections formed by the planes x = 0, 
x — l t y = 0, y = 3, z = 2 in the first octant. If the vector field 
F = yi + z 2 j + xyk exists over the surface and around its boundary, 
verify Stokes' theorem. 



If we progress round the boundary along ci, c 2 , c 3 , c 4 in an anti¬ 
clockwise manner, the normals to the surfaces will be as shown. 

We have to verify that j curl F • dS = j) F • dr 
(a) We will start off by finding j) F • dr 
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F • dr = j(y dx + z 2 dy + xydz) 


(1) Along Ci: y — 0; z — 0; dy = 0; dz = 0 


I I 

Fdr = (0 + 0 + 0) = 0 

« Ci « 


(2) Along Cz '. x = 1; z = 0; dx = 0 ; dz = 0 


* A 

F - dr = (0 + 0 + 0) = 0 

i C9 1 


In the same way 


F ■ dr =. and 


F-dr 


F • dr 


* 

-3; 

Jc 


F • dr = 0 


Because 

(3) Along C 3 : y — 3; z — 0; dy = 0; dz = 0 


J o 

(3 dx + 0 + 0) 
1 


(4) Along c 4 : x = 0 ; z = 0 ; dx = 0; dz = 0 


dr = (0 + 0 + 0 ) = 0 

X 


Fdr = 0 + 0- 3 + 0 = —3 


F-dr = -3 


(b) Now we have to find curl F • dS. 

J5 


First we need an expression for curl F. 

F = yi + z 2 ) 4- xyk 
curl F =. 
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curl F = (x - 2z)i - y\ - k 


Because 


curl F 


i i k 

d d d 

= VxF=t- -5- w~ 
dx dy dz 

y z 2 xy 

~i(x — 2z) — j (y — 0 ) + k (0 


- 1 ) = (x - 2z)i - y\ - k 


Then, for each section, we obtain curl F • dS = | curl F ndS 

1 




( 1 ) Si (top): n = k 




curl F • n dS = 


Because 


curl F • n dS = f {(x - 2z)i —y\ - k } • (k) dS 

JSi 

= f (—l)dS = — (area of Si) — —3 
Jsi 


Then, likewise 

( 2 ) S 2 (right-hand end): n = j 


[ curl F • ndS = f {{x - 2z)i -yj - k} • (j) 
Js 2 Js 2 

= f (-y) <u 

Js 2 

But y = 3 for this section 

* f* 

curl F • ndS = (—3) cLS = (—3)(2) = —6 

Js 2 Js 2 

(3) S 3 (left-hand end): n = -j 


■■i 


curl F -ndS = 
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curl F • n cLS = -6; 


curl F ■ ndS = 12 


Because 


(4) S 4 (front): n = i 


curlF-ndS=[ {{x - 2z)i - yj - k} • (i) 

i Sa JSd 


k 

= (x — 2 z) 

«. Sd 


But x = 1 over 5 4 


■■■i 


curl F • n dS = 


f f (l-2z)dzdy= f \z-z 2 ] dy 
Jo Jo Jo L Jo 

\\-2)dy=\-2y} 3 =-6 
Jo L Jo 


(5) 55 (back): n = -i with x = 0 over Ss 


Similar working to that above gives curl F • n dS = 

J^5 

Finally, collecting the five results together gives 


curl F • n dS = 
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( 2 ) 

So, referring back to our result for section (a) we see that 

[ curlF-dS = o F • dr 

JS Jc 

Of course we can, on occasions, make use of Stokes' theorem to lighten 
the working - as in the next example. 

Example 3 

A surface S consists of that part of the cylinder x 2 + y 2 = 9 between 
z = 0 and z = 4 for y > 0 and the two semicircles of radius 3 in the 

planes z = 0 and z = 4. If F = zi + xyj + xzk, evaluate curl F • dS 

Js 

over the surface. 

The surface S consists of three sections 

(a) the curved surface of the cylinder 

(b) the top and bottom semicircles. 

We could therefore evaluate 
| curl F • dS 

over each of these separately. 

However, we know by Stokes' theorem 
that 

| curl F • dS =. 





Now we can work through this easily enough, taking ci, C 2 , c 3 , c 4 in 
turn, and summing the results, which gives 

| curl F • dS = (j) F • dr =. 
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Here is the working in detail, j) F ■ dr = j) (z dx + xy dy 4 - xz dz) 

( 1 ) ci: y — 0 ; z = 0 ; dy = 0 ; dz = 0 

[ F • dr = f (0 + 0 + 0) = 0 

JCi Jc! 

(2) C 2 : * = -3; y = 0; dx = 0; dy = 0 

r f r—3 z 2 i ^ 

F • dr = (0 + 0 - 3zdz) = =-24 

Jc 2 Jc 2 L 2 Jo 

(3) C 3 : y = 0; z = 4; dy = 0; dz = 0 

F • dr = (4 cbc + 0 + 0) = f 4 cU = 24 

Jci J J—3 


(4) c 4 : x = 3; y = 0; dx = 0; dy = 0 

1 r^z 2 ! 0 

F • dr = (0-h0 + 3zdz)= — : 

Jc 4 Jc 4 L 2 A 


Totalling up these four results, we have 
I F • dr == 0 - 24 + 24 - 24 = -24 


-24 


But curl F • dS 


= o 

. c 


F • dr 


•■■j, 


curl F • dS = -24 


This working is a good deal easier than calculating j curl F • dS over 
the three separate surfaces direct. 

So, if you have not already done so, make a note of Stokes' theorem: 


curl F • dS 


-i 


F • dr 


Then on to the next section of the work 
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Green's theorem enables an integral over a plane area to be expressed 
in terms of a line integral round its boundary curve. 

We showed in Programme 14 that, if P and Q are two single-valued 
functions of x and y, continuous over a plane surface S, and c is its 
boundary curve, then 

| c (Pd, + Qd,)=jj s (f-|)d,d 7 

where the line integral is taken round c in an anticlockwise manner. 
In vector terms, this becomes: 



X 


5 is a two-dimensional space 
enclosed by a simple closed 
curve c. 

dS = dxdy 

dS = ndS = k dxdy 


If F = Pi + Qj where P = P(x, y) and Q = Q(x, y) then 

curl F =. 


OQ_dF 
dx dy j 


Because 

i i k 

d d d 
curl F= — — — 
dx dy dz 

P Q 0 

dQ\ 


.( n dQ\ ./ dP\ , fdQ dP\ 

\ dz) , (° dz) + [dx dy) 

But in the x-y plane, ^ = ^ = 0. curl F = k ^ 

dz dz \dx dy j 

So j curl F • dS = j curl F • ndS and in the x-y plane, n = k 


•• l 
'• 1 


curl F • dS = 


curl F • dS = 


f , fdQ dl 

“Wars, 

f (HQ _ 

Js\d* dy. 


dQ dP\ ff fdQ dP\ . 


dxdy 


Now by Stokes' theorem 
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7T — 4 


Because we have 


| (Pchc + Qdy) = | |4 + (* + 2V4 - x 2 ) 


u 


4-2x — 


x 2 \ 


Putting x = 2 sin 9, V4 — x 2 = 2 cos 9 Ax = 2 cos 6 dd 


Limits: x = 2, 9 = -; x = 0, 9 = 0. 

f (P«Lt + Qdy)=f |4-4sin0 

Jcz Jtt/2 L 


4sin 2 0' 
2 cos 9 


2 cos 0 d 0 


4 2sin 9 - sin 2 O-^fo- 

2 V 2 


<-(*-*-3] 


— 7T — 4 


Finally 

(3) C 3 : * = 0; dx = 0 


f f^ r i° 

(Pdx + Qdy)= 2ydy = y 2 — -4 
Jc 3 J2 L J 2 

Collecting our three partial results 
|(Pdx + Qdy)=^ + 7r-4-4 = 7r-^ 

That is one part done. Now we have to evaluate J j 


' 

s\9x 


f)^ 


2 1 ,2 


p = x L + y 


Q = x + 2y 


dP „ 
'• dy~ 2y 

■ ®Q = i 

" dx 


J L (w - f) * ^=J i (i - ^ 


It will be more convenient to work in polar coordinates, so we make 
the substitutions 

x = rcos9; y = rsin9; dS = dxdy = rdrd9 

(1 - 2 rsin 0 )r drd 0 



Complete it 
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Here it is: 


(g-D^nV- 2 ^, drd» 


-r 


/ 2 r r 2 ?r 3 l 2 

sinfll d0 

0 [Z 3 


0 

d0 


= fzfl + ^COSflT 7 = tt-^ 


So we have established once again that 

l^ + Qdrt-jJ^g-D^d). 


( 2 ) 


And that brings us to the end of this particular Programme. We have 
covered a number of important sections; so check carefully down the 
Revision summary and the Can You? checklist; and then work 
through the Test exercise that follows. The Further problems 
provide valuable additional practice. 




Revision summary 18 

1 Line integrals 

(a) Scalar field V: [ V dr 


The curve c is expressed in parametric form, 
dr = idx + j dy + k dz 


(b) Vector field F: j F • dr 

F = F x i + F y j + F z k 
dr = i dx + j dy + k dz 
F ■ dr = F x dx + F y dy + F z dz 


2 Volume integrals 

F is a vector field; V a closed region with boundary surface S. 

r f*2 ryz fZz 

Fdy = Vdzdydx 

JV Jx i Jyi Jz i 
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Surface integrals (surface defined by y, z) — constant) 

(a) Scalar field V(x, y, z): 

V0 grad (p 


» » 

VdS= VndS; 
Js Js 


n 


|V0| |grad <f >1 


(b) Vector field F = F x i + F y j + Fzk: 


1 


F • dS 


| F-ndS; 


n 


|V^| 


4 Polar coordinates 

(a) Plane polar coordinates (r, 9) 



(b) Cylindrical polar coordinates (p, 6, z) 



x = pCOS(j) 
y = psin(j> 
z — z 

dS = pdcj) dz 
dV = pdpd(j)dz 


(c) Spherical polar coordinates (r, 0 ; <j>) 



x = rsin9cos<j) 
y = rsintfsin^ 
z = rcos0 
dS = r 2 sin 0 d0 d <j> 
dV = r 2 sin 0 dr d0 d <j> 


5 Conservative vector fields 

A vector field F is conservative if 

(a) | F • dr = 0 for all closed curves 

(b) curl F = 0 

(c) F = grad V where V is a scalar. 
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6 Divergence theorem (Gauss theorem) 



7 Stokes' theorem 


Closed surface S enclosing a 
region V in a vector field F. 

div F dV = f F-dS 

v is 



An open surface S bounded by 
a simple closed curve c, then 



curl F • dS = cl F ■ dr 


J c 



The curve c is a simple closed 
curve enclosing a plane space 
S in the x-y plane. P and Q are 
functions of both x and y. 


(Pdx + Qdy). 



Can You? 



Checklist 18 


Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that Frames 

you can: 


• Evaluate the line integral of a scalar and a vector field in 
Cartesian coordinates? 

Yes □ □ □ □ □ No 

• Evaluate the volume integral of a vector field? 

Yes □ □ □ □ □ No 
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• Evaluate the surface integral of a scalar and a 
vector field? 

Yes □ □ □ □ □ No 


• Determine whether or not a vector field is a 
conservative vector field? 


□ 

□ 

□ 

& 

£ 

□ 

□ 

No 

• Apply Gauss' divergence theorem? 


£ 

□ 

□ 

n 

n 

□ 

No 

• Apply Stokes' theorem? 
Yes □ □ □ 

□ 

□ 

No 


• Determine the direction of unit normal vectors to a 
surface? 

Yes □ □ □ □ □ No 

• Apply Green's theorem in the plane? 

Yes □ □ □ □ □ No 










Test exercise 18 


1 If V = x 3 y + 2xy 2 + yz, evaluate J V dr between A (0, 0, 0) and 

B (2, 1, - 3) along the curve with parametric equations x — 2t,y — t 2 , 
z = -3t 3 . 



F dr along the curve 


If F = x 2 y 3 i + yz 2 j + zx 2 k, evaluate 

x = 3 u 2 , y = u,z = 2u 3 between A (3, - 1, - 2) and B (3,1,2). 

Evaluate F dV where F = 3i + zj + 2yk and V is the region bounded 

Jv 

by the planes z = 0, z = 3 and the surface x z + y 2 = 4. 


4 


If V is the scalar field V = xyz 2 , evaluate 
defined by x z + y 2 = 9 between z — 0 and z 


J ydS over the surface S 
— 2 in the first octant. 


5 Evaluate j F * dS over the surface S defined by x z + y z + z 2 = 4 for z > 0 

and bounded by x = 0, y = 0, z = 0 in the first octant where 
F = xi + 2zj+yk. 
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6 Determine which of the following vector fields are conservative. 

(a) F = (2xy + z)i + (x 2 + 2yz )j + (x + y 2 )k 

(b) F = (yz + 2y)i + (xz + 2x) j + (xy + 3)k 

(c) F = (yz 2 + 3)i + (xz 2 + 2)j + (2xyz + 4)k. 

7 By the use of the divergence theorem, determine J F dS where 

F = xi + *yj + 2k, taken over the region bounded by the planes 

z = 0, z = 4, x = 0, y — 0 and the surface x 2 + y 2 = 9 in the first octant. 

8 A surface consists of parts of the planes x = 0, x = 2, y = 0, y = 2 and 
z = 3 - y in the region z > 0. Apply Stokes' theorem to evaluate 

| curl F • dS over the surface where F = 2xi + xz\ + yzk where S lies in 
the z = 0 plane. 

9 Verify Green's theorem in the plane for the integral 
j> { (xy 2 - 2x)dx + (x + 2xy 2 )dy} 

where c is the square with vertices at (1, 1), (-1, 1), (-1, - 1) and 
( 1 , - 1 ). 



Further problems 18 


1 If V = x 2 yz, evaluate J V dr between A ( 0 , 0 , 0 ) and B ( 6 , 2, 4) 

(a) along the straight lines ci: ( 0 , 0 , 0 ) to ( 6 , 0 , 0 ) 

c 2 : ( 6 , 0 , 0 ) to ( 6 , 2, 0 ) 
c 3 : ( 6 , 2, 0) to ( 6 , 2, 4) 

(b) along the path C 4 having parametric equations x = 3t,y = t,z = 21. 

2 If V = xy 2 + yz, evaluate to one decimal place j V dr along the curve c 

having parametric equations x = 21 2 , y = 4t, z = 3t + S between 
A (0, 0, 5) and B ( 8 , 8 , 11). 

3 Evaluate to one decimal place the integral J (xyz + 4* 2 y) dr along the 

curve c with parametric equations x — 2u, y = u 2 , z — 3u 3 between 
A (2, 1, 3) and B (4, 4, 24). 

4 If F = xyi -hyzj + 3xyz\i, evaluate J F dr between A ( 0 , 2 , 0 ) and 
B (3,6,1) where c has the parametric equations x = 3u, y = 4u + 2, 
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5 F = x 2 i-2xyj + yzk. Evaluate j F *dr between A (2, 1, 2) and 

B (4, 4, 5) where c is the path with parametric equations x = 2u,y = u 2 , 
z = 3u — 1. 

6 A unit particle is moved in an anticlockwise manner round a circle with 
centre (0, 0, 4) and radius 2 in the plane z = 4 in a force field defined as 
F = (xy + z)i + (2x + y) j + (x + y + z)k. Find the work done. 

7 Evaluate FdV where F = i - yj -j- k and V is the region bounded by 

Jv 

the plane z — 0 and the hemisphere x 2 + y 2 + z 2 = 4, for z > 0. 

8 V is the region bounded by the planes x — 0, y = 0, z = 0 and the 
surfaces y = 4 — x 2 (z > 0) and y — 4 — z 2 (y > 0). 

If F = 2i + y 2 j - k, evaluate Fd\^ throughout the region. 

Jv 

9 If F = 3i + 2j - 2xk, evaluate F dV where V is the region bounded by 

Jv 

the planes y = 0, z = 0, z = 4 - y (z > 0) and the surface x 2 + y 2 = 16. 

10 A scalar field V = x + y exists over a surface S defined by 

x 2 + y 2 + z 2 = 9, 

bounded by the planes x = 0, y — 0, z = 0 in the first octant. Evaluate 
| V dS over the curved surface. 

11 A surface S is defined by y 2 + z = 4 and is bounded by the planes 
x = 0, x = 3 ; y = 0, z = 0 in the first octant. Evaluate j F dS over this 
curved surface where V denotes the scalar field V = x 2 yz. 

12 Evaluate j curl F • dS over the surface S defined by 2x + 2y + z = 2 and 

bounded by x = 0, y — 0, z = 0 in the first octant and where 
F = y 2 i + 2 yzj + xyk. 

13 Evaluate J F • dS over the hemisphere defined by x 2 + y 2 + z 2 = 25 

with z > 0, where F = (x + y )i — 2zj + yk. 

14 A vector field F = 2xi + zj + yk exists over a surface S defined by 
x 2 + y 2 + z 2 = 16, bounded by the planes z = 0, z = 3, x = 0, y — 0. 

Evaluate j F • dS over the stated curved surface. 
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15 Evaluate J F • dS, where F is the vector field x z i + 2zj - yk, over the 

curved surface S defined by x 2 + y z = 25 and bounded by z — 0, z = 6, 
y > 3. 

16 A region V is defined by the quartersphere x z +y z + z z = 16, z > 0, 
y > 0 and the planes z = 0, y = 0. A vector field F = xyi + y 2 j + k exists 
throughout and on the boundary of the region. Verify the Gauss 
divergence theorem for the region stated. 

17 A surface consists of parts of the planes x = 0, x = l, y = 0, y = 2, z=l 
in the first octant. If F = yi + x 2 zj + xyk, verify Stokes' theorem. 

18 S is the surface z — x z + y z bounded by the planes z — 0 and z = 4. 
Verify Stokes' theorem for a vector field F = xyi + x 3 j + xzh . 

19 A vector field F = xyi + z z j + xyzk exists over the surfaces 

x z + y 2 + z z = a 2 , x = 0 and y = 0 

A » 

in the first octant. Verify Stokes' theorem that curl F • dS = o F • dr. 

JS Jc 

20 A surface is defined by z 2 = 4(x 2 + y 2 ) where 0 < z < 6. If a vector field 
F = zi + *y 2 j + x 2 zk exists over the surface and on the boundary 

» A 

circle c, show that o F • dr = curl F • dS. 

Jc Js 

21 Verify Green's theorem in the plane for the integral 

| {(* - y) - (y 2 + *y) &y} 

where c is the circle with unit radius, centred on the origin. 



V*. 'Mi l' 
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Learning outcomes 

When you have completed this Programme you will be able to: 

• Derive the family of curves of constant coordinates 
for curvilinear coordinates 

• Derive unit base vectors and scale factors in 
orthogonal curvilinear coordinates 

• Obtain the element of arc d s and the element of 
volume dV in orthogonal curvilinear coordinates 

• Obtain expressions for the operators grad, div and 
curl in orthogonal curvilinear coordinates 
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This short Programme is an extension of the two previous ones and 
may not be required for all courses. It can well be bypassed without 
adversely affecting the rest of the work. 


Curvilinear coordinates 


Let us consider two variables 
u and v, each of which is a 
function of x and y 

i.e. u = f(x, y) 

V = g{x, y) 

If u and v are each assigned a 
constant value a and b, the 
equations will, in general, 
define two intersecting curves. 

If u and v are each given several such values, the equations define a 
network of curves covering the x-y plane. 





A pair of curves u = a T and v = b T pass through each point in the plane. 
Hence, any point in the plane can be expressed in rectangular 
coordinates (x, y) or in curvilinear coordinates (u, v). 

Let us see how this works out in an example ; so move on 
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Example 1 

Let us consider the case where u — xy and v = x 2 - y. 



(a) With u = xy, if we put u = 4, then y — - and we can plot y against x 
to obtain the relevant curve. 

Similarly, putting u — 8, 16, 32, ... we can build up a family of 
curves, all of the pattern u = xy. 


X 

0*5 

10 

20 

30 

4*0 

y 

U - 

= 4 

8 

4 

2 

1-33 

1*0 


U - 

= 8 

16 

8 

4 

2-67 

2 


u - 

= 16 

32 

16 

8 

5-33 

4 


u - 

= 32 

64 

32 

16 

10*67 

8 


If we plot these on graph paper between x = 0 and x = 4 with a 
range of y from y — 0 to y — 20, we obtain 




Note that each graph is labelled with its individual u- value. 

(b) With v — x 2 - y, we proceed in just the same way. We rewrite the 
equation as y — x 2 - v; assign values such as 8, 4, 0, -4, -8, -12, 
-16,... to v; and draw the relevant curve in each case. If we do 
that for x = 0 to x = 4 and limit the y-values to the range y = 0 to 
y = 20, we obtain the family of curves 
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The table of function values is as follows. 


X 


1 

2 

3 

4 

y 

V = 

8 

-8 

-7 

-4 

1 

8 


V = 

4 

-4 

-3 

0 

5 

12 


V = 

0 

0 

1 

4 

9 

16 


V = 

- 4 

4 

5 

8 

13 

20 


V = 

- 8 

8 

9 

12 

17 

24 


V = 

-12 

12 

13 

16 

21 

28 


V = 

-16 

16 

17 

20 

25 

32 


Note again that we label each graph with its own v-value. 

This again is a family of curves with the common pattern v = x 2 - y, 
the members being distinguished from each other by the value 
assigned to v in each case. 

Now we draw both sets of curves on a common set of x-y axes, 
taking 

the range of x from x = 0 to x = 4 
and the range of y from y = 0 to y = 20. 

It is worthwhile taking a little time over it - and good practice! 

When you have the complete picture, move on to the next frame 
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The position of any point in the plane can now be stated in two ways. 
For example, the point P has Cartesian rectangular coordinates x = 2, 
y — 8. It can also be stated in curvilinear coordinates u = 16, v = -4, 
for it is at the point of intersection of the two curves corresponding to 
u — 16 and v = -4. 

Likewise, for the point Q, the position in rectangular coordinates is 
x = 2*65, y = 5 0 and for its position in curvilinear coordinates we 
must estimate it within the network. Approximate values are u— 13, 
v = 2. 

Similarly, the curvilinear coordinates of R (x = 1*8, y = 14) are 
approximately 

u = .; v =. 



Their actual values are in fact u = 25-2 and v = -10-76. 

Now let us deal with another example. 

Example 2 

If u = x z 4- 2y and v = y - (x + l) 2 , these can be rewritten as 
y = \ (u - x z ) and y = v + (x + l) 2 . We can now plot the family of 
curves, say between x = 0 and x = 4, with u = 5(5)30 and v = -20(5)5, 
i.e. values of u from 5 to 30 at intervals of 5 units and values of v from 
-20 to 5 at intervals of 5 units. 

The resulting network is easily obtained and appears as 
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For P, the rectangular coordinates are (x = 2*18, y = 51) 
and the curvilinear coordinates are (u = 15, v = -5). 

For Q, the rectangular coordinates are . 

and the curvilinear coordinates are . 



Q: (x = 3*5, y = 3*0); {u = 18*5, v = -17) 


Orthogonal curvilinear coordinates 


If the coordinate curves for u and v forming the network cross at right 
angles, the system of coordinates is said to be orthogonal . The test for 
orthogonality is given by the dot product of the vectors formed from 
the partial derivatives. This is, if 


du dv du dv 
dxdx + dydy 


= 0 then u and v are orthogonal. 


Example 3 

Given the curvilinear coordinates u and v where u = xy and v = x 2 — y 2 
then 


u and v form a coordinate system that is 
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orthogonal 



Because 

du , du 

u — xy so 7— = v and — 
dx dy 


x, v = x 2 -y 2 so 77- = 2x and ^ = -2y. 
/ dx dy 

2xy = 0 and so u and v form a coordinate 


_ dudv dudv 

Then 77-77- + 77-77- = 2xy - 2xy = 0 and so u and v fori 
dx dx dy dy 

system that is orthogonal. 

Example 4 

Given the curvilinear coordinates u and v where u 
v = y - (x + l) 2 then 

u and v form a coordinate system that is .... 


= x 2 + 2y and 


not orthogonal 



Because 


u = x 4 + 2y so 7 - = 2x and 7 “ = 2, v = y - (x + l) 2 so — = —Z(x + 1) 

dx dy dx 

, dv 

and — = 1. 
dy 

Then 

dudv dudv 

7— — + —7^- = -4x(x + 1) + 2 ^ 0 and so u and v form a coordinate 
dxdx dydy 

system that is not orthogonal. 

Let us extend these ideas to three dimensions. Move on 


= -2 (x+l) 


Orthogonal coordinate systems 
in space 

Any vector F can be ex¬ 
pressed in terms of its 
components in three mu¬ 
tually perpendicular direc- 
tions, which have 
normally been the direc¬ 
tions of the coordinate 
axes, i.e. 

F = F x i + F y i+F z k 

where i, j, k are the unit vectors parallel to the x, y, z axes respectively. ^ 
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Situations can arise, however, where the directions of the unit 
vectors do not remain fixed, but vary from point to point in space 
according to prescribed conditions. Examples of this occur in 
cylindrical and spherical polar coordinates, with which we are already 
familiar. 


1 Cylindrical polar coordinates (p, 6, z) 
Let P be a point with cylindrical 
coordinates (p, <£,z) as shown. The 
position of P is a function of the 
three variables p , (j>, z 



(a) If (/> and z remain constant and p 
varies, then P will move out along 

dr 

AP by an amount — and the unit 

op 

vector I in this direction will be 
given by 


dr 




dp 


dr 

dp 



(b) If, instead, p and z remain constant and 0 varies, P will move 


round the circle with AP as radius 



— is therefore a vector along the 

d<p 

tangent to the circle at P and the unit 
vector J at P will be given by 



dr 

d(j> 
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(c) Finally, if p and <j> remain constant 

and z increases, the vector will 

dz 

be parallel to the z-axis and the 
unit vector K in this direction will 
be given by 


K = 


dr 

dz 


dr 

dz 


Putting our three unit vectors on to one diagram, we have 



Note that I, J, K are mutually perpendicular and form a right-handed 
set. But note also that, unlike the unit vectors i, j, k in the Cartesian 
system, the unit vectors I, J, K, or base vectors as they are called, are not 
fixed in directions, but change as the position of P changes. 

So we have, for cylindrical polar coordinates 


dr 




dp 


dr 




d(f> 

dr 




dz 


dr 

dp 

dr 

d(j> 

dr 

dz 


If F is a vector associated with P, then F(r) — Fpl + F(fJ + F Z K 
where F P , F h F z are the components of F in the directions of the unit 
base vectors I, J, K. 

Now let us attend to spherical coordinates in the same way. 
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2 Spherical polar coordinates (r, 0 , 0) 





P is a function of the three 
variables r, 6, 0. 


(a) If 0 and (/> remain constant and 
r increases, P moves outwards 

dr 

in the direction OP. — is thus 

dr 

a vector normal to the surface 
of the sphere at P and the unit 
vector I in that direction is 
therefore 

dr j dr 
~~dr / dr 

(b) If r and 0 remain constant and 
0 increases, P will move along 
the 'meridian' through P, i.e. 

dr 

— is a tangent vector to this 

circle at P and the unit vector 
J is given by 


(c) If r and 0 remain constant and (j> increases, P will move 


along the circle through P perpendicular to the z-axis 
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Once again, the three unit vectors at P (base vectors) are mutually 
perpendicular and form a right-handed set. Their directions in space, 
however, change as the position of P changes. 

A vector F associated with P can therefore be expressed as 
F = f r I + Fg J 4- F<p K where F Xf F$ f F$ are the components of F in the 
directions of the base vectors I, J, K. 

Both cylindrical and spherical polar coordinate systems are 


orthogonal 


Scale factors 


Collecting the recent results together, we have: 

1 For cylindrical polar coordinates, the unit base vectors are 
_ dr / dr 1 dr , _ dr 

x ~wJ Wf-^Sp vAlmh ’=Sp 


dr _ 1 dr 

dp h p dp 

dr 1 dr 

d(j> dcj) 

dr 1 dr 

dz h z dz 


where h rh = — 


where h, = 


For spherical polar coordinates, the unit base vectors are 

dr I dr \ dr dr 

1 = = j-— where h r = — 

dr / dr h r dr dr 

dr / dr 1 dr „ , dr 


dr 1 dr 

dQ lfig dO 

dr _ 1 dr 

d(j> d(j> 


where hg = ^ 
dO 


X U* - , l/A 

= t-tt- where }u = —- 


In each case, h is called the scale factor. 


Move on 
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Scale factors for coordinate systems 

1 Rectangular coordinates (x, y, z) 

With rectangular coordinates, h x — h y = h- 

2 Cylindrical coordinates (p, 4>, z) 



P (p/ <!>/ z) 


xi + yj + zk 
p COS (j> 
psm(j> 


r = /9Cos^i + /9sin0j + zk 

dr / dr _ 1 dr 

dp / dp h p dp p 


dr j dr _ 1 dr 
d<j> / d<f) h<f) d(j> 


= — = I cos 6 i + sin <f> 1 
dp 

= (cos 2 (j) + sin 2 4>)^ 2 = 1 


fo, 


h. 


_ dr / dr _ 1 dr 
dz / dz h z dz 


h p = 1; lu = p; fo z = 




= | -/9sin^i + p cos <^> j 


(p 2 sin 2 4> + p 2, cos 2 <£) 


2a\1/2 _ 


=1 k != 1 


3 Spherical coordinates (r, 0, 4>) 



P (r, e, <j>) 


xi + yj + zk 
rsin0cos<£ 
rsin0sin<£ 
rcosO 


. \ r = r sin 0 cos 4> i + r sin 0 sin 0 j -f r cos 0 k 
Then working as before 

for =.; h e = .; h<j> = 
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h r = 1; he = r; h ( k = r sin 0 


Because 


r = r sin 0 cos $ i + r sin 0 sin <\> j + r cos 0 k 

dr j dr 1 dr 
dr / dr h r dr 


r = —- = I sin 9 cos <t> i + sin 9 sin <j>\ + cos 9 k 
dr 

= (sin 2 9 cos 2 (j) + sin 2 9 sin 2 <f> + cos 2 9) 1 ^ 2 
= (sin 2 9 + cos 2 0) ly/2 = 1 
hr= 1 

dr j dr 1 dr 
d0/ d0 ~hed9 


he = 


r cos 0 cos (j) i + r cos 0 sin <j> j - r sin 0 k | 

(r 2 cos 2 0 cos 2 <\> + r 2 cos 2 0 sin 2 <j> + r 2 sin 2 0) 1 / 2 
(r 2 cos 2 0 + r 2 sin 2 0) 1 / 2 = r 




_ dr / dr _ 1 dr 
d(j) / dcj) h(j) d<j) 



= | -rsin0sin0i + rsin0cos0 j | 

= (r 2 sin 2 0 sin 2 $ + r 2 sin 2 0 cos 2 <^) ly/2 

= (r 2 sin 2 0) 1 / 2 = r sin 0 
= r sin 0 


ftr = 1; = r; h# = r sin 0 

So: (a) for cylindrical coordinates 

dr 1 dr 

“V J_ ^d0’ 


(b) for spherical coordinates 

dr _ 1 dr 

~dr ; J= rd0 ; 


1 dr 
r sin 0 d^ 
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General curvilinear coordinate 
system (u, v v w) 



Any system of coordinates can be treated in like manner to obtain 
expressions for the appropriate unit vectors I, J, K. 


dr 

du 


dr 


du 


dr 

dv 


dr 


dv 


K = 


dr 

dw 


dr 


dw 


These unit vectors are not always at right angles to each other. 
If they are mutually perpendicular, the coordinate system is 



orthogonal 



Unit vectors I, J, K are orthogonal if 
I-J=J*K = K- I = 0 


Exercise 


Determine the unit base vectors in the directions of the following 
vectors and determine whether the vectors are orthogonal. 


1 i - 2 j + 4k 

2i + 3j + k 
— 2i + | + k 

3 4i + 2 j — k 

3i — 5 j + 2k 
i + 2j + 6k 


2 2i - 3 j + 2k 

l -4- 2) -4- 2k 
- lOi - 2j + 7k 

4 3i + 2j + k 

i - 3 j + 3k 

6i+ j- k 


The results are as follows: 
1 


1 I 


y/21 


(i-2j + 4k); J = _(2i + 3j + k); 


VT? 


K = -^(—21 + j + k) 


2 I 


IJ = 0 ; J-K = 0 ; K I = 0 orthogonal 
= -U(2i - 3j + 2k); J = i(i + 2j + 2k); 


K 


\/l53 


(-101 + 2j + 7k) 


I-J = 0 ; J-K = 0 ; KI = 0 orthogonal 
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I = ^ (4i + 2| " k); J 
K = -±=(i + 2i + 6k) 

IJ = 0; J-K/0 


V38 


(3i - 5J + 2k); 


not orthogonal 


4 I = -^=(3l + 2| + k); J=^-L=(i-3| + 3k); 

K "^g (6, + | - k) 

IJ = 0 ; J ■ K = 0 ; K I/0 not orthogonal 


Transformation equations 


In general coordinates, the transformation equations are of the form 

x = f(u, v, w); y = g(u, v, w); z = h(u, v, w) 

where the functions f, g, h are continuous and single-valued, and 
whose partial derivatives are continuous. 

Then r = xi + yj + zk = f(u , v, w)i + g(u, v, w) j + h(u, v, w)k and 
coordinate curves can be formed by keeping two of the three variables 
constant. 


, dr dr , dr , 

dr = — du + — dv + — dw 
du dv dw 


Now r = xi + y\ + zk 


— is a tangent vector to the w-coordinate curve at P 


is a tangent vector to the v-coordinate curve at P 


dr . 


dw 


is a tangent vector to the w-coordinate curve at P 


dr / dr dr 7 _ 7 dr 

I= S/s; aT w where h ‘ =Tu 

dr / dr dr dr 

J= ^/^ fr = KJ w^re h v = - 


dr j dr 
dw / dw 


dr __ - 7 dr 

.. ~ — fa-w k where t 

dw dw 


Then ( 1 ) above becomes 

dr = h u du I + h v dv J + h w dw K 
where, as before, h u , h v , h w are the scale factors. 
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Element of arc ds and element 
of volume d V in orthogonal 
curvilinear coordinates 



(a) Element of arc ds 

Element of arc ds from P to Q is given by 

dr = h u dul + h v dvj + h w dwK 
dr • dr = ( h u dul + h v dv J + h w dw K) ■ ( h u du I 

+ hydv J -f h w dw K) 
ds 2 = h 2 du 2 + h 2 dv 2 + fr 2 dw 2 
ds = (Jz 2 dw 2 + Jz 2 dv 2 + ft 2 dw 2 ) 1/2 


(b) Element of volume dV 

dV = (h u dul) • (h v dvj x h w dwK) 

= (h u dul) • (h v dv h w dwl) = h u du h v dv h w dw 
dV = h u h v h w dzzdvdw 


Note also that 

JT7 dr fdr dr 
dV ~ du\dv X dw 


du dv dw 


d(x, y, z) 
d(u, v, w) 


dw dv dw 


where 


d(x, y, z) . 


d(u, v, w) 


is the Jacobian of the transformation. 
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Grad, div and curl in orthogonal 
curvilinear coordinates 




(a) Grad V (W) 



Let a scalar field V exist in space and let dV be the change in V 
from P to Q. If the position vector of P is r then that of Q is r + dr. 


Then dV 


dv ^ dv „ dv J 

du + — dv +—dw 


du dv dw 
Let grad V = VV=(VV) U I + (W) v J + (VV) W K 

where (W) H v w are the components of grad V in the u, v, w 
directions. 


Also dr 


dr 

B,rt 5i 


dr j dr , dr , 
—du + — dv + — dw 
du dv dw 


dr 


and 


dr 

dw 


du 

dr 


l = h u I; 


dr 

dv 


dr 

dv 


J = h v J; 


dw 


K = h w K. 


dr = h u du I + h v dv J + h w dw K 
We have previously established that dV" = grad V • dr 
••• dV'={(VV’) B I+(VV’) v J+(W) w K}- 

{ h u dul + hydvj + h w dwK} 

= (W ) u h u dw + (W ) v h v dv + (VV) w h w dw 

dV dV dV 

But dV = T-du +—dv + ^-dw 
du dv dw 
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Equating coefficients, we then have 
dV 


du 

8V 

dv 

&V 

dw 


= (W ) u h u 

• (VV) = 

" v ,u h u du 

= (W)A 

■ (VV) = 1 dv 

" y >V hydV 

= (W ) w h w 

• (VV) = 1 
•• y ,w h w dw 

grad V = VV = 

1 1 dV w 1 dV„ 

h u du h v dv J h w dw 


i.e. grad operator V 


Id J d 

+ ^—h 


k d 


h u du h v dv h w dw 


Other results we state without proof. 

(b) Div F (V • F) 
div F = V * F 

= hukthv {£ (hvKFu) + 1 ; VbWv) + ^ (Kh v F w ) J 

Example 1 

Show that the curvilinear expression for div F agrees with the earlier 
definition in Cartesian coordinates. 

In Cartesian coordinates x, y, z we have h x = h y = h z = .. so 

that 

div F =... 


h x = h y 

divF = 


h 7 — 1 so that 


dF y dF v dF 7 


+ 


+ 


dx dy dz 


(c) Curl F (V x F) 


h»I 

KJ 

K K 

curl F=VxF = 

1 

d 

d 

d 

h u h v h w 

du 

dv 

dw 



h u Fu 

hyFy 

KF W 


Example 2 

Show that the curvilinear expression for curl F agrees with the earlier 
definition in Cartesian coordinates. 

In Cartesian coordinates x, y, z we have h x = h y = h z =.and 

I, J, K = ..., ..., ... so that 

curl F =. 
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h x — h y = h z = 1 and I, J, K = i, j, k so that 


dy dz 


dz dx 


OF* 

dy 


Because in Cartesians 


V x F 


= h z 

= 1 

and 

l, 

) > K = i|,k 



h u l 

hy J 

h w K 

1 


d 

d 

d 

h u hy 

K 

du 

dv 

dw 



h u F u 

hyFy 


• 

l 

i 

k 



d 

d 

d 



dx 

dy 

dz 



F x 

h 

Fz ■ 




JdF z dFy\ JdFx SF-. 


dz) + \dz dx 


(d) Div grad V (V 2 ^) 

div grad V = V • (VV) = V 2 V 
1 f 8 (h v h w dV \ 


A+i'fMy.-W* 

i) \dx dy 


_ 1 ( d fh v hy 

huhyhyy y fly 


9v\ d fh u K sv\ a fhuhy dV 

du) dv 1 h v dv) dw\h w dw 


Example 3 

Show that the curvilinear expression for V 2 V agrees with the earlier 
definition in Cartesian coordinates. 

In Cartesian coordinates x, y , z we have h x = h y = h z = .....so that 

V Z V = . 



Let's try another example, this time in coordinates other than 
Cartesians. 

Example 4 

If V (w, v, w) = u + v 2 + w 3 with scale factors h u = 2, h v = 1, h w = 1, find 
V 2 V at the point (5, 3, 4). 

There is very little to it. All we have to do is to determine the various 
partial derivatives and substitute in the expression above with relevant 
values. 

div grad V =. 
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26 

Because 


V 2 V= 1 [ d ( h v h w 9V\ d fh u h w dV\ d (h u h 

h u h v h w \du \ h u du) dv \ h v dv 


In this case, V = u + v 2 + w 3 
Also h u = 2 ; h v = 1, h w = 1 


dv „ dv n 

—— = 1; —— = 2v; 
0V 


dw V h 

dV 


dw 


3 w 2 



••• v2l ' = l{5i(l) + ^ (4v) + ^ <6w2) } 

= §{0 + 4 +12w} 

/. At w = 4, V 2 V = 26 

That is all there is to it. Here is another. 


Example 5 

If V = (m 2 + v^w 3 with = 3, h v = 1, h w = 2, find div grad y at the 
point (2, - 2, 1). 

V 2 y =. 



Because 


V = (u 2 + V 2 )^ 3 


ay 

aw 


2ww 3 ; 



ay 

dw 


3(u z + v 2 )w 2 



at (2, - 2, 1) 


V 2 y = ^{(|w 3 ) + (12w 3 ) + 9(u 2 + v 2 )w} 


= HI+ 1 2+72} 


256 

18 



Particular orthogonal systems 

We can apply the general results for div, grad and curl to special 
coordinate systems by inserting the appropriate scale factors - as we 
shall now see. 



Vector analysis 3 


815 


(a) Cartesian rectangular coordinate system 

If we replace u, v, w by x, y, z and insert values of h x = h y — h z = 1 , 
we obtain expressions for grad, div and curl in rectangular 
coordinates, so that 



grad V — .; div F =.; curl F = 




all of which you will surely recognise. 

(b) Cylindrical polar coordinate system 

Here we simply replace u, v, w with p, <j>, z and insert h u = h p = 1 , 
h v = = p, h w = h z = 1 giving 

grad V = .; div F =.; 

curl F =. 




(c) Spherical polar coordinate system 

Replacing u, v, w with r, 6 , <j> with h r = l,h e = r,h (f) = r sin 0 , 

grad V = .; div F =.; 

curl F =. 
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grad V = 


8V 18V 1 8V 

dr + r 89 + r sin 9 8<j) 


div F = 


: ^ {| (r 2 sin « F,) + 1 (r sin « ft) + ^ (rl>)} 


curl F = 


V 2 Y = 


I rj r sin 0 K 
19 9 9 

r 2 sin 0 dr 89 d<$> 

F r rF e r sin OF a 

8 2 V 28V 1 8 2 V cot 98V 1 &V 

~dt* + 7Hr + W~W + r 2 dd + r 2 sined<t> 2 


The results we have compiled are sometimes written in slightly 
different forms, but they are, of course, equivalent. 

That brings us to the end of this Programme which is designed as an 
introduction to the topic of curvilinear coordinates. It has consider¬ 
able applications, but these are beyond the scope of this present course 
of study. 


The Revision summary follows as usual. Make any further notes as 
necessary: then you can work through the Can You? checklist and 
the Test exercise without difficulty. The Programme ends with the 
usual Further problems. 





Vector analysis 3 


(c) Spherical polar coordinates (r, 0, <p) 

r = rsinO cos<£i + rsin0 sin<^j + rcos0k 


Base unit vectors: 


K= 


dr 

dr 

dr 

m 

dr 

d<}> 


dr 


dr 

dr 


Scale factors: 
drl 


dO 

dr 


d<f> 


h r = 


h e = 


h 9 = 


dr 

dr 


dO 

dr 


= 1 


= r 


dcj) 


= rsinfl 


F = J’ r I + F fl J + ^K 


General orthogonal curvilinear coordinates (u, v, w) 
x = f (u f v, w); y = g{u, v, w); w = h(u, v, w) 


r = xi + yj + zk 

^ = h u I where h u = 
du 


dr 


dr 

dv 

dr 

dw 


= h v J where h v = 


= h w K where h w = 


du 

dr 


w 


dv 

dr 


Element of arc: ds = (ft 2 d u 2 + ft 2 dv 2 + ft 2 dw 2 ) 1/2 
Element of volume: dV = h u h v hyp dwdvdw 


d(x, y, z) 
d(u, v, w) 


du dv dw 


4 Grad, div and curl in orthogonal curvilinear coordinates 

1 dV 1 dV 1 dV 
(a) Grad V = W = —^-1 + — : ^-J + — 

h u du h v dv J hyp dw 

. , x-7 I d J d K d 

gad operator = V = - m + -- + -- 

Dlv F “i UCk {it' {h ' KFu) + 5; ^ 

h U l hyj hypTiL 

d d d 

~ dv ~ 


(c) Curl F 


du 


dw 


hffhyhyp 

h U Fu hyFy hypF W 

(d) Div grad V = V-VV = V 2 V 
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Grad, div and curl in cylindrical and spherical coordinates 
(a) Cylindrical coordinates (p, <j>, z) 

dV 1 dV dV 


div F = - 


1 (dipFrt\ 1 (dFA 

p\ dp ) p\d<t>) 


curl F = - 

P 


dp 

i Pi 

d d 
dp 

F 


dcj) 
p pF<j> 


V 2 V = 


d 2 V 1 dV 
+ 


+ 


p\d<t> 

K 

d_ 
dz\ 

F z 
1 d 2 V 


+ 


dFz 

dz 


+ 


d 2 v 


dp 2, p dp p 2 d(j) 2 dz 2 


(b) Spherical coordinates (r, 0, <fi) 


dV 1 dV 

grad V = ^~- I + --^x J + 


1 dV 


div F 


dr 
1_d_ 
r 2 dr 


r dd 
(r z F r ) + 


K 


r sin 9 dO 


r sin 6 d(f> 

9 (sin 6F e ) + 


d 


rsin0<9<£ 


(^) 


curl F = 



I 

rj 

rsin0K 

1 

a 

a 

a 

r 2 sin0 

dr 

de 

d(j> 


F r 

rFe 

r sin OF# 


V 2 V = 


d 2 v 2 dV l&V cot^av^ 


+ 


+ 


dr 2 r dr r 2 dO 2 


+ 


de 


+ 


a 2 ^ 


r 2 sin 2 9 dcj) 2 



Can You? 



Checklist 19 

Check this list before and after you try the end of Programme test 


On a scale of 1 to 5 how confident are you that Frames 

you can: 


• Derive the family of curves of constant coordinates for 
curvilinear coordinates? 

Yes □ □ □ □ □ No 



• Derive unit base vectors and scale factors in orthogonal 
curvilinear coordinates? 

Yes □ □ □ □ □ No 
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• Obtain the element of arc ds and the element of 
volume 6.V in orthogonal curvilinear coordinates? 

Yes □ □ □ □ □ No 



• Obtain expressions for the operators grad, div and curl 
in orthogonal curvilinear coordinates? 

Yes □ □ □ □ □ No 



J] Test exercise 19 


1 Determine the unit vectors in the directions of the following three 
vectors and test whether they form an orthogonal set. 

3i-2j+ k 

i + 2j + k 

—2i — | + 4k. 

2 If r = u sin 20 i + u cos 29 j + v 2 k, determine the scale factors h Uf h v , he. 

3 If P is a point r = p cos0i +psin^j +zk and a scalar field 
V = p 2 z sin 2 (j> exists in space, using cylindrical polar coordinates 
{p, <f), z) determine grad V at the point at which p = 1, $ = 7 r/ 4 , z = 2. 



4 A vector field F is given in cylindrical coordinates by 
F= pcos^I + p sin20J + zK 
Determine (a) div F; (b) curl F. 


5 Using spherical coordinates (r, 0, <j>) determine expressions for 
(a) an element of arc ds; (b) an element of volume dV. 

6 If V is a scalar field such that V = u 2 vw 3 and scale factors are h u = 1, 
h v — 2,h w = 4, determine V 2 V at the point (2, 3, — 1). 
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Further problems 19 


1 Determine whether the following sets of three vectors are orthogonal, 

(a) 4i — 2j — k (b) 2i + 3j-k 

3i + 5j + 2k 4i-2j + 2k 

i- 11 j + 26k i + 4j + 2k 

2 If V{u,v,w) = v 3 w 2 sin2w with scale factors h u = 3, h v = 1, h w = 2, 
determine div grad V at the point (7 t/4, - 1, 3). 

u 2 e 2w 

3 A scalar field V = —-— exists in space. If the relevant scale factors are 
h u = 2, h v — 3, h w — 1, determine the value of V 2 V at the point (1, 2, 0). 

4 If r = xi + yj + zk and x = rsin0 cos0, y — r sin^ sin^, z = r cos 9 in 
spherical polar coordinates (r, 6, (/>), prove that, for any vector field F 
where 


* = F x i + Fyj+F z k = F r I + F e J + F (l) K 
then F x ^Frsin^cos^ + F^cos^cos^-F^sin^ 

F y = F r sin 0 sin <j> + Fq cos 0 sin 4> + F$ cos <j> 

F z = F r cos 0 - Fq sin 0. 

5 If V is a scalar field, determine an expression for V 2 !^ 

(a) in cylindrical polar coordinates 

(b) in spherical polar coordinates. 


6 Transformation equations from rectangular coordinates (x, y, z) to 
parabolic cylindrical coordinates (u, v, w) are 

_ y2 

x =—-—; y = uv; z = w 

V is a scalar field and F a vector field. 

(a) Prove that the (u, v, w) system is orthogonal 

(b) Determine the scale factors 

(c) Find div F 

(d) Obtain an expression for V 2 V. 
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Complex 0*00 
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Learning outcomes 

When you have completed this Programme you will be able to: 

• Recognise the transformation equation in the form 
w = f{z) = u(x,y) + jv(x, y) 

• Illustrate the image of a point in the complex z-plane under a 
complex mapping onto the w-plane 

• Map a straight line in the z-plane onto the w-plane under the 
transformation w = f (z) 

• Identify complex mappings that form translations, magnifications, 
rotations and their combinations 

• Deal with the non-linear transformations w = z 2 , w = 1/z, 
w = l/(z- a) and w = (az + b)/(cz + d) 


Prerequisite: Engineering Mathematics (Fifth Edition) 

Programmes 1 Complex numbers 1, 2 Complex numbers 2 and 
3 Hyperbolic functions 


821 
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The foundations of complex numbers and their application to 
hyperbolic functions were treated fully in Programmes 1, 2 and 3 of 
Engineering Mathematics (Fifth Edition) and these provide valuable 
revision should you feel it to be necessary before embarking on the 
new work. 

It will be assumed that you are already familiar with the material 
covered in those previous Programmes and it would be a wise move to 
work through the relevant Test exercises to refresh your memory on 
this all-important part of the course. 


Functions of a complex variable 


For a function of a single real variable f(x) we can construct the graph 
of the function by plotting points against two mutually perpendicular 
Cartesian axes, the x-axis and the f(x)- axis. For a function of a single 
complex variable w = f(z) — u(x, y) + /V(x, y) we have four real vari¬ 
ables, x, y, u and v. For example if z = x + jy and f{z) = z 2 then 

f(z) = (x + jy) 2 

= x 2 + 2 jxy + ( jy) 2 
= x 2 - y 2 + 2 jxy 


and so 


u(x , y) = x 2 — y 2 
and v(x, y) = 2 xy 

We cannot plot the graph of the function f{z) against a single set of 
axes because to do so we would be required to draw four mutually 
perpendicular axes which is not possible. Instead, we resort to plotting 
z-values against x- and y-axes in the complex z-plane and to plotting 
the corresponding values of w — f(z) against u - and v-axes in the 
complex w-plane. Accordingly, values of z are plotted on one plane 
and the corresponding values of f{z) are plotted on another plane. So 
in our example above for a particular value of z, for example, z = 4 + /3 

u =. 

v =. 
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Because with z = 4 + /3, x — 4 and y — 3. Then u — 16 - 9 = 7 and 
v = 24. 



Therefore, z (where z = * + jy) and w (where w = u + /v) are two 
complex variables related by the equation w = f (z). 

Any other point in the z-plane will similarly be transformed into a 
corresponding point in the w-plane, the resulting position P' 
depending on 

(a) the initial position of P 

(b) the relationship w = f(z), called the transformation equation or 
transformation function . 


Complex mapping 

The transformation of P in the z-plane onto P' in the w-plane is said to 
be a mapping of P onto P' under the transformation w = f(z) and P' is 
sometimes referred to as the image of P. 

Example 1 

Determine the image of the point P, z = 3 + ;2, on the w-plane under 
the transformation w = 3z + 2 — /. 

w = u + jv = f{z) — 3z + 2-j 

= 3(x+/» + 2-; 

so that, for this example, 

u— .; v =. 



Then the point P (z = 3 + ;2) transforms onto 
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w = 11 +;5 

Because 

z = 3 + ;2 x = 3, y = 2 
m = 3x + 2 = 11; v = 3y-l = 5; w=ll+/5 

We can illustrate the transformation thus: 



Here is another. 


Example 2 

Map the points A (z = -2+/) and B (z = 3+;4) onto the w-plane 
under the transformation w = j2z + 3 and illustrate the transformation 
on a diagram. 

This is no different from the previous example. Complete the job and 
check with the next frame. 


A'(w=l-/4); B'(w = -5+/6) 



Because 

w = f(z) = j2z + 3 = j2(x + jy) + 3 = (3 - 2y) + )2x 
w = u + jv u = 3 - 2y\ v = 2x 

A: x = —2, y = 1 A': u = 3 — 2 = 1; v = -4 .*. A': w = 1 — ;4 

B: x = 3, y = 4 B': u = 3 - 8 = -5; v = 6 B': w = -5 +/6 

There now follows a short practice exercise. Work all four of the items 
before you check the results. There is no need to illustrate the 
transformation in each case. 

So move on 
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Exercise 



Map the following points in the z-plane onto the w-plane under the 
transformation w = f(z) stated in each case. 

1 z = 4 - ;2 under w = ;3z + ;2 

2 z = -2 - ; under w = /z + 3 

3 z = 3 + ;2 under w = (1 + ;)z - 2 

4 z = 2 + / under w = z 2 . 



1 w = 6 + ;14 

Ni 

II 

hi^ 

1 

rs> 

3 w = —1 +;5 

4 w-3+;4 


That was easy enough. Now let us extend the ideas. 


Mapping of a straight line in the z-plane onto the 
iv-plane under the transformation w = f(z) 

A typical example will show the method. 


Example 1 

To map the straight line joining A (-2 +;) and B (3 + ;6) in the z-plane 
onto the w-plane when w = 3 +/2z. 


We first of all map the end 
points A and B onto the 
w-plane to obtain A' and B' 
as in the previous cases. 

A': w =. 

B': w =. 



A': w = 1 — ;4; B': w = -9 +/6 



Because 

(1) A: z = —2+/ w = 3+/2z 

A': w = 3 + /2(—2 + /) = 3 — /4 — 2 = 1 — ;*4 

(2) B: z = 3 +/6 

/. B': w = 3+/2(3+;6) = 3+/6- 12 = -9+/6 

Then, if we illustrate the transformations on a diagram, as before, 
we get 
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As z moves along the line A to B in the z-plane, we cannot assume that 
its image in the w-plane travels along a straight line from A' to B'. As 
yet, we have no evidence of what the path is. We therefore have to 
find a general point w = u + jv in the w-plane corresponding to a 
general point z = x + jy in the z-plane. 

w = u + jv = f (z) = 3 + ;2z 




w = u + jv = (3 - 2y) + }2x 

Because 

w = 3 4- j2(x + jy) = 3+j2x-2y = (3- 2y) + j2x 
u = 3 - 2y and v = 2x 

3 — u 

Rearranging these results, we also have y = —-—; 


x 


v 



Now the Cartesian equation of AB is y = x + 3 and substituting from 

3 — u v 

the previous line, we have —-— = - + 3 which simplifies to. 

Zd Zr 


v = —u — 3 


which is the equation of a straight line, so, in this case, the path 
joining A' and B' is in fact a straight line. 



Note that it is useful to attach arrow heads to show the corresponding 
direction of progression in the transformation. 

On to the next 
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Example 2 

If w = z 2 , find the path traced out by w as z moves along the straight 
line joining A (2 + jO) and B (0 + /2). 




[13 


Because 

w = z 2 A: z = 2 
B: z = /2 

So we have 



Now we have to find the path from A' to B'. 

The Cartesian equation of AB in the z-plane is y = 2 - x. 

Also w = z z = (x+ jy) z = (. x 2 - y 2 ) +j2xy 
u — x 2 — y 2 and v = 2 xy 

Substituting y = 2 — x in these results we can express u and v in terms 
of x. 


A': w = 2 2 = 4 
B': w = (j2) z = —4 



w = 


; v = 
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u = 4x - 4; v = 4x - 2x z 


So, from the first of these 
Substituting in the second 


x = 


u + 4 


v = 




= u + 4 — - (u 2 + Su + 16) 

o 

= ~\{u 2 ~ 16) 


Therefore the path is v = - - (u 2 - 16) which is a parabola for which at 

8 

u = 0, v = 2. 



Note that a straight line in the z-plane does not always map onto a 
straight line in the w-plane. It depends on the particular transforma¬ 
tion equation w = f(z). 

If the transformation is a linear equation , w = f{z) =az + b, where a 
and b may themselves be real or complex, then a straight line in the 
z-plane maps onto a corresponding straight line in the w-plane. 

Example 3 

A triangle in the z-plane has vertices at 
A (z — 0), B (z = 3) and C (z = 3 + /2). 

Determine the image of this triangle in 
the w-plane under the transformation 
equation w = (2 + j)z. 


W = u + jv = f(z) = (2 + ))z = (2+/) (x + jy) = (2x -y)+ j{2y + x) 
u = 2x-y; v = 2y + x 

We now transform each vertex in turn onto the w-plane to determine 
A', B' and C'. 

These are A': .; B': .; C': . 
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A': w = 0; B w = 6+ ;3; C': w = 4 + /7 


The transformation is linear (of the form w = az) so A'B', B'C' and C'A' 
are straight lines and the transformation can be illustrated in the 
diagram 



All very straightforward. Let us now take a more detailed look at linear 
transformations. 


Types of transformation of the form w = az + b 

where the constants a and b may be real or complex. 


1 Translation 


Let a = 1 and b = 2 - j i.e. w = z + (2 -;). 

If we apply this to the straight line 
joining A (0+;) and B (2+;3) in the 
z-plane, then 

w = x+jy + 2-j 
= (x + 2)+j(y-l) 

so the corresponding end points A' and B' 
in the w-plane are 

A': .; B': . 



O 


1 


2 


3 


x 
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A': w = 2; B': w = 4 + )2 


The transformed line A'B' is then as 
shown. The broken line (A)(B) indicates 
the position of the original line AB in the 
z-plane. 


Note that the whole line AB has moved two units to the right and 
one unit downwards, while retaining its original magnitude (length) 
and direction. 

Such a transformation is called a translation and occurs whenever 
the transformation equation is of the form w = z + b. The degree of 
translation is given by the value of b - in this case (2 -/), i.e. 2 units 
along the positive real axis and 1 unit in the direction of the negative 
imaginary axis. 

On to the next frame 




Magnification 


Consider now w = az + b where b = 0 and a is real, e.g. w = 2z. 



Applying the transformation to the same 
line AB as before, we have 

w = u + jv = 2z = 2(x + jy) 
u = 2x and v — 2y 


Transforming the end points A (0 +;) and B (2 + /3) onto A' and B' in 
the w-plane, we have 


and the w-plane diagram becomes 
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Note that (a) all distances in the z-plane are magnified by a factor 2, 
and (b) the direction of A'B' is that of AB unchanged. Any such 
transformation w = az where a is real, is said to be a magnification by 
the factor a. 



So, if we apply the transformation 
w = z/2 to AB shown here, we can 
map AB onto A'B' in the w-plane 
and obtain 


Sketch the result 



3 Rotation 

Consider next w = az + b with b — 0 and a complex, 
e.g. w = jz. 

w = u + ;v = jz 

=/(*+/» 

= -y+jx 


O 1 2 3 x 




Transforming the end points as usual, we can sketch the original line 
AB and the mapping A'B', which gives. 
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A' is the point w = -1 + ;0; B' is the point w = -3 4- ;2 

Note AB - 2V2 A'B' = 2\/2 

Slope of AB = m = 1 Slope of A'B' = mi = — 1 

rami = 1(—1) = —1 

Therefore in transformation by w = jz, AB retains its original length 
but is rotated about the origin, in this case through 90° in a positive 
(anticlockwise) direction. 

Some degree of rotation always occurs when the transformation 
equation is of the form w = az + b with a complex. 

Move on to the next frame 

4 Combined magnification and rotation 

If w = {a + jb)z, the effect of transformation is 

(a) magnification \a+jb\= Va 2 + b 2 

b 

(b) rotation anticlockwise through arg(a + jb), i.e. arctan -. 

Let us see this with an example. 

Example 

Map the straight line joining A (0 + ;2) and B (4 + ;6) in the z-plane 
onto the w-plane under the transformation w = (3 +;2)z. 

The working is just as before. Draw the z-plane and w-plane diagrams, 
which give 
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w = (3 + ;2)z 

u + fv = (3 + )2)(x + jy) = (3x - 2 y) + j( 2 x + 3 y) 
u = 3x-2y and v = 2x + 3y 

A: z = 0+j2, i.e. x = 0, y = 2 
A': u = -4, v = 6 .’. A': (—4 + ;6) 

B: z = 4 + ;6, i.e. x = 4, y = 6 
B': u = 0, v = 26 .'. B': (0 + /26) 

By a simple application of Pythagoras, we can now calculate the 
lengths of AB and A'B', and then determine the magnification factor 
(A'B')/(AB). 

AB =.; A'B' =.; magnification =. 


AB = 4a/ 2; A'B' = 4\/26; mag = Vl3 



Because 

AB = ^16 + 16 = V32 = 4V2, 

A'B' = a/16 + 400 = v/416 = 4a/26 

4a/26 


magnification = 


4V2 


= a/13 


Also | a+/fc |=| 3 + ;2 |= V9 + 4 = \/l3 .'. mag =| a + jb 

Now let us check the rotation. 

For AB tan 61 = 1 d\ = 45° = 0-7854 radians 

For A'B' tan 0 2 = 5 .'. $ 2 = 78° 41' = 1-3733 radians 


.-. rotation = 0 2 - 0i = 1-3733 - 0-7854 = 0-5879 
i.e. rotation = 0-5879 radians 

Also arg (a + jb) = arg (3 + ;2) =. 
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0-5879 radians 


Because arg (3 + /2) = arctanf = 33° 41' = 0-5879 radians. 

So, in transformation w = (a+jb)z = (3 +/2)z 

(a) AB is magnified by | a + jb |, i.e. \/T3 

(b) AB is rotated anticlockwise through arg(a + /b), i.e. arg(3+;2) 
i.e. 0-5879 radians. 

5 Combined magnification, rotation and translation 

The work we have just done can be extended to include all three 
effects of transformation. 

In general, a transformation equation w = az + b, where a and b are 
each real or complex, results in 

magnification \a\; rotation arg a; translation b 

Therefore, if w = (3 + j)z 4-2 -; 

magnification =.; rotation =.; 

translation =. 



mag = VT6 = 3-162; rotation = 18° 26' = 0-3218 radians; 
translation = 2 units to right, 1 unit downwards 


Because 

(a) magnification = |3 +;| = V9 + 1 = VlQ = 3-162 

1 

(b) rotation = arg(3 +;) = arctan- = 18° 26' = 0-3218 radians 

(c) translation = 2 - i.e. 2 to the right, 1 downwards. 

Let us work through an example in detail. 


Example 1 

The straight line joining A (-2 - ;3) and B (3 + j) in the z-plane is 
subjected to the linear transformation equation 

w= (l+/2)z + 3-/4 

Illustrate the mapping onto the w-plane and state the resulting 
magnification, rotation and translation involved. 

The first part is just like examples we have already done. So, 

(a) transform the end points A and B onto A' and B' in the w-plane 

(b) join A' and B' with a straight line, since AB is a straight line and the 
transformation equation is linear. 

That can be done without trouble, the final diagram being 
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Check the working, w = (1 + /2)z + 3-/4 
A: z = *+/> 

= -2-/3 

A': w = u + jv= (l+/2)(-2-/3) + 3-/4 
= —2 — /7 + 6 + 3 — /4 

= 7-/11 
B: z = x + /y 

= 3 + / 

B': w = m + /v= (l+/2)(3+/) + 3-/4 
= 3+/7-2 + 3-/4 
= 4+/3 

Now for the second part of the problem, we have to state the 
magnification, rotation and translation when w = (1 + /2)z + 3 - /4. 
We remember that the 'tailpiece', i.e. 3 - /4, independent of z, 
represents the 


translation 



So, for the moment, we concentrate on w=(l+/2)z, which 
determines the magnification and rotation. This tells us that 

magnification =. 

rotation =. 
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mag =| a |= 11 + /2| = Vl + 4 = \/5 = 2*236 
rotation = arga = arctan | = 63° 26' = 1107 radians 


The translation is given by (3 - ;4), i.e. 3 units to the right, 4 units 
downwards. 

We can in fact see the intermediate steps if we deal first with the 
transformation w = (l+/2)z and subsequently with the translation 
w = 3-;4. 



Under w = (1 + /2)z, A and B map onto A and B where A is w = 4 - ;7 
and B is w = 1 -f ;7. 

Then the translation w = 3 - ;4 moves all points 3 units to the right 
and 4 units downwards, so that A and B now map onto A' and B' where 
A' is w = 7 - /'ll and B' is w = 4 + j3. 

Normally, there is no need to analyse the transformation into 
intermediate steps. 

Now for - 

Example 2 

Map the straight line joining A (1 +/2) and B (4+/) in the z-plane 
onto the w-plane using the transformation equation 

w= (2-/3)z-4+/5 

and state the magnification, rotation and translation involved. 

There are no snags. Complete the working and check with the next 
frame. 





Complex analysis 1 


83 7 


Here is the complete working. 




w = (2-/3)z-4+/5 
A: z=l+/2 
B: z = 4 + / 


A: z = 1 + )2 

A': w = (2-/3)(l+/2)-4+/5 = 2 + / + 6-4+/5 = 4+/6 
B: z = 4 + / 

B': w = (2 —/3)(4 +/) - 4 +/5 - 8 —/10 + 3 - 4 + /5 = 7 -;5 
So we have 



(a) magnification =| 2-/3 |= y/4 + 9 = vT3 = 3*606 

(b) rotation = arg(2 - j3) = arctan(^) = -56° 19' 

= 0*9828 radians clockwise 


(c) translation = -4 + /5 i.e. 4 units to left, 5 units upwards 

All very straightforward. Before we move on, here is a short revision 
exercise. 


Exercise 

Calculate (a) the magnification, (b) the rotation, (c) the translation 
involved in each of the following transformations. 

1 w — (1 — /2)z + 2-/3 4 w = (j — 4)z + /2 — 3 

2 iv=(4 + /3)z-2+/5 5 w=;2z + 4-; 

3 w = (2-/3)z- 1 -/ 6 w = (5 + /2)z + j{]3 — 4). 

Complete all six and then check the results with the next frame. 
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31 j Results: 

1 w = (1 — ;2)z + 2-/3 

(a) magnitude =| 1 - ;2 |— Vl + 4 = >/5 = 2*236 

(b) rotation = arg(l -;2) = arctan(-2) = -63° 26' 

= 1*107 radians clockwise 

(c) translation = 2 - ;3, i.e. 2 units to right, 3 units downwards. 


The others are done in the same way and give the following results. 


No. 

Magnitude 

Rotation (rad) 

Translation 

2 

5 

0*6435 ac 

2L, 5U 

3 

3-606 

0*9828 c 

1L, ID 

4 

4*123 

0*2450 c 

3L, 2U 

5 

2 

1*5708 ac 

4R, ID 

6 

5*385 

0-3805 ac 

3L, 4D 


Now let us start a new section, so on to the next frame 


Non-linear transformations 



So far, we have concentrated on linear transformations of the form 
w — az + b. We can now proceed to something rather more 
interesting. 

1 Transformation w = z 2 (refer to Frame 12) 

The general principles are those we have used before. An example will 
show the development. 


Example 1 


The straight line AB in the z-plane as shown is mapped onto the 
w-plane by w = z 2 . 



As before, we start by transforming the 
end points onto A' and B' in the w-plane. 

A': w =. 

B': w = . 


O 


2 


4 


x 
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We cannot however assume that AB maps onto the straight line A'B', 
since the transformation is not linear. We therefore have to deal with a 
general point. 

w = u + ;v = z 2 = (x + jy) 2 = x 2 + jlxy - y 2 = (x 2 - y 2 ) + j2xy 
u = x 2 -y 2 and v = 2xy 


The Cartesian equation of AB in the z-plane is y = 4~x. So, 
substituting in the results of the previous line, we can express u and 
v in terms of x. 


u — 


f 


v = 


u = Sx - 16; v = Sx - 2x : 


The first gives x = U \ ^ and substituting this in the expression for v 

8 


gives 



which is an 'inverted' parabola, symmetrical about the v-axis, with 
v = 8 at u = 0. The mapping is therefore 






840 Programme 20 



AB is a straight line in the z-plane joining the origin A to the point 
B ( a+jb ). Obtain the mapping of AB onto the w-plane under the 
transformation w = z 2 . 



As always, first map the end points. 
A': w = 0 

B': w = (a + jb) 2 = (a 2 - b 2 ) + jlab 



Now to find the path joining A' and B', we consider a general point 
z = x + jy. 

w = u+jv — z 2 

= (x+jyf 

= (x 2 -y 2 ) + ;2 xy 
u = x 2 - y z and v = 2 xy 

The equation of AB is y = -x. We can therefore find u and v in terms 

d 

of x and hence v in terms of u. 

u — . 

v =. 

V = f(u) =. 
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Example 3 

A triangle consisting of AB, BC, CA in the z-plane is mapped onto the 
w-plane by the transformation w = z 2 . 

The transformation is w = z 2 . 



w = (x + jy) z = (. x 2 - y 2 ) + ;2 xy 
= u+jv 

u = x z — y 2 and v = 2 xy 


First we can map the end points A, B, C onto 
A', B', C in the w-plane. 

A': . 

B': . 

C': . 



2 


x 
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A': w = 0; B w = 4; C': w — —4 


So we establish 


To find the paths joining these three transformed end points, we 
consider each of the sides of the triangle in turn. 

(a) AB: Equation of AB is y = 0 u = x 2 ; v = 0 

Each point in AB maps onto a point between A' and B' for 
which v = 0, i.e. part of the w-axis. 


4 u 


(b) BC: Equation of BC is y = 2 - x 

Substitute in u = x 2 ~~y 2 and v = 2 xy and determine v as a 
function of u. 


u = 


v = 


V = f(u) = 
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inverted parabola 



v 



at u = 0, v = 2 and the w-plane diagram now becomes 



To complete the mapping, we have still to deal with CA. This 
transforms onto 


the u-dLxis between C' and A' 



(c) CA: Equation of CA is x = 0 u = -y 2 , v = 0 

Each point between C and A maps onto the negative part 
of the M-axis between C and A'. 

So finally we have 



Mapping of regions 

In this last example, the three lines AB, BC and CA form the boundary 
of a triangular region and we have seen how this boundary maps onto 
the boundary A'B'C'A' in the w-plane. What we do not know yet is 
whether the points internal to the triangle map to points internal to 
the figure in the w-plane or to points external to it. 



► 
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In the z-plane, the region is on the left-hand side as we proceed round 
the figure in the direction of the arrows ABCA. The region on the left- 
hand side as we proceed round the figure A'B'C'A' in the w-plane 
determines that the transformed region in this case is, in fact, the 
internal region. 

So 



Therefore, every point in the region shaded in the z-plane maps onto a 
corresponding point in the region shaded in the w-plane. 


2 Transformation w = - (inversion) 

z 

Example 1 

A straight line joining A (-/) and B (2 + /) in 
the z-plane is mapped onto the w-plane by 

1 

the transformation equation w = -. 


-a b 


Proceeding as before 
1 

w = — 
z 

1 

.*. U+JV = -- 

x+jy 

= x ~jy 

x 2 + y 2 


u = 


x 2 + y 


-y 

x 2 +y 2 


-iKa 


First we map the end points A and B onto the w-plane. 

A': w —. 

B': w =. 


2 x 
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Because 

A: x — 0, y = -l A': u = 0, v == 1 A'is w=j 

B: x = 2, y = l B': u = §, v = B' is w = §-f^ 

So far then we have 





u 2 + v 2 -u-v = 0 

We can write this as (; u 2 -u) + (v 2 -v) =0 and completing the square 
in each bracket this becomes 



which we recognise as the equation of a 
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circle with centre 


1 1 


2,2 


and radius - 7 = 

V2 


The path joining A' and B' is therefore an arc of this circle. 

But we still have problems, for it could be the minor arc or the major 
arc. 




or 



To decide which is correct, we take a further convenient point on the 
original line AB and determine its image on the w-plane. 



For instance, for K, x = 1, y 

x =1 


ForK', u 


X 2 + y2 

-y 


X 2 + y2 

K' is the point w = 1 


0 


0 


The path is, therefore, the major arc A'K'B 7 developed in the direction 
indicated. 
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If we consider the line AB of the previous example extended to infinity 
in each direction, its image in the w-plane would then be the complete 
circle. 



Furthermore, the line AB cuts the entire z-plane into two regions and 

(a) the region on the right-hand side of the line relative to the arrowed 
direction maps onto the region inside the circle in the w-plane 

(b) the region on the left-hand side of the line maps onto 


the region outside the circle in the w-plane 


Let us now consider a general case. 

Example 2 

Determine the image in the w-plane of a circle in the z-plane under the 

1 

inversion transformation w = —. 

z 

The general equation of a circle is y 

x 2 + y 2 + 2 gx + 2fy + c = 0 
with centre (-g, -f) 

and radius \jg 2 + f 2 — c. 

O 

It is convenient at times to write this as 
A(x 2 + y 2 ) + Dx+Ey + F = 0 
in which case 



centre is 


and radius is 
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centre 


D_ _E\. 
2 A 1 2Aj ; 


radius = 


2A 


\/D 2 +E 2 - 4AF 



Because 

D 


g 


2A ’ 


f= 


2A ’ 


£ 

C = T 


As before we have w = - 

z 


1 

z — — 

w 


•*. ^+/y 


U — JV 


u+jv U 2 + V 2 
Then A(x 2 + y 2 ) + Dx + Ey + F = 0 

becomes 


x = 


u 


u 2 + v 


2 ’ 


y = 


-V 




Simplify it as far as possible 



Because we have 

A{u 2 + v 2 ) Du Ev 

(u 2 + V 2 ) 2 U 2 + V 2 U 2 + V 2 

A+Du-Ev + F(u 2 + v 2 ) = 0 
Changing the order of terms, this can be written 
F(u 2 + v 2 ) + Du -Ev+A = 0 
which is the equation of a circle with 

centre.; radius. 



Thus any circle in the z-plane transforms, with w = - onto another 
circle in the w-plane. 

We have already seen previously that, under inversion, a straight 
line also maps onto a circle. This may be regarded as a special case of 
the general result, if we accept a straight line as the circumference of a 
circle of.radius. 
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Because 


A(x 2 + y 2 ) + Dx + Ey + F = 0 

If A = 0, this becomes Dx+Ey + F = 0 i.e. a straight line 
and also the centre ^becomes infinite 

and the radius — \/D 2 +E 2 - 4AF becomes infinite. 

Therefore, combining the results we have obtained, we have this 
conclusion: 


Under inversion w = -, a circle or a straight line in the z-plane 

z 

transforms onto a circle or a straight line in the w-plane. 

Now for one more example. 


Example 3 

A circle in the z-plane has its centre at z = 3 and a radius of 2 units. 

1 

Determine its image in the w-plane when transformed by w = -. 

z 



Equation of the circle is 

(x - 3) 2 + y 2 = 4 
x 2 - 6x + 9 + y 2 = 4 
x 2 + y 2 - 6 x + 5 = 0. 


Using w = -, we can obtain x and y in terms of u and v. 

z* 


X = 


; y = 
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Because w = — 

z 



1 

z — — 

w 


x+jy = 


1 

M+/V 


_ M-/V 

U 2 + V 2 

M -V 

U 2 + V 2 ' ^ ~ M 2 -f V 2 


Substituting these in the equation of the circle, we get a relationship 
between u and v, which is 


5 (u 2 + v 2 ) - 6w + 1 = 0 



This is of the form A(u 2 + v 2 ) + Dm + Ev + F = 0 
where A = 5, D = -6, E = 0, F =1. 


Therefore, the centre is 
and the radius is. 
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Taking three sample points A, B, C as shown, we can map these onto 

x —y 

the w-plane using u = -=-« and v = ^ 

* x 2 +y 2 x 2 + y 2 

A': .; B': .; C': . 



3 Transformation w = - 

z - a 

An extension of the method we have just applied occurs with 

1 

transformations of the form w = -where a is real or complex. 

z — a 











Programme 20 


Example 

1 

A circle Izl = 1 in the z-plane is mapped onto the w-plane by w = - 

z z 



Cartesian equation of the circle is x 2 + y 2 = 1. 

We then substitute the expressions for x and y in terms of u and v and 
obtain the relationship between u and v, which is. 


3(u 2 + v 2 ) + 4 m + 1 = 0 


Because we have 


( u + 2 
\ u 


2 (m z + v z ) 


U 2 + V 2 

2 , ,,2\i 2 


a }*+fe 


~hi —^ ~ 2 f = 

[m 2 + V 2 J 

2 _ /-,»2 i ,, 2\2 


= 1 


{m + 2(m z + v )} + v z = (m z + v z ) 
m 2 + 4m(m 2 + v 2 ) + 4(m 2 + v 2 ) 2 -{- v 2 = ( u 2 + v 2 ) 2 

1 + 4w + 4 (m 2 + v 2 ) = m 2 + v 2 
3(m 2 + v 2 ) + 4m + 1 = 0 
This can be expressed as 

m 2 + |m + v 2 + ^ = 0 

H) 2 +-G ) 2 

which is a circle with centre 0^ and radius ^ 



To determine the direction of development relative to the arrowed 
direction in the z-plane, we consider the mapping of three sample 
points A, B, C as shown onto the w-plane, giving A', B', C 
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Because 


A: z = 1 


B: z — ) 


C: z = —1 


Whereupon we have 


1 

z - 2 
1 

T 2 

1 

3 


7 + 2 

-5 


= (- 1 , 0 ) 


4 ° 


y [ z-plane 


z-2 


w-plane 



We now have one further transformation which is important; so move on to 

the next frame for a fresh start 


4 Bilinear transformation w 


az + b 
cz + d 


dz _j_ i) 

Transformation of the form w =- r where a, b, c, d are. in general, 

cz + d 

complex. 

Note that 

(a) if cz + d = 1, w = az + b, i.e. the general linear transformation 


(b) if az + b = 1 , w = -^ , i.e. the form of inversion just considered. 

cz + d 
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Example 

Determine the image in the w-plane of the circle Izl = 2 in the z-plane 
under the transformation w = ' and show the region in the w-plane 

z-J 

onto which the region within the circle is mapped. 


We begin in very much the same 
way as before by expressing u and v 
in terms of x and y. 

u .; v = ..... 



_ x 2 + y 2 - 1 _ 2x 

U x 2 + y 2 - 2y + 1 ’ V x 2 + y 2 — 2y + 1 


Because 


w = u + ;v = 


z + / x + j(y + 1) 


' z-j x+j(y- 1) 

= {*+/(?+!)}{*-/(?- 1 )} 

{x + /(y-l)}{x-;(y-l)} 

_ x 2 + jxjy + l- y+l)+y 2 -l 
x 2 + (y - l) 2 

_ x 2 +y 2 — 1 +;2x 
x 2 + y 2 — 2y -f 1 

_ x 2 + y 2 — 1 , __2x_ 

U x 2 + y 2 - 2y + 1 an V x 2 + y 2 - 2y + 1 

But the equation of the circle is x 2 -f y 2 = 4, so these expressions 
simplify to 

u — . and v = . 


3 2x 

U ~ 5-2y ; V ~5^2y 


From these, we can form expressions for x and y in terms of u and v. 


x = 


; y = 
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x = y = 

2 u 7 


5m - 3 
2 u 


Because, from the first, y = ^ and substituting in the second gives 


x = 


„ 2 2 a 9V 2 (5 u - 3) 

But jr+y 2 = 4 —=■ + -—— T - L 

/ 4 u z 4 u 2 

which can be simplified to. 


= 4 


9(u 2 + v 2 ) - 30 m + 9 = 0 


Because 

9v 2 + 25m 2 - 30m + 9 = 16m 2 9(m 2 + v 2 ) - 30m + 9 

Dividing through by 9, we can now rearrange this to 

„ ("-|) 2 +v 2 + 1^“ = 0 


which, you will recognise, is a circle in the w-plane with 

centre . and radius . 



-2 O 

v. 


2 x 


1 5 2 

3 


3 u 


To find the direction of development, we map three sample points 
A, B, C onto A', B', C f as usual. 


• B'- 


; d 
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Because 
A: z = 2 
B: z = ;2 

C: z = —2 




So an anticlockwise progression in the z-plane becomes a clockwise 
progression in the w-plane with this particular example. 

Now we can complete the problem, for the region inside the circle 
in the z-plane maps onto.in the w-plane. 



the region outside the circle 


Because the enclosed region in the z-plane is on the left-hand side of 
the direction of progression. The region on the left-hand side of the 
direction of progression in the w-plane is thus the region outside the 
transformed circle. 
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And that brings us successfully to the end of this Programme. We shall 
pursue the topic further in the succeeding Programe. Meanwhile, all 
that remains is to check down the Revision summary and the Can 
You? checklist before working through the Test exercise. All very 
straightforward. The Further problems will give you valuable 
additional practice. 



Revision summary 20 

1 Transformation equation 


z = x + jy w = u+jv 


The transformation equation is the relationship between z and w, 
i.e. w = f(z). 

2 Linear transformation w = az + b where a and b are real or 
complex. A straight line in the z-plane maps onto a corresponding 
straight line in the w-plane. 

3 Types of transformation w = az + b 

(a) magnification - given by | a 

(b) rotation - given by arg a 

(c) translation - given by b. 

4 Non-linear transformation 

(a) w = z z 

A straight line through the origin maps onto a corresponding 
straight line through the origin in the w-plane. A straight line 
not passing through the origin maps onto a parabola. 

1 

(b) w = - (inversion) 

z 

A straight line or a circle maps onto a straight line or a circle in 
the w-plane. 

A straight line may be regarded as a circle of infinite radius. 

(c) w = aZ + ^ (bilinear transformation) - with a, b, c, d real or 

l ct- 

complex. 

5 Mapping of a region depends on the direction of development. 
Right-hand regions map onto right-hand regions: left-hand 
regions onto left-hand regions. 
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Q Can You? 


Checklist 20 


Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that Frames 

you can: 


• Recognise the transformation equation in the form 
w = f(z) = U{x,y) +jv(x,y)7 

Yes □ □ □ □ □ No 




• Illustrate the image of a point in the complex z-plane 
under a complex mapping onto the w-plane? 

Yes □ □ □ □ □ No 

• Map a straight line in the z-plane onto the w-plane 
under the transformation w = f (z)? 

Yes □ □ □ □ □ No 

• Identify complex mappings that form translations, 
magnifications, rotations and their combinations? 

Fes □ □ □ □ □ No 

• Deal with the non-linear transformations w = z 2 , 
w = 1/z, w — l/(z — a) and w = (az-h b)/(cz + d)l 

Yes □ n □ □ n No 




Test exercise 20 


1 Map the following points in the z-plane onto the w-plane under the 
transformation w = f(z). 

(a) z = 3 + )2; w = 2z - ;6 (c) z = /(1 - /); w = (2 + ;)z - 1 

(b) z = —2 + /; w = 4 + ;z (d) z = / - 2; w = (1 -;)(z + 3). 

2 Map the straight line joining A (2 - /) and B (4 - ;3) in the z-plane onto 
the w-plane using the transformation w = (1 +;2)z+ 1 -;3. State the 
magnification, rotation and translation involved. 

3 A triangle ABC in the z-plane as shown is mapped onto the w-plane 
under the transformation w = z 2 . 



Determine the image in the w-plane and 
indicate the mapping of the interior triangular 
region ABC. 





lV'\ 
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4 Map the straight line joining A (z = ;) and B (z = 3 -f/4) in the z-plane 
onto the TV-plane under the inversion transformation w = f 

Sketch the image of AB in the w-plane. 

5 The unit circle I z I = 1 in the z-plane is mapped onto the w-plane by 

1 

w =-—. Determine (a) the position of the centre and (b) the radius of 

Z 7 Zr 

the circle obtained. 

6 The circle I z I = 2 is mapped onto the w-plane by the transformation 

Z )2 

w =-Determine the centre and radius of the resulting circle in the 

z+; 

w-plane. 


Further problems 20 


A triangle ABC in the z-plane with vertices A(-l-/), B(2 + /2), 
C(—1+/2) is mapped onto the w-plane under the transformation 
w = (1 —/)z+ (1 + /2). Determine the image A'B'C' of ABC in the 
w-plane. 

The straight line joining A(l+/2) and B (4 — /3) in the z-plane is 
mapped onto the w-plane by the transformation equation w = (2 + ;5)z. 
Determine (a) the images of A and B, (b) the magnification, rotation 
and translation involved. 

Map the straight line joining A (—2 + ;3) and B (1 + ;2) in the z-plane 
onto the w-plane using the transformation equation 
w = (—3 + j)z + 2 + ;4. 

State the magnification, rotation and translation occurring in the process. 



Transform the square ABCD in the 
z-plane onto the w-plane under the 
transformation w = z 2 . 


Map the square ABCD in the z-plane 
onto the w-plane using the transforma¬ 
tion w = 2z 2 + 2. 



-1 T D 
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The triangle ABC in the z-plane is 
mapped onto the w-plane by the trans¬ 
formation w = )2 z 2 + 1. Determine the 
image of ABC in the w-plane. 


7 A circle in the z-plane has its centre at the point | — /) and radius 
Show that its Cartesian equation can be expressed as 

2(x 2 + y 2 ) + 3x + 4y - 3 = 0 

Determine the image of the circle in the w-plane under the inversion 

transformation w = -. 

z 

1 

8 The transformation w = -—- is applied to the circle I z I = 2 in the 
z-plane. Determine 

(a) the image of the circle in the w-plane 

(b) the region in the w-plane onto which the region enclosed within 
the circle in the z-plane is mapped. 


9 The circle Izl = 4 is described in the z-plane in an anticlockwise manner. 
Obtain its image in the w-plane under the transformation 
z +1 

w =-- and state the direction of development. 

z z 

z — 1 

10 The bilinear transformation w =-is applied to the circle I z I = 3 in 

z + ;2 ^ 

the z-plane. Determine the equation of the image in the w-plane and 
state its centre and radius. 


11 The unit circle Izl = 1 in the z-plane is mapped onto the w-plane under 

z — 1 

the transformation w =--. Determine the equation of its image and 

Z D 

the region onto which the region within the circle is mapped. 


12 

13 


Obtain the image of the unit circle I z I = 1 in the z-plane under the 
transformation w = 

z-/2 

The circle Izl = 2 is mapped onto the w-plane by the transformation 
z + / 

w = -—Determine 
2 z-j 

(a) the image of the circle in the w-plane 

(b) the mapping of the region enclosed by Izl = 2. 


z — u 

14 Show that the transformation equation w = -—^ where z = x+jy, 

a = 1 + ;4 and b = 2 + transforms the circle (x - 3) 2 + (y — 5) 2 = 5 
into a straight line through the origin in the w-plane. 


___ Frames 

complex o>eid 

analysis 2 

Learning outcomes 

When you have completed this Programme you will be able to: 

• Appreciate when the derivative of a function of a complex variable 
exists 

• Understand the notions of regular functions and singularities and 
be able to obtain the derivative of a regular function from first 
principles 

• Derive the Cauchy-Riemann equations and apply them to find the 
derivative of a regular function 

• Understand the notion of an harmonic function and derive a 
conjugate function 

• Evaluate line and contour integrals in the complex plane 

• Derive and apply Cauchy's theorem 

• Apply Cauchy's theorem to contours around regions that contain 
singularities 

• Define the essential characteristics of and conditions for a 
conformal mapping 

• Locate critical points of a function of a complex variable 

• Determine the image in the w-plane of a figure in the z-plane under 
a conformal transformation w = f(z) 

• Describe and apply the Schwarz-Christoffel transformation 
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_ 1; J In the previous Programme we introduced the ideas of mapping from 

one complex plane to another and considered some of the more 
common transformation functions. Now we pursue our consideration 
of the complex variable a little further. 


Differentiation of a complex 
function 


In differentiation of a function of a single real variable, y = f(x), the 
derivative of y with respect to x can be defined as the limiting value of 

(y + fy)-y 


Sx 


as fix tends to zero. 




y = f(x) 



Sy = f{x + Sx) - fix) 


8x-+ 0 l ° x ) 


In considering the differentiation of a function of a complex variable, 
w = f{z), the derivative of w with respect to z can similarly be defined 
as the limiting value of.as fiz tends to zero. 


jw + Sw) - w fjz + Sz) - fiz) 

Sz ‘ ‘ Sz 


Now, of course, we are dealing in vectors. 



If P and Q in the z-plane map onto P' and Q' in the w-plane, then 
P'Q' = fiw = (wo + fiw) -Wo = f{z 0 + fiz) - f(zo) 

fiw 

Therefore, the derivative of w at P' (z = zo) is the limiting value of—as 

fiz 


fiz —> 0, i.e. 


dw 

dz 


Zo 


= Lim ( ffa + fel-fW | = Lim TO 

&->0 l fiz J Q_^P \ PQ J 


If this limiting value exists - which is not always the case as we shall 
see - the function f(z) is said to be differentiable at P. 
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Also, if w = f(z) and f{z) has a limit for all points zo within a given 

region for which w = f(z) is defined, then f(z) is said to be 

differentiable in that region. From this, it follows that the limit exists 

whatever the path of approach from Q (z = zo + Sz) to P (z = Zo). 

% 

Regular function 

A function w = f(z) is said to be regular (or analytic) at a point z = z 0 , if 
it is defined and single-valued, and has a derivative at every point at 
and around zo. Points in a region where f{z) ceases to be regular are 
called singular points, or singularities. 

A function of a complex variable that is analytic over the entire 
finite complex plane is called an entire function. Examples of entire 
functions are polynomials, e z , sinz and cosz. 

We have introduced quite a few new definitions, so let us pause here 
while you make a note of them. We shall be meeting the various terms 
quite often. 

In those cases where a derivative exists, the usual rules of differentia¬ 
tion apply. For example, the derivative of w = z 2 can be found from 
first principles in the normal way. 

w = z 2 w + 8w = (z + 8z) z = z 2 + 2 z8z + 8z 2 

Sw = 2z8z -f 8z 2 ^- = 2z + 8z 

8z 

d w 

— = Lim (2 z + 8z) = 2z and does not depend on the path along 

dz fa-* o 

which 8z tends to zero. 

That was elementary. Here is a rather different one. 

Example 

To find the derivative of w = zz where z = x + jy and z = x- jy. 

We have w = zz w + 8w = (z + 8z)(z + 8z) from which 

8w 

6z 
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Because 


z = x+jy 8z = 8x+j8y 1 8z_8x-j8y 

z = x-jy 8z = 8x-j8y j *' 8z 8x+j8y 


8w _ 8z 

Then — = z + z— + <5z gives the expression quoted above. 



The next step is to reduce 8z 
to zero. But 8z consists of 
8x+j8y and so reducing 8z 
to zero can be done in one of 
two ways. 

(1) First let 8y 0 and after¬ 
wards let 8x —> 0. 


If 8y 0, 


Then 


dw 

dz 


8w . f . .Sx 

- = x-„ + (x + ly)- + Sx 

Lim {x-jy + x+jy + 6x} 

8x-> 0 
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On the other hand, we could have reduced Sz to zero in the second 
way. 



We have 

If 6x -> 0 
Then 


<5w • , / , • \(8x-j8y\ 

_ = x _ Jy+{x+}y) ^__j +Sx _, 5y 

^ = x-jy + (x + jy)(-l)-jSy= -)2y - jSy 
^ = Lim{-j2j-m = -i2y 

OZ 0 


So, in the first case, 


dw 

dz 


= 2x and in the second case 


dw 

dz 



These two results are clearly not the same for all values of x and y - 
with one exception, i.e. 



Therefore w = zz is a function that has no specific derivative, except at 
z = 0 - and there are others. It would be convenient, therefore, to have 
some form of test to see whether a particular function w = f(z) has a 
derivative f'(z) at z = zq. This useful tool is provided by the Cauchy- 
Riemann equations. 


Cauchy-Riemann equations 

The development is very much along the same lines as in the previous 
example. If w = f(z) = u+ ;V, we have to establish conditions for 
w = f(z) to have a derivative at a given point z = zq. 


w = u+jv 8w = 8u+j8v, z = x + jy 8z = 8x + j6y 


Then 




(a) Let 8x —» 0, followed by by 0 


Then from (1) above, f{z) 


dw 

dz 
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d w _ dv . du 
d z dy J dy 



Because 


f f (z) = Lim 

8y~* 0 


8u + j8v 

iSy 


6V 


j > .8u 

8y-+ 0 [Sy 8y 


dv .du 
dy 1 dy 



We use the 'partial' notation since u and v are functions of both x 
and y. 


Or (b) Let 8y —► 0, followed by 6x —» 0. 


This gives 


dw _du .dv 
dz dx+^dx 


Because 


f(z) = Lim 

8x~+0 


6u + j8v 
8x 


= Lim 

8x—> 0 


8u ,8v 
8x + J 8x 


du .dv 
dx +1 dx 



If the results (2) and (3) are to have the same value for f{z) irrespective 
of the path chosen for 8z to tend to zero, then 




dv .du 
dy ^ dy 


Equating real and imaginary parts, this gives 

du dv dv du 

dx = dy an dx = ~dy 

These are the Cauchy-Riemann equations. 

So, to sum up: 

A necessary condition for w = f(z) = u + jv to be regular at z = zo is 
that u, v and their partial derivatives are continuous and that in the 
neighbourhood of z = zq 

du _dv dv _ du 

dx dy an dx dy 

Make a note of this important result - then move on to the next frame 
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We said earlier that where a function fails to be regular, a singular point, 
or singularity occurs, for example where w = f(z) is not continuous or 
where the Cauchy-Riemann test fails. 



Determine where each of the following functions fails to be regular, 
i.e. where singularities occur. 


1 w = z 2 — 4 

2 w 

3 w 


z-2 
z + 5 

z + 1 


4 

5 


w = 


(z-2)(z-3) 
w = zz 


6 w = 


x+jy 


x 2 + y 2 

Finish all six: then check with the next frame 


Conclusions: 



1 Putting z = x + jy, the Cauchy-Riemann conditions are satisfied 
everywhere. Therefore, no singularity in w = z 2 - 4. 

2 The function becomes discontinuous at z = 2. Singularity at z = 2. 

3 The function is discontinuous at z = — 1. Singularity at z = — 1. 

4 Singularities at z = 2 and z = 3. 

5 We have already seen that w = zz has no derivative for all values 
of z apart from z = 0. All points on w = zz are singularities. 

6 Singularity occurs where x 2 + y 2 = 0, i.e. x = 0 and y = 0 .’. z = 0. 
At all other points the Cauchy-Riemann equations do not hold. 


Harmonic functions 


If a function of two real variables f(x, y) satisfies Laplace's equation 

d 2 f(*, y) , d 2 f(x, y) 
dx 2 dy 2 



then we say that f{x, y) is an harmonic function. It is relatively 
straightforward to demonstrate that the real and imaginary parts of an 
analytic function are both harmonic. 
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Let f(z) = u(x, y) + jv(x, y) be an analytic function in some region of 
the z-plane. Because f(z) is analytic the Cauchy-Riemann equations 
hold true. That is 

du _ dv du _ dv 

foc^dy and dy = ~dx 

Differentiating the first with respect to x and the second with respect 
to y shows us that 

d 2 u _ d 2 v d 2 u _ d 2 v _ d 2 v _ d 2 u 

dx 2 dxdy an dy 2 dydx dxdy dx 2 

. d 2 u d 2 u 

andso a? + a? = 0 

By a similar reasoning 

d 2 ... d 2 ... 

dx 2 + dy 2 


cfv d 2 v _ 
dx 2 ^ dy 2 


Because 


d 2 v d 2 u 
dx 2 dxdy 


and 


d 2 v _ d 2 u _ d 2 u 
dy 2 dydx dxdy 


dfiv 

dx 2 


d 2 v d 2 v 

andso a? + a3“° 


The functions u(x, y) and v[x, y) are called conjugate functions. In 
addition, the curves u = constant, v = constant are orthogonal. 

Example 1 

Show that the real and imaginary parts of the function defined by 
f(z) — z 2 are harmonic. 

f(z) = z 2 

= (*+/» 2 

= (. x 2 - y 2 ) + 2 jxy 

and so u = x 2 — y 2 and v = 2 xy and therefore 


d 2 u d 2 u 
dx 2 + dy 2 


d 2 v d 2 v 
and dx* + dy* 
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d 2 U d 2 u 
dx 2 dy 2 


and 


d 2 v d 2 v 
dx 2 dy 2 



Because 

du d 2 u du 

— = 2a: so = 2 and — 
dx dx 2 dy 

- d 2 u d 2 u 
therefore -—=■ + = 0 


_ d 2 u 

~ 2 y 80 = - 2 


dx 2 dy 2 


and 

dv 


_ d 2 v , riv 

ex 2r ” a? = 0 and er 


therefore 


dx 2 
d 2 v d 2 v 
d*? + df 


d 2 v 

2x so = 0 

dy 2 


= 0 


Example 2 

Show that m(*, y) = x 3 y - y 3 x is an harmonic function and find the 
function v(x, y) that ensures that f(z) = u(x , u ) + jv(x, y) is analytic. 
That is, find the function v(x, y) that is conjugate to u{x, y). 

d 2 ii ^ d 2 u _ 
dx 2 dy 2 


d 2 u d 2 u 
dx 2 dy 2 



Because 


dll 2 3 

— = 3xy - y so 
dx 


d 2 u 

dx 2 


= 6xy and 


therefore 


d 2 u d 2 u 
dx 2 dy 2 


du 

dy 


= x 3 — 3 y 2 x so 



This means that u(x, y) = x 3 y — y 3 x is harmonic. 

Now, if f(z) = u(x, u) + jv(x, y) is analytic then u(x, y) and v{x, y) 
satisfy the.equations. 
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Cauchy-Riemann 


That is 

du 7 o dv 
— = 3 xv — v — — 
dx y y dy 

and 

du 3 Q 2 dv 
dy y dx 

Integrating ^ = 3x 2 y — y 3 with respect to y gives 

v(*, y) = . 


v(x, y) =^x 2 y z + a{x) 


Because 


dv 

— = 3 x 2 y - y 3 and so x is treated as a constant and the integral of y n 

is y n+1 /(n + 1 ). 

Did you miss the constant term in the form of a(x)? Because x is treated 
as a constant; the integration determines y up to an expression involving x. 
Differentiate the result with respect to y and you will reclaim the 

dv 

original form for —. 

dy 

Now, differentiating this expression with respect to x gives 


- = 3xy 2 + a'(x ) 


Because 

v(x, y) = -x 2 ^ 2 - -y 4 + a(x) and so — = 3 xy z + a'(x) and this is 

Zf ri (JJC 

t du du -> 

equal to - —. Now — — = —x + 3 y x and so 
dy dy 

a’(x) = . giving a(x) = . 

Therefore v(x, y) = . 
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d{x) = -x 3 giving a(x) = - 


Therefore v{x, y) = 


3 x 2 y : 


x 4 

4 +C 

T“T + C 

4 4 


Because 

Comparing ^ = 3 xy z + a'(x) and - ^ = -a: 3 + 3 y 2 x 

* dv du . , . o 

where — = — — then it is seen that a(x) = -x 3 . 
dx dy 

x 4 3x 2 y 2 y 4 

Therefore a(x) = — — + C giving v(x, y) = —— C- 

T! T 

Try one for yourself. 


* 4 ^ 
T + c 


Example 3 

Given u(x, y) = e~ x cosy f show that u(x, y) is an harmonic function 
and find the function v{x, y) that ensures that f(z) = u(x r y) + jv(x r y) 
is analytic. That is, find the function v(x, y) that is conjugate to u(x, y). 

d 2 ... d 2 ... 


dx 2 dy 2 


(fill d 2 u _ 

dip + dy* = 


Because 

v du _ y , d 2 u _ v 

u = e x cos y so — = — e x cos y and —-=■ = e x cos y. 

7 dx 7 dx 2 7 

Also — = —e~ x siny so —= -e~ x cosy. Therefore 


d 2 u d 2 u 


= 0, 


dy 7 dy 2 7 dx 2 dy 2 

that is m(x, y) is harmonic. The conjugate function v(x, y) is then 

v(x, y) =. 


v = —e *siny + C 


Because 

du dv _ 

By the Cauchy-Riemann equation — = — = -e x cosy. Integrating 

with respect to y gives v = -e~ x siny + a(x). Differentiating this with 

dv 

respect to x gives — = e X siny + a'(x). 

dv du _ 

Now, by the other Cauchy-Riemann equation — = - — = e~ x siny, 
so that a'(x) = 0 giving a(x) = C. Therefore, v = -e~ x siny + C. 

Now we shall look at complex integration. Move to the next frame 
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Complex integration 


At the beginning of this Programme, we defined differentiation with 
respect to z in the case of a complex function, since z is a function of 
two independent variables x and y, i.e. z = x + jy. Complex integration 
is approached in the same way. 

z = x + jy and w = f(z) = u+jv where u and v are also functions of 
x and y. 

Also dz = dx+/dy and dw = dn + /dv 

f(z) dz = j(tt + jv) (dx + / d y) 

= J{(Mdx - vdy) + /(v dx + u m 

f(z) dz = |(wdx - vdy) +/|(vdx + udy) 

That is, the integral reduces to two real-variable integrals 

(udx-vdy) and |(vdx + wdy) 

Note that each of these two integrals is of the general form 

|(Pdx + Qdy) which we met before during our work on line integrals 

and, in the complex plane, this rather neatly leads us into contour 
integration. 

Let us make a fresh start 




Contour integration - line integrals in the z-plane 

If z moves along the curve c in the 
z-plane and at each position z has 
associated with it a function of z, i.e. 
f(z), then summing up f(z) for all 
such points between A and B means 
that we are evaluating a line integral 
in the z-plane between A (z — zi) 
and B (z = Zz) along the curve c, 

i.e. we are evaluating j f(z) dz where c is the particular path joining 
A to B. C 

The evaluation of line integrals in the complex plane is known as 
contour integration . Let us see how it works in practice. 
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Example 

Evaluate the integral J f(z) dz where f(z) = (z — j) 2 and c is the 
straight line joining A (z = 0) to B (z = 1 +/2). 



f(z) = (z — f) 2 = (x + /(y - l)} 2 =x 2 -(y- l) 2 +/2x(y - 1) 

.*. I = J{(x 2 - y 2 -F 2y - 1) + )(2xy - 2x)}{dx + jdy} 

= j{(* 2 - y 2 + 2y - 1 ) dx - (2xy - 2x) d y} 

+j |{( 2 xy - 2x) dx + (x 2 - y 1 + 2y - 1 ) dy} 

Now the equation of AB is y = 2x. dy = 2dx and substituting these 
in the expression for I, between the limits x = 0 and x = l, gives 

I = . Finish it. 


' = 3<“ 2 + » 


Because 


i = ['{(x 2 - 
Jo 


4x 2 + 4x - 1) dx - (4x 2 - 2x)2dx} 


=f<- 


; f {(4x 2 - 2x) 
Jo 


dx + (2x 2 - 8 x 2 + Sx — 2) dx} 


rf(- 


llx z + 8 x - 1 ) dx +; (- 2 x + 6 x - 2 ) dx 


and this, by elementary integration, gives I = ^ (-2 +/)• 

Now you will remember that, in general, the value of a line integral 
depends on the path of integration between the end points, but that 

the line integral j (Pdx + Q dy) is independent of the path of integration 

in a simply connected region if ^ ^ throughout the region. 

In our example 

j = j {(* 2 - y 2 + 2 y - 1 ) dx - ( 2 xy - 2 x) dy} 

+ /|{( 2 xy - 2 x) dx + (x 2 - y 2 + 2 y - 1 ) dy} = h + jh 
If we apply the test to h, we get. 
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dP dQ 
dy dx 


Because 


for h = J{(x 2 -y 2 + 2y-l)dx- (2xy - 2x) dx} = |(Pdx + Qdy) 


P = x 2 - y z + 2y - 1 — = -2y + 2 


Q = -2 xy + 2x 


■ 

" dx 


= -2y + 2 


ap_aQ 

• • dy - dx 


Similarly 


for h - |{(2xy - 2x)dx +(x 2 - y 2 + 2y- l)dy} = J (Pdx + Qdy) 


P = 2xy - 2x 


dP n 

l^ = 2x 
dy 


r> 1 dQ 

Q = x 2 - y 2 + 2y - 1 ~^ = 2x 


dP dQ. 

’ ’ dy ~ dx 


Therefore, in this example, the value of the line integral is 
independent of the path of integration. 

Just to satisfy our conscience, determine the value of the line 
integral between the same two end points, but along the parabola 
y = 2x 2 . 


f(z) = (z - jf 
y = 2x 2 dy = 4xdx 



= 2x 2 


As before we have 


I = |{(* 2 - y 2, + 2y - 1) dx - (2 xy - 2x) dy} 

+ ;|(2xy - 2x) dx + ( x 2 - y 2 + 2y - 1) dy} 
Substituting y = 2x 2 and dy = 4xdx, the evaluation gives 


J = 
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We have 

I = [ {(x 2 - 4x 4 + 4x 2 -l)dx- (4x 3 - 2x)4xdx} 

Jo 

+ / f {( 4x 3 - 2x) Ox + (x 2 - 4x 4 + 4x 2 - l)4x 6x} 

Jo 

= f (-20 * 4 + 13x 2 - 1) dx +/ f (—16x 5 + 24x 3 - 6x) dx 
Jo Jo 

The rest is easy enough, giving I = | (-2 + /) which is, of course, the 

same result as before. Note that all results in Frames 25-28 can be 
obtained very easily by integrating the function of z with respect to z. 

For example, the integral j f(z) dz where f(z) = (z - ;) 2 and c is the 
straight line joining A (z = 0) to B (z = 1 + ;2) can be evaluated as 

[f(z)dz=[ (z - ;) 2 dz 
Jc Jz=0 


(z -;') 


;\3 


1+/2 


Jo 


( 1 +/ 2-;) 3 


= 3 (- 2 + ;) 


Now om to the next frame 


Cauchy's theorem 

We have already seen that if w = f(z) where, as usual, w = u + jv and 
z = x + jy, then dz = dx + ;dy and 

| f( z ) dz = |(w+;v) (d* + / dy) 

= j(«dx - vdy) +/j(vdjc + udy) 


If c is a closed curve as the path of integration, then 



* 

o (udx - udy) + /<J> (vdx + udy) 
Jc 


Hi 
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Applying Green's theorem to each of the two integrals on the right- 
hand side in turn, we have 

(a) - vd r ) = 

where 5 is the region enclosed by the curve c. 

Also, if f(z) is regular at every point within and on c, then the 
Cauchy-Riemann equations give 

du dv . _ r dv du 

dy dx dx dy 


j) (udx - vd y) = 0 


(b) Similarly, with the second integral, we have 


(vdx + udy) — 0 


Because 


£<vda + u drt = |j s (|-|)dady 


Again, if f(z) is regular at every point within and on c, then the 
Cauchy-Riemann equations give 

du dv , - r dudv 

— = — and therefore -— — = 0 
dx dy dx dy 


» 

o (vdx + udy) = 0 
Jc 


Combining the two results (1) and (2) we have the following result. 
If f (z) is regular at every point within and on a closed curve c, then 

a 

c) f(z) dz = 0 

Jc 

This is Cauchy's theorem. Make a note of the result; 

then we can see an example 
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Example 1 


Verify Cauchy's theorem by evaluating the integral | f(z) dz where 

f(z) = z 2 around the square formed by joining the points z = 1 , z = 2, 
z — 2 +/, z = 1 +;. 



z = X + jy 

z 2 =x 2 -y 2 + ; 2xy 
dz = dx+jdy 


j) f(z) dz = j) z z dz= j> {x 2 - y 2 + j2xy}{dx + jdy} 

= j) {( x 2 - y 2 ) dx - 2xy dy} +; j> {2xy dx + (x 2 - y 2 ) dy} 

We now take each of the sides in turn. 

(a) AB: y = 0 dy = 0 

(b) BC: x = 2 dx = 0 

f f{z) dz = f (-4ydy) +; f (4 - y 2 ) dy 
Jbc Jo Jo 

=MM 47 
= - 2 +;( 4 -|) -- 2 +/“ 

Continuing in the same way, the results for the remaining two 
sides are 

. and . 


CD: -1 -7-3; DA: 1 


Because 

(c) CD: y = 1 dy = 0 


f f(z) dz = [ ( 

JCD J 2 


x 2 -l)cbt+/ 2 xcLk 


“ li - V ' ri .- 1 -' 3 
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(d) DA: x = 1 chi = 0 


[ f(z) = f (~2ydy) +/ f (1 - f) dy 
Jda Ji Ji 


r -|0 r 3-10 

= -f +iy-\ =i-/'§ 

L Jl L ^Ji 


So, collecting the four results, j> f (z) dz = 


f(z) dz = 0 


Because 


y(z)dz- 7 -+ (-2 + /y) + (-f-/ 3 ) + ^-^f) ~° 


Example 2 

A region in the z-plane has a boundary c consisting of 

(a) OA joining z = 0 to z = 2 

(b) AB a quadrant of the circle Izl = 2 from z = 2 to z = ;2 

(c) BO joining z = ;2 toz = 0. 

Verify Cauchy's theorem by evaluating the integral | (z 2 + 1) dz 

(1) along the arc from A to B 

(2) along BO and OA. 



f (z) = z 2 + 1 = 


z = x + jy : 


(x+jy) 2 + l 

(x z - y 2 + 1) +j2xy 
dz = dx+jdy 


So the general expression for j f(z) dz = 
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J{(* 2 - y 2 + 1) + / 2xy}{dx + ; dy} 

= J{(x 2 - y 2 + 1) dx - 2xy dy} + ; J{2xy d* + (x 2 - y 2 + 1) dy} 


(1) Arc AB: * 2 + y 2 = 4 y 2 = 4 - x 2 y = V4 - x 2 


2 _ 


dy = i(4-x 2 ) 1/2 (-2x)dx 


dy = * dy 


Jab 

= J°j(x 2 - 4 + x 2 + l)dx - 2xV4 - x 2 X ^ 2 } ^} 

+ ; IzxV4-x 2 dx + (x 2 - 4 + x z + 1) _ —^ d* j 

f® 2 ... . f°llx-4x 3 14 

“ 2 ( 4* - 3)dx+; J 2 ^f^r d " = -T + ^ 


fO \ \x — 4x 2 

Now we must attend to I\ = — — dx 

J 2 V4-x 2 


Jz V4—x 2 

Substituting x = 2 sin 6 and dx = 2 cos OdO with appropriate limits we 
have 


7l = -f 



Because 


22 sin 9 — 32 sin 3 9 
2 cos 6 


2cos0d0 


r (° ^22 sin 0-32 sin 3 0^ nJ/l 

h = I-=-^- 2cos0d0 

L/2\ 2cos0 ) 

r/ 2 

= (32 sin 3 0 - 22 sin 0) d0 

Jo 

2 T 1 ,r / 2 fi4 2 

= 327--^+ 22 cos 0 = — -22=-- 

(3)(1) L Jo 3 3 

" jAB^ )dZ=_ 4 t = “f^ 7+/) 

(2) Along BO and OA. Complete this section on your own in the same 
way. 

f f(z)dz = .; f f(z)dz = . 

Jbo Joa 
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Because we have 
BO: x = 0 dx = 0 


f f 1 r v 3 1 0 2 

f(z)dz = ; \ = i y-\ = /~ 

JBO J 2 -5J2 5 


OA: y = 0 dy = 0 


2 "3 ** 2 

f f(z) dz = f (x 2 + 1) dx = ^- + X =4^ 
Joa Jo -5 Jo 15 


Collecting the results together, therefore 


i 


L 


14 2 

f(z)dz=-^-/f 

AB J O 

.... .2 2 14 .2 
f(z)dz = ;- + 4- = —+;- 

BO + OA ^ 3 O 3 


* P » 

of(z)dz = f(z)dz + f(z)dz = 0 

i c i AB « BO -I- OA 


which, once again, verifies Cauchy's theorem. 

Just by way of revision, Cauchy's theorem actually states that 



If f(z) is regular at every point within and on 


a closed curve c, then 


f(z) dz = 0 


In our examples so far, f(z ) has been regular and no problems have 
arisen. Let us now consider a case where one or more singularities 
occur within the region enclosed by the curve c. 

Deformation of contours at singularities 



If c is the boundary curve (or contour) of a region 
and f(z) is regular for all points within and on 


the contour, then the evaluation of f(z) dz 


around the contour is straightforward. 


However, if f(z) = -, where a is a complex constant, and point A 

Z ~~~ (3* 

corresponds to z = a, then at A, f(z) ceases to be regular and a 
singularity occurs at that point. 
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We can isolate A in a very small region within a 
contour Ci and then f(z) will be regular at all 
points within the region c and outside ci. But the 
original region is now no longer simply con¬ 
nected (it now has a 'hole' in it) and this was one 
of our initial conditions. 



However, all is not lost! We select a suitable 
point B on the contour c and join it to the inner 
contour ci. If we now consider the integration 

| f(z) dz starting from a point K and proceeding 

anticlockwise, the path of integration can be 
taken asKBLMNBDEK. 


i 

f{z)dz — I = / K b + /bl + 4mn + Im + /bdek = 


0 



The function f(z) is now regular at all points within and on the 
deformed contour. Remember that the inner contour Ci can be made 
as small as we wish. 


Note that Jnb = -/bl , being in opposite direc¬ 
tions, and these therefore cancel out. 


The previous result then becomes 
/kb + /lmn + /bdek = 0 i.e. /kb + /bdek + /lmn = 0 



But /kb + /bdek = 


(bf(z)dz and / L mn =(p f{z) 

J C J Cl 


dz 



| f{z) dz +<|; f(z) dz = 0 
| f(z) dz -1 f(z ) dz = 0 
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The process can, of course, be extended to cases with more than one 
such singularity. 




0 


0 


The corresponding result then becomes 

<|> f(z) dz = cfc f(z) dz + cfc f(z) dz... etc. 

Jc Jci Jc2 

Now let us apply these ideas to an example. 

Example 1 

Consider the integral j) f(z) dz where f(z) = ^ evaluated round a 
closed contour in the z-plane. 


We first check the function f(z) = - for 

z 

singularities and find at once that 


At z = 0, f(z) = — ceases to be regular 
and a singularity occurs at that point 


The actual position of the closed contour is not specified in the 
problem, so there are two possibilities: either the contour does enclose 
the origin, or it does not. 

Let us consider them in turn. 

(a) The contour does not enclose the origin. 


No difficulty arises here and 
by Cauchy's theorem 
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If the contour does enclose the 
origin, the singularity must be 
taken into account. Then 



d z = 



and we attend to evaluating 

| -dz where Ci is a small circle 
Jci z 


of radius r entirely within the 
region bounded by c. 



If we take an enlarged view of the 
small circle Ci, we have z = x +jy which 
can be expressed in polar form 
. and in exponential form 




Complete it 


;2tt 


Because 


j* i r2ir i pZk 

h dz= l ^ {ire>6}de= l id9=)2 ‘ 

c£ - dz = (£ -dz=;27r 
Jc Z Jo Z 


So we have: 


(a) |> ^dz = 0 if the contour c does not enclose the origin 

(b) i —dz = j2ir if the contour c does enclose the origin. 

These two constitute an important result , so note them well 
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Example 2 

Consider the integral j> f(z) dz where f(z) = ^ (w = 2, 3, 4,...). 

Again, a singularity clearly occurs at z = 0 and again also we have two 
possible cases. 

(a) If the contour c does not enclose the origin, then by Cauchy's 

theorem <) f(z) dz = 0. 

Jc 

(b) If the contour c does enclose the origin, then we proceed very 
much as before. 

Using z = rei°, dz = jre^dO and z n = r n e^ n6 
Then j) f(z) dz = j) f(z) dz 

i* 27 r 


r Z7r 1 

= j 0 

- — f 

r”- 1 Jo 



e -j(n- l)6 de 


-1 


(n - l)r" _1 


e -j{n-l)9 


-l 27T 


Jo 



Because 

d) — dz = 




_ 1 Wn-1 


/(W-1)27T _ 1 \ 

(n - l)r "- 1 

= (n-i)r n ~ l ^ cos(w ~ 1)27r ~ ;sin(w ~ 1)2?r ~ ^ 


= 0 since cos (n — l)2ir = 1 
sin(n - 1)27r = 0 


n = 2,3,4,... 


So i —dz = 0 for all positive integer values of n other than 

n = 1, where c is any closed contour. 

The particular case when n = 1 we have seen in Example 1. 

Now we can easily cope with this next example. 
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Example 3 

1 

Consider o f(z) dz where f(z) = - -for n = 1,2,3,... 

c (Z - a) 

This is a simple extension of the previous piece of work. Here we see 
that a singularity occurs at z = a and yet again we have two cases to 
consider. 



x 


If the contour c does not enclose 

z = a, then by Cauchy's theorem 

% 

o f(z) dz = 0 
Jc 

If c encloses A (z = a) we consider 
separately the cases when 

(1) n= 1 and (2) n > 1. 


(1) If n = 1, o f(z) dz = o —— dz 

Jc Jc^ ^ 

1 1 

Putting z - a = w dz = dw o -dz = o— dw 

J c z-a Jc w 

and this we have already established has a value. 



If n > 1, I f(z) dz = J) -—rdz = <j) -i-d w = 0 for n ^ 1. 

Jc Jc(z-fl)" J C W« 

So collecting our results together, we have the following. 

1 

For o f(z) dz, where f(z) = - - n = 1, 2, 3,... and c is a closed 

Jc (Z — d) 


contour 


£(z-a)" dz_o 

= 0 n = 1 and c does not enclose z = a 

= ;27r n = 1 and c does enclose z = a. 


You will notice that this is a more general result and includes the 
results obtained from Examples 1 and 2. Make a note of it, therefore: it is 
quite important 


Then on to Example 4 
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Example 4 

Finally, we can go one stage further and consider the contour integral 

of functions such as f(z) = - ^7 -—. 

; (z+/)(z- 2 ) 

First we express f(z) in partial fractions 

z - 7 - 4 _ A B 

(z + /)(z - 2 ) ~ z + 7 + z - 2 

One quick way of finding A and B is by the 'cover up' method. 

(a) To find A t temporarily cover up the denominator (z + 7 ) in the 

A z — / — 4 

partial fraction 7 -- and in the function 7 - ^ -— and 

P [z + ;] [ z + /]( z — 2 ) 

substitute z + / = 0 , i.e. z = -/ in the remainder of the function. 

. 4 4+/2 . , 0 


A = 


-;-2 2 +/ 


r = 2 A = 2 


(b) To find B, cover up the denominator (z - 2) in the partial fraction 

B 7 _ 7 _ 4 

7 --r and in the function 7 —-+7 -^ and substitute z - 2 = 0 , 

[z- 2 ] (z+])\z - 2 ] 

i.e. z = 2 in the remainder of the function. 

B = . 


B = -l 


Because 


B = 


2-/-4 

2 +/ 

- 2 -/ 


2 +/ 

= -l 


Therefore the function f(z) becomes 

f( z \ — — 4 — = —-L_ 

/w (z+/)(z — 2 ) z+; z — 2 

Now we can see that there are singularities at 
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Denote the singularities by L and M. “q 


—14 l 


z-plane 


887 



i(?+i'(?-2> d2 ilz4 / 2 - 2 }^ 


So we now have four cases to consider, depending on whether L, M, 
neither, or both, are enclosed within the contour c. 


(a) Neither L nor M enclosed 


-1 f L 


(b) L enclosed hut not M 


(c) M enclosed but not L 


Then, once again, by Cauchy's 
theorem 


f{z) dz = 0 



Then, in this case 


| f(z) dz = 2(/2tt) - 0 = ;4tt 


— 1 <f~L 



Here 


| f(z) dz = 0 - (j 2n) = -/ lit 
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(d) Both L and M enclosed 




;2tt 

Because, when both L and M are enclosed 

}/ (z)dz -i{ 2 (^)“^} dz 

= 2(j 2 tt) — / 2tt 
= /2tt 

The key is provided by the results we established earlier. 


(z - a) n 


dz = 


C (Z - af 


-0 


if n^ 1 

if n = 1 and c does not enclose z —a 


= j2ir if n = 1 and c does enclose z = a. 


Now for something somewhat different. 
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Conformal transformation 
(conformal mapping) 

A mapping from the z-plane onto the w-plane is said to be conformal if 
the angles between lines in the z-plane are preserved both in 
magnitude and in sense of rotation when transformed onto the 
corresponding lines in the w-plane. 




The angle between two intersecting curves in the z-plane is defined by 
the angle a (0 < a < 7r) between their two tangents at the point of 
intersection, and this is preserved. 



angles are preserved both in magnitude 
and in sense of rotation 



Conditions for conformal transformation 

The conditions necessary in order that a transformation shall be 
conformal are as follows. 


The transformation function w = f(z) must be a regular function 
of z. That is, it must be defined and single-valued, have a 
continuous derivative at every point in the region and satisfy the 
Cauchy-Riemann equations. 

dw 

The derivative — must not be zero, i.e. f{z) ^0 at a point of 


intersection. 




890 Programme 21 


Critical points 

A point at which f'{z) = 0 is called a critical point and, at such a point, 
the transformation is not conformal. 

So, if w = f(z) is a regular function, then, except for points at which 
f'{z) = 0, the transformation function will preserve both the magni¬ 
tude of the angle and its sense of rotation. 

Now for a short exercise by way of practice. 



Exercise 


Determine critical points (if any) which occur in the following 
transformations w = f(z). 


1 f(z) = (z — l) 2 

2 f(z) = e 

3 f( z ) = ^ 

4 f(z)=z + ^ 


5 

6 

7 


f(z) = (2 z + 3) 3 
f(z) = z 3 + 6z + 9 



z + ; 


8 f(z) = (z + 3)(z-/). 


Finish the whole set before checking with the results in the next 
frame. 


1 

z = 1 

5 

7 — _ 3 

z 2 

2 

none 

6 

Z = d=/\/2 

3 

none 

7 

none 

4 

-H 

II 

N 

8 

rn 

1 

II 

N 


All that is required is to differentiate each function and to find for 
which values of z, f(z) = 0. 

Now one or two simple examples on conformal mapping. 

Example 1 

Linear transformation w = az + b, a ^ 0, a and b complex. 

(1) Cauchy-Riemann conditions satisfied. 

(2) f{z) = a i.e. not zero no critical points. 

Therefore, the transformation w = az±b provides conformal mapping 
throughout the entire z-plane. 

Example 2 

Non-linear transformation w = z 2 . 

First check for singularities and critical points. These, if any, occur at 
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no singularities; critical point at z = 0 



Because 

f'(z)=2z f{z) = 0 at z = 0. 

Therefore, the transformation is not conformal at the origin. 

If we choose to express z in exponential form z = x+jy = rd 9 , then 
w = z 2 = r 2 e ;2 ^, i.e. r is squared and the angle doubled. 






So ABCD, a section of an annulus of inner and 
outer radii r\ and T 2 respectively, will be 
mapped onto 


V 


H 


H 

\ 




/ \ i i \ 




The angles at the origin are doubled, but notice that the right angles at 
A, B, C, D are preserved at A^B^C^D', i.e. the transformation there is 
conformal. 

Example 3 

Consider the mapping of the circle |z| = 1 under the transformation 
w = z + 4 onto the w-plane. 

First, as always, check for singularities and critical points. We find 
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singularity at z = 0 ; critical points at z = ± 2 


A singularity occurs at z = 0, i.e. f{z) does not exist at z = 0. Also 

f(z)=z + ^ f{z) = 0 atz = ± 2 . 

Therefore the transformation is not conformal at z = 0 and at z = ± 2. 

4 

In fact, if we carry out the transformation w = z + — on the unit 

z 

circle |z| = 1 , we get. 

Complete it it is good revision 


u 2 v 2 

the ellipse ^ 2+^=1 


Because 


w = u + iv = z + — 

z 


= x + jy+ 


x+jy 


4 (x-jy) 
x+jy + -*=— f -2-L 

x z + y z 


Sx] v = y{ 1 - 4) = -3 y 


Ax 4 y 

u = x + -s- 9 ; v = y— 9 / 9 

x z + y 2 x 2 + y 2 

|z| = 1 x 2 +y 2 = l u = x( l+4) = 5x; v = y(l - 4) = -3y 

u v 

x = - and y = -- 

u 2 v 2 

Then x 2 + y 2 = 1 gives ^ + ^2 = 1 

The image of the unit circle is therefore an ellipse with centre at the 
origin; semi major axis 5; semi minor axis 3. 


Now let ns move on to a new section 
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Schwarz-Christoffel transformation 


Example 1 

Consider a semi-infinite strip on BC as base, 
the arrows at A and D indicating that the 
ordinate boundaries extend to infinity in 
the positive y-direction and that progres¬ 
sion round the boundary is to be taken in 
the direction indicated. 



Let us apply the transformation w = - cos— to the shaded region. 

^7 


Then w = u + jv = - cos— 

a 


= - cos 


n(x+jy) 


( 7TX 

< cos— 
f a 


J7ry . 7 tx . 
cos - sin—sm 
a a 


. /Try] 

a J 


Now cos jO = cosh 9 and sin jO =; sinh 6. 
w = u+jv 

7r x ifty,-. nx . .ivy 

= -cos—cosh —+ /sin — sinh— 

/-i ' /i /i 


u = — cos—cosh 


. 7TX , , Try 
v = sin—sinh— 
a a 


So B and C map onto B' and C' where 

B' =.; C' = 
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Now we map AB, BC, CD onto the w-plane giving A'B , ,B , C',C'D'. 

(a) AB: x = 0 A'B': « = -cosh—; v = 0 

As y decreases from oo to 0, u increases from -oo to -1. 


V 


B' 

- - 1 _ 

C' 

_i_ 


-1 O it/ 


(b) BC: y = 0 B'C': u = - cos—; v = 0 

7 a 

As x increases from 0 to a, u increases from —1 to 1. 



A' 


B' 


C' 


i 


— 1 O It/ 

(c) CD: In the same way you can map CD and C'D' in the w-plane 
and the mapping then becomes. 


V 

A' B' 

C D' 

_i__ 

-1 O 1 u 


Because 

CD :x = a C'D': u = cosh—; v = 0. 

a 

Therefore, as y increases from 0 to oo, u increases from 1 to oo. 

Notice the direction of the arrows. These correspond to the directed 
travel round the boundary shown in the z-plane. 



The shaded region in the z-plane is on the left-hand side of the 
boundary as traversed. This maps onto the left-hand side of the image 
on the w-plane, i.e. the entire upper half of the plane. 

Note that ^ = - sin — at B (z = 0) and C (z = a), ^ = 0. 
d z a a ' dz 

Therefore, the conformal property does not hold at these points. The 
internal angle at B and at C is while at B' and C it is tt . 

Zd 
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Example 2 

Consider an infinite strip in the z-plane bounded by the real axis and 
z = ja 


Note the arrows. The boundary 
comes from +oo (A) and continues 
to - oo (C); then returns from - oo 
(D) to +oo (F). 

The strip can be considered as a closed figure with the left- and right- 
hand vertices at infinity. 

We now map the infinite strip onto the w-plane by the transforma¬ 
tion w = e 1 ' z ! a . 

w = u + jv = e^ a t from which 

u— .; v — . 



O 


u = e* x l a cos—; 

v = e KX t a sin— 

a 

a 



Because 

u + ;v = e* 2 ^ 

— e <x+iy)/ a 

— e ™/a e ivyla 

= e* xla (cos— + / sin —) 

\ a a) 

u = e™! a cos—; v = sin — 

& & 

Now we map points B and E onto B' and E'. 


(1) B: x = 0, y = a B': u = -1, 

O 

II 

(2)E:x = 0, y — 0 E': u — 1, 

o 

II 

i.e. 


V 


B' 

_1_ 

E' 

_1_ 


-1 o 1 
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Now we map the lines AB, BC, DE, EF onto the w-plane. 

(a) AB: y = a u = -e 7rx ^ a f v = 0 

As x decreases from +oo to 0, u increases from -oo to -1. 



(c) Now there is DE which maps onto 



Because 

(c) DE: y = 0 u = e^ a t v = 0 

As x increases from -oo to 0, u increases from 0 to 1. 

(d) EF: y = 0 u = e^ a t v = 0 (as for DE) 

As x increases from 0 to +oo, u increases from 1 to +oo. 



Notice that C and D map to the same point, namely u = v = 0. 
Finally, what about the shaded region in the z-plane? This maps onto 
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the upper half of the w-plane 


because it is on the left-hand side of the directed boundary in the 
z-plane. 


Y 



O x -10 1 u 


The previous two examples have been simple cases of the application 
of the Schwarz-Christoffel transformation under which any polygon 
in the z-plane can be made to map onto the entire upper half of the 
w-plane and the boundary of the polygon onto the real axis of the 
w-plane. 



The process depends, of course, on the right choice of transformation 
function for any particular polygon, which can be defined by its 
vertices and the internal angle at each vertex. 



O x Uy u 2 o W 3 u 4 U 


The Schwarz-Christoffel transformation function is given by 

a 7 

^ = A(w - ui) ai/ *- l (w - u z ) a2l *- l (w - W 3 ) q3/,r_1 • • ■ 

z = A j(w — u— uz) 02 ^ -1 ... (w — u n ) an l 1T ~ 1 dw + B 

where A and B are complex constants, determined by the physical 
properties of the polygon. 

This is not as bad as it looks! 

Make a careful note of it: then we will apply it 
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— = A(w - - i/ 2 ) Q;2y/7r-1 (w — uz )* 3 ^ 1 ... 

z = A |(w - i*i) ai//7r-1 (w u 2 ) az ^~ l ... (w — ««) Q;,1//7r “ :l dw + 5 

where A and 5 are complex constants. 

Three other points also have to be noted. 

1 Any three points u\, u 2 , u$ on the w-axis can be selected as 
required. 

2 It is convenient to choose one such point, u n , at infinity, in which 
case the relevant factor in the integral above does not occur. 

3 Infinite open polygons are regarded as limiting cases of closed 
polygons where one (or more) vertex is taken to infinity. 


Open polygons 



We have already introduced these in Examples 
1 and 2 of this section. 

In Example 1, the semi-infinite strip is a case of 
a triangle with one vertex that is 



taken to infinity in the y-direction 


In Example 2, the infinite strip is 
a case of a double triangle, or 
quadrilateral, with two vertices 
taken to infinity. 


An open polygon with n sides with one vertex at infinity will have 
(n - 1) internal angles. 

An open polygon with n sides with two vertices at infinity will have 
(n — 2) internal angles. 

Now for an example to see how all this works. 
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Example 3 

To determine the transformation that will map the semi-infinite strip 
ABCD onto the w-plane so that the images of B and C occur at u = -1 
and u = 1, respectively, and the shaded region maps onto the upper 
half of the w-plane. 



O x -1 o 1 u 


In this case, B' is U\ = -1 and C' is u 2 = 1. 

The corresponding internal angles are: 

7r 7 r 

at B (z = jd), ai = - and at C (z = 0), az = -. 

Zr 

So we have 


dz 

dw 


= A(w + l) (7r/2)/7r-1 (w - 


= A(w + 1) 1/2 (w - 1) 1/2 
= A(w^ - 1) _1/2 



where A is a complex 
constant 


z = K arcsin w + B 


arcsin w 


z — B 
K 


. z-B 
.. w = sin 

A 


Now we have to find B and K. 

(a) We require B (z = ja) to map onto B' (w = —1) 

. ja-B 
. . - 1 = sin 

K 


* K 


2/a — 2B = —Kit 


(b) We also require C (z = 0) to map onto C' (w = 1) 1 = sin 


0 — B 


B 7r 
K = 2 


-2B = Ktt 


Then, from (1) and (2), B — . ;K = 
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dD 



(jsj 


. (z- (ja)/2\ . f. IT ir\ 

" “ X^afiT j {' a + 2/ 


COS 


/Z7T 


a 


But cos jO = cosh 0 w = cosh 


7 TZ 

a 


To verify that this is the required transformation, let us apply it to the 
figure given in the z-plane. 

We will do that in the next frame 

We have 

7TZ U (^+/»7T 

w = u +/v — cosh— = cosh-- , - u — 

a a 

, X7T jVTT , X7T . _ jVTT 

. ■. u + iv = cosh—cosh -—(- sinh—smh 

a a a a 

But cosh j9 = cosh 6 and sinh jO = j sin 0 

-X7T V7T . . X7T . y'K 

.. w + /v = cosh—cos^—(-/smh—sin— 

a a a a 

- X7T V7T . _ X7T , V7T 

u = cosh—cos — ; v = sinh—sin— 
a a a a 



First map the points B and C onto B' and C' 
in the w-plane. 

B': .: C': . 




Because 

B: x = 0, y 
C: x = 0, y 


a B': u = cos7r = — 1, v 
0 C: u = 1, v = 0 


0 B': u 

C f : u 


-l,v = 0 

1 , v = 0. 


V 


B' 

C' 

1 - 

-1- 


-1 O 1 W 



Now we map AB, BC, CD in turn. 
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(a) AB: y = a u = — cosh —, v = 0 

a 

As x decreases from oo to 0 ,u increases from -oo to -1. 



(b) BC: I 

> Complete the working and show the mapped region 

(c) CD • I 

which is... 



Because we have 

(b) BC: x = 0 u = cos—, v = 0 

a 

As y decreases from a to 0, u increases from -1 to 1. 

xtt 

CD: y = 0 u = cosh—, v = 0 

a 

As x increases from 0 to oo, u increases from 1 to oo. 

In each plane, the shaded region is on the left-hand side of the 
boundary. 

We will now finish with one further example. 

So move on 


Example 4 



Determine the transformation function w = f(z) that maps the 
infinite sector in the z-plane onto the upper half of the w-plane with 
points B and C mapping onto B' and C' as shown. 

The transformation function w = f(z) is given by. 
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dw 


= A(W — Ui) ai ^ 1 (w-U2) az ^ 1 ... (w — u n ) an ^ 1 


7r 

At B, a\ = —. At C, = 7T. 

With that reminder, you can now work through on your own, just as 
we did before, finally obtaining 

w = . 




Check with the working. 

^= A(w - 0) (jr/3)/7r_1 (w - l)''*" 1 

= Aw~ z / 3 (w - 1 )° 

= Aw _2/3 


/. z = 3Aw 1/3 +B 
= Kw 1/3 + B 



To find B and K 

(a) At B: z = 0 At B': w = 0 0 = ^ 

(b) At C: z = 1 At Cf: w = 1 1 = K = 1 w = z 3 



the transformation function is w = z 3 

Finally, as a check - and a little more valuable practice - apply the 
function w = z 3 to the region shaded in the z-plane. 

w = u +/v = (x + jyf = x 3 + 3 x 2 (jy) + 3x(jy) 2 + (/y) 3 




; v = 
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At B: x = 0, y = 0 u = 0, v = 0 .\B':u = 0,v — 0 

At C: x = 1, y = 0 u = 1, v = 0 C: u = 1, v = 0 


V 


B' C' 

- iZ - 4 - 

O 1 U 

Now we map AB, BC, CD onto A'B', B'C', C'D'. 

AB: y=V3x u = x 3 - 9x 3 = — 8x 3 , v = 0 

As x decreases from oo to 0 ,u increases from - oo to 0. 

You can now deal with BC and CD in the same way and finally show 
the transformed region. 

So we get. 

Here is the remaining working. 

BC: y = 0 .*. u = x 3 , v = 0 

As x increases from 0 to 1 , u increases from 0 to 1. 

CD: y = 0 .*. u = x 3 , v = 0 

As x increases from 1 to oo, u increases from 1 to oo. 

So we have 




The shaded region is to the left of the directed boundary in the z- 
plane. This therefore maps onto the region to the left of the directed 
real axis in the w-plane, i.e. the upper half of the plane. 

We have just touched on the fringe of the work on Schwarz- 
Christoffel transformation. The whole topic of mapping between 
planes has applications in fluid mechanics, heat conduction, electro¬ 
magnetic theory, etc. and it is at times convenient to solve a problem 
relating to the z-plane by transforming to the upper half of the w- 
plane and later to transform back to the z-plane. The transformation 
function can be operated in either direction. 

And that is it. The Revision summary follows and the Can You? 
checklist. Then on to the Test exercise and the Further problems 
for additional practice. 
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Revision summary 21 

1 Differentiation of a complex function 

dz sz-> o { Sz ) 

2 Regular (or analytic) function 

w = f(z ) is regular at Zo if it is defined, single-valued and has a 
derivative at every point at and around z = zo. 

3 Singularities or singular points - points at which f(z) ceases to be 
regular. 

4 Cauchy-Riemann equations test whether w = f(z) has a derivative 
f'(z) at z = zo- w = u+jv = f(z) where z = x + fy. 

dv du 
dx 


du dv 
Then — = — 
dx dy 


and 


dy 


If a function of two real variables f(x, y) satisfies Laplace's 
equation 

y ), y) 


+ 


-0 


dx 2 dy 2 

then f(x r y) is an harmonic function. The real and imaginary parts 
of an analytic function are both harmonic and form a conjugate 
pair of functions. 

6 Complex integration 

| wdz = J f(z)dz = J (udx - vd y) + /1 (vdx + udy) 

7 Contour integration - evaluation of line integrals in the z-plane. 

8 Cauchy's theorem If f(z) is regular at every point within and on 

% 

closed curve c, then o f(z) dz = 0. 

Jc 

9 Deformation of contours 





(a) Singularity at A 

(b) Restored to a closed curve 

(c) j) f{z) dz = | f(z) dz. 

For f f(z) dz where f(z) = -—- 
Jc [Z 


(z - a) n 


n 


1, 2, 3,... 


if n^ 1 

= 0 if n = 1 and c does not enclose z 

= j2ir if n = 1 and c does enclose z = a. 


= a 
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10 Conformal transformation - mapping in which angles are preserved 
in size and sense of rotation. 

Conditions 

1 w = f(z) must be a regular function of z. 

dw 

2 f(z) r i.e. —, ^ 0 at the point of intersection. 

If f f (z) = 0 at z = zo, then zo is a critical point 

11 Schwarz-Christoffel transformation maps any polygon in the 
z-plane onto the entire upper half of the w-plane and the boundary 
of the polygon onto the real axis of the w-plane. 

= A{w- u 1 ) ai/w ~ 1 {w - uzf 2 ^- 1 ... (w - 

QW 

1 Any three points u\, uz , u$ can be selected on the u- axis. 

2 One such point can be chosen at infinity. 

3 Infinite open polygons are regarded as limiting cases of closed 
polygons. 



Can You? 


Checklist 21 

Check this list before and after you try the end of Programme test. 

On a scale of 1 to 5 how confident are you that Frames 

you can: 

• Appreciate when the derivative of a function of a _ _ 

complex variable exists? |i | to 1 a 

Yes □ □ □ □ □ No 



• Understand the notions of regular functions and 
singularities and be able to obtain the derivative of a 
regular function from first principles? 

Yes □ □ □ □ □ No 



• Derive the Cauchy-Riemann equations and apply them 
to find the derivative of a regular function? I 7 I to 1 12 

Yes □ □ □ □ □ No 


• Understand the notion of an harmonic function and 
derive a conjugate function? 

Yes □ □ □ □ □ No 

• Evaluate line and contour integrals in the complex 
plane? 

Yes □ □ □ □ □ No 
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Derive and apply Cauchy's theorem? 

Yes □ □ □ □ □ No 

Apply Cauchy's theorem to contours around regions 
that contain singularities? 

Yes □ □ □ □ □ No 

Define the essential characteristics of and conditions 
for a conformal mapping? 

Yes □ □ □ □ □ No 

Locate critical points of a function of a complex 
variable? 

Yes □ □ □ □ □ No 

Determine the image in the w-plane of a figure in the 
z-plane under a conformal transformation w = f(z)l 

Yes □ □ □ □ □ No 

Describe and apply the Schwarz-Christoffel 
transformation? 

Yes □ □ □ □ □ No 


29 ltol 36 


51 land I 52 




No 


Text exercise 21 


Determine where each of the following functions fails to be regular, 
(a) w = z 3 + 4 W "(Tira 


<b) "' = iTs 

(c) w = ^ z+4 


(e) w = 

w x 2 +y 2 ' 


Demonstrate that each of the following is harmonic and obtain the 
conjugate function. 

(a) u(x f y) = sinhxcosy 

(b) u(x , y) = 4y(l + 3x). 

Verify Cauchy's theorem by evaluating j) f(z) dz where f(z) = z 2 round 

the rectangle formed by joining the points z = 2 + /, z = 2+j4, z = ;4, 
Z ~ h 

X 3 z ^ • 


> 

Evaluate the integral o f(z)dz where f(z) 

Jc 


(z-f){z~ 3) 


round the 


contour Izl = 2. 
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5 


Determine critical points, if any, at which the following transformation 
functions w = f(z) fail to be conformal. 


(a) w = z 4 

(b) w = z 3 - 3z 

(c) w = e l ~ z 


(d) w 

(e) w 

(f) w 


2 

z H— 
z 

z+j_ 

z-j. 


6 Determine the Schwarz-Christoffel trans¬ 
formation function w = f (z) that will map 
the semi-infinite strip shaded in the 
z-plane onto the upper half of the w-plane, 
so that the image of B is B' (w = — 1) and 
that of C is C' (w = 0). Obtain the image of 
the point D. 




Further problems 21 


1 Verify Cauchy's theorem for the closed path c consisting of three 
straight lines joining A (1+/), B (3+/3), C (-1+/3) where 
f{z) = z-l+). 

2 If z = 2 + jy is mapped onto the w-plane under the transformation 

1 

w = f (z) = -, show that the locus of w is a circle with centre w = 0-25 

z 

and radius 0*25. 

3 Determine the image in the w-plane of the circle |z - 2| = 1 in the z- 
plane under the transformation w = (1 - ;)z + 3. 

4 The unit circle |z| = 1 in the z-plane is generated in an anticlockwise 
manner from the point A (z = 1) and is transformed onto the w-plane 

by w =-Determine the locus of w and the direction in which it is 

Z Zd 

generated. 

5 Find the conjugate function of each of the following. 

(a) u(x, y) = x 2 — 2x — y 2 

(b) u(x, y) = x 3 - 3 xy 2 - x 2 + y 2 + x 

(c) u(x, y) = 2y(x - 1) 

(d) u(x, y) = e* 2 -? 2 cos 2 xy. 
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5z-2-/3 

Evaluate c) f(z) dz where f(z) = -^— —r around the closed contour 

Jc \ z ~ 1)\ z ~ U 


c for the two cases when 

(a) c is the path |z| = 2 

(b) c is the path |z — 1| = 1. 

If f( Z ) = /, S LV, ,-W eValu 


(z-j)(z+j 2) 


> 

—, evaluate o f(z)dz along the contours 

Jc 


(a) \z — 1| = 1; 


(b) |/| = ^ 


(c) \z\ = 3. 


y z) 

If z = x + jy and w = f (z), show that, if —-- is entirely real, then 

M = \z\. 


f 3z /5 

Evaluate d> f(z) dz, where /"(z) = -- ——r-r—^around the 

Jc ( z + 1 — — ^ — 1) 

perimeter of the rectangle formed by the lines z = 1, z = ;3, z = -2, 


z = -/• 


If f(z) = 


8z 2 — 2 


% 

-, evaluate o f(z) dz along the contour c where 

^ Jc 


' z(z - i)(z+iy-Jc' v 7 — 0 - 

is the triangle joining the points z = 2, z =;, z = — 1 

1 

(a) For the transformation w = z + —, state (1) singularities, (2) critical 

z 

points. 


(b) Apply w = z + - to map the circle |z| = 2 onto the w-plane. 

z 


12 Find the images in the w-plane of (a) the line y = 0 and (b) the line y = x 

z — j 

that result from the mapping w = Y+f that the curves intersect 

at the points (d=l, 0) in the w-plane and determine the angle at which 
they intersect. 


13 


Use the transformation w = ^ ^ + to map the unit circle |z| = 1 in the 

-L Z 


z-plane onto the w-plane. Determine also the image in the w-plane of 
the region bounded by |z| = 1 and inside the circle. 


14 Determine the transformation that 
will map the semi-infinite strip 
shown, onto the upper half of the 
w-plane, where the image of B is B' 
(w = -1) and that of C is C' (w = 1). 
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Learning outcomes 

When you have completed this Programme you will be able to: 

• Expand a function of a complex variable about the origin in a 
Maclaurin series 

• Determine the circle and radius of convergence of a Maclaurin 
series expansion 

• Recognise singular points in the form of poles of order n t 
removable and essential singularities 

• Expand a function of a complex variable about a point in the 
complex plane in a Taylor series, transforming the coordinates 
with a shift of origin 

• Expand a function of a complex variable about a singular point in a 
Laurent series 

• Recognise the principal and analytic parts of the Laurent series and 
link the form of the principal part to the type of singularity 

• Recognise the residue of a Laurent series and state the Residue 
theorem 

• Calculate the residues at the poles of an expression without resort 
to deriving the Laurent series 

• Evaluate certain types of real integrals using the Residue theorem 
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AAadauriit series 



You will recall that the Maclaurin series expansion of the function of a 
real variable x with output f(x) is given as 


f(x)=m+xf'(p)+x 


2f"( 0 ) , *f 


/// 


2 ! 


+ xr 


( 0 ) . . v nf {n) { 0 ) . 


This is an infinite series expansion of f(x) about the point x = 0. 
Because the series on the right-hand side of this equation contains an 
infinite number of terms, the right-hand side may only converge for a 
restricted set of values of x. Consequently, this expansion is only valid 
for that restricted set of values. For example, the expression 
f(x) = (1 — x) -1 has the Maclaurin series expansion. 



Because 


f(x) — (1 - x) 1 and so f( 0) = (1 - 0) 1 — 1 
f'(x) = (1 - x)~ 2 and so f'( 0) = (1 - 0) -2 = 1 
f"(x) = 2(1 - x)~ 3 and so f"( 0) = 2(1 - 0) -3 = 2 
f"'(x) = 3!(1 - x) 4 and so f'"( 0) = 3!(1 - 0)“ 4 - 3! 


f( n \x) = n!( 1 — x) and so f^( 0) = n!( 1 - 0) = n\ 

Therefore, substituting into the Maclaurin series expansion, we find 

m - A0) + *r'(0) + ... + ^rm + ... 

-I -I 2 3 n 

= l+ xxl+x z x — + X 6 x — H-+ x x —rH- 

2! 3! n\ 

= l+x + x 2 +x 3 + --*+x w + *-- 


This same result could also be derived by using the binomial theorem 
or even by performing the long division of 1 by 1 - x. However, 
performing the algorithmic procedure is one thing, but knowing that 
the result of the procedure is valid is another. To determine the 
validity of the expansion we resort to convergence tests, and in this 
case we use the ratio test. To refresh your memory, the ratio test for the 
infinite series 


f (x) = ao(x) + ai(x) + a 2 (x) + a 3 (x) H-h a n (x) H - 


is that given 


Lim 

n—»oo 


dn+ l(x) 
a n (x) 


L then if L < 1 the series converges 
L > 1 the series diverges 
L = 1 the test fails and an alternative 
convergence test is required. 
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Applying the ratio test to the Maclaurin series expansion 

f(x) = l+ x + x 2 +x 3 H - \-x n H- 

tells us that 

The series converges for .. 

The series diverges for. 

The test fails for. 


The series converges for — 1 < x < 1 
The series diverges for x < -1 or x > 1 
The test fails for x = ±1 


Because 


Lim 

w—HX) 


a«+i oo 

flfloo 


,n +1 


= Lim 

n—> oo 


Lim x = x, so 


n—>oo 


if |x| < 1, that is -1 < x < 1, the series converges and so the expansion 
is valid 

|x| > 1, that is x < -1 or x > 1, the series diverges and so the 
expansion is invalid 

|x| = 1, that is x = ±1, the ratio test fails to give a conclusion. 


By inspection, when x = 1 the series clearly diverges and when x = -1 
the sum of terms alternates between 1 and 0 as each successive term is 
added. Clearly the series does not converge and so, therefore, it must 
diverge when x = — 1. 

Everything that has been said about the Maclaurin series expansion 
of an expression involving a real variable x can equally be said about 
an expression involving a complex variable z. That is, if f(z) is a 
function in the complex variable z, analytic at z = 0, then the 
Maclaurin series expansion is 

A z ) = f (°)+ z f '(°) + z 2 +£ f—yr +• • • 

So, the Maclaurin series expansion of f(z) = sin z is. 
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Because 

f(z) = ln(l + z) and so f (0) = (1 + 0) = 0 

f'(z) = (1 + z) _1 and so f'{ 0) = (1 + 0) _1 = 1 

f"(z) = -(1 + z)~ 2 and so f"{ 0) = -(1 + 0) -2 = —1 

f"\z) = 2(1 + z) ' 3 and so f"'{ 0) = 2(1 + 0)“ 3 = 2 

fW(z) = —3!(1 + z) -4 and so 0) = -3!(1 + 0) -4 = -3! 




Because 


Lim 

n—> oo 


&n+l(z) 


= Lim 


(—l)” +2 z" +1 /[n +1] 


a„(z) n —»oo (-l)” +1 z”/[n] 


= Lim -- 

n->oo ft+1 


So if \z\ < 1 the series converges and so the expansion is valid 
\z\ > 1 the series diverges and so the expansion is invalid 
|z| = 1 the ratio test fails 

We shall look at the case Izl = 1 a little later. 


Move to the next frame 
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Radius of convergence 


We have just seen that the Maclaurin expansion of ln(l + z) is valid for 
|z| < 1. This inequality defines the interior of a circle of radius 1 
centred on the origin, namely z = lei 6 . 



This means that the expansion is valid for all z-values lying within this 
circle. The radius of the circle within which a series expansion is valid 
is called the radius of convergence of the series and the circle is called the 
circle of convergence. 


Example 

To find the infinite series expansion and radius of convergence of the 

z 

expression f(z) = -y, we progress in stages, noting that 

(1 - 3z) 

--—= z( 1 - 3z) -2 . We expand (1 - 3z) -2 first. 

(1 — 3z) 2 

By the binomial theorem, the expansion of (1 - 3z) -2 is 

(1 - 3z) -2 =. 


(1 - 3z)“ 2 = 1 + 6z + 2 7Z 2 + 108Z 3 + 405z 4 + - • • 


Because 


(1 - 3z)- 2 = 1 + (-2) x (—3z) + 


(-2)(—3) x (—3z) : 


(—2) (—3) (—4) x (—3z) 3 
3! 


= (l + 6z + 3(—3z) 2 - 4(-3z) 3 + 5(—3z) 4 + ... 

+ (-l)”(n + l)(-3)”z” + ...) 
= 1 + 6z + 2 7Z 2 + 108Z 3 + 405z 4 + ... + («+ l)3”z" +... 

and so 

z(l - 3z)“ 2 = z + 6z 2 + 27Z 3 + 108z 4 + 405z 5 + ... + (« + l)z"z" +1 +... 
The radius of convergence is then 
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1/3 



Because 


The general term of the expansion is a n {z) = {n + l)3 n z n+1 and so 
the ratio test tells us that 


Lim 

n—±oo 


&n+ 1 {z) 

= Lim 

(: n + 2)3" +1 z”+ 2 

a„(z) 

n — KX> 

(n 4- l)3 n z H+1 


= Lim 


n —foo 


3(n + 2 )z 
(n + l) 



So, if |3z| < 1, that is \z\ < 1/3, then the series converges and the 
expansion is valid. The radius of convergence is therefore 1/3. 


Move to the next frame 


Singular points 


QT] 

Any point at which f{z) fails to be analytic, that is where the derivative 
does not exist, is called a singular point (also called a singularity). For 
example 



1 

z - 1 


is analytic everywhere in the finite complex plane except at the point 
z = 1 where not only is the derivative f'(z) not defined but neither is 
f(z). Accordingly, the point z=l is a singular point. There are 
different types of singular points, for now we shall look at just two of 
them. 


Poles 


If f(z) has a singular point at zo and for some natural number n, 
Lim {(z - zo) n f(z)} = L/ 0 then the singular point is called a pole of 

Z-+ZQ 


order n. For example 
2 z 


f{?) = 


(z + 4) : 


has a singular point at z = -4 and because 

Lim | (z 4- 4) z f(z) \ = Lim {2z} = —8^0 
z->-4 ^ > z->-4 

the singularity is a pole of order 2 (also called a double pole). 
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Removable singularities 

If f{z) has a singular point at zo and him {f(z)} exists then the singular 

z — >z 0 

point is called a removable singularity. For example 

xy x Sin Z 

m =— 

f sin z\ 

has a singular point at z = 0. However, Lim <- > = 1 and so the 

z-* 0 l z J 

singularity at z = 0 is a removable singularity. We can see this from the 
Maclaurin series expansion of f(z) where 


m 


z 3 z 5 


z 2 z 4 


sin z 1 . „ 

z = zl Z- 3! + 5! • ) = 1_ 3! + 5! _ 


smz 


While we cannot substitute z = 0 into f(z) =-, we can define 

z 

f{ 0) = 1 in complete consistency with the series expansion. In this 
sense the singularity at z = 0 is removable by virtue of the fact that we 
can assign a value to f(z) at the singularity which is consistent with 
the series expansion. 

Move to the next frame 


Circle of convergence 



When an expression is expanded in a Maclaurin series, the circle of 
convergence is always centred on the origin and the radius of 
convergence is determined by the location of the first singular point 
met as |z| increases from |z| = 0. For example, the Maclaurin series 
expansion of f{z) = ln(l + z) is 


7 2 7 3 

ln(l + z) =z- — + — ~ 


+ 


(-i) 


n+l z n 


n 


+ 


which is valid inside the circle of convergence |z| = 1. The first singular 
point met by this function as |z| increases from zero is at z = — 1, for at 
that point ln(l + z) is not defined and the series 


-1 


1 

2 


1 

3 


1 

n 


diverges - it is the negative of the harmonic series. Hence the radius of 
convergence is 1. When z = 1, substitution into the series expansion 
gives 


1 1 

]n2 = 1 -~ + j- 


+ 


(-1) 


n +1 


n 


+ 
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The right-hand side is the alternating harmonic series which we know 
converges by the alternating sign test which states that if the magnitude 
of the terms decreases and the signs alternate then the series 
converges. Now we know that it converges to In 2. Notice that the 
circle of convergence is identified by the location of the first 
singularity as |z| increases from \z\ = 0. This does not mean that the 
function is singular at all points on the circle of convergence. 

There are times when it is desirable to have a series expansion of an 
expression that is singular at the origin. Because the Maclaurin 
expansion requires the function to be analytic everywhere within the 
circle of convergence which is centred on the origin, we cannot use 
that method. Fortunately, we do have a method of expanding a 
function about any point in the complex plane - this is Taylor's 
expansion. 

Move to the next frame 


Taylor's series 


Provided f(z) is analytic inside and on a simple closed curve c, the 
Taylor series expansion of f(z) about the point Zq which is interior to c 
is given as 


f(z) = f(z 0 ) +(z- Zo)f'(Zo) + 

(z-zo)YW(zo) 

+ -- + •■■ 


- Zoff "(z 0 ) 


where here, the point zq is the centre 
of the circle of convergence. The 
circle of convergence is given as 
\z - z 0 \ — R. That is z-z 0 =Rei 9 or 
z — Zq + Rei 9 where R is the radius of 
convergence. 

Notice that Maclaurin's series is a 
special case of Taylor's series where 
zo = 0 , 



Example 

Expand f(z) = - in a Taylor series about the point z = 1 and find 

z ~\~ 1 

the values of z for which the expansion is valid. 

The simplest way of doing this is to perform a coordinate 
transformation that moves the origin of the new coordinate to the 
point z — 1 and then derive the series about the new origin. To do this 
we define a new complex variable u~z- 1 so that z = u + 1 and so 

-- becomes -- = (2 + u) = -1 +-) . 

z+1 u + 2 K } 2 V 2/ 
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The expansion of this expression can now be derived using either 
Maclaurin or, as here, the binomial theorem to obtain 


^4( 1+( -i)i + m© 2 + 

1 U U 2 M 3 

—- 1 - 1 _ .. . 

2 4 8 16 


Transforming back to the original variable z gives 

1 1 z-l. (z-l) 2 (z-1) 3 , 

z+ 1 2 4 + 8 16 + 

u z — 1 

The circle of convergence is given by - = 1, that is —-— =1 or 


\z — 1| =2. Consequently, this series expansion is valid provided z is 
inside the circle defined by 

z - 1 = 2e> e that is z = 1 + 2e’ B 

By the same reasoning, the Taylor series expansion of f(z) = cos z 
about the point z = tt/3 is 






Complex analysis 3 

Laurent's series 


919 


Sometimes a valid series expansion of a function is required within a 
specific region of the complex plane that contains a singular point. In 
this case we cannot avoid the singular point as we did with Taylor's 
series by expanding about an alternative non-singular point, because 
then we move away from part of the specified region. To accom¬ 
modate this case we can use the Laurent series expansion which provides 
a series expansion valid within an annular region centred on the singular 
point 



Let f(z) be singular at z = z 0 and let ci and cz be two concentric circles 
centred on zo. Then if f(z) is analytic in the annular region between 
Ci and cz and if c is any concentric circle lying within the annular 
region between Ci and cz we can expand f(z) as a Laurent series in the 
form 


m = 


+ -- -j + 7 -r + flo + &l(z — Zo) + # 2 (z ~ 2-of 1 + 

(z - zo) 2 (z-z 0 ) 


U-i 


= 53 a„(z-z 0 )” 


tt=—oo 


where a 


" - 2vi 


; m 

c (z - Zo) 


«+1 


Example 


Expand - T in a Laurent series about the point z = 2 and 

(z-2) 4 

determine the nature of the singularity at z = 2. 

f{z) = —-—^ and f'(z) = • — ^ so f(z) is analytic everywhere 

(z - 2) (z - 2) 

except at z = 2. The first thing we must do is to transform the 
coordinate system by shifting the origin to the point z = 2 by defining 
u = z - 2 so that z = w + 2. Then 

^3 z ^3 (m+2) ^3m 

(z - 2) 4 _ H 4 ~ e M 4 ’ 
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Now we can expand using the Maclaurin series expansion 

= </ 1+3 « + <5£ + m + m + m + 4 


.6) 1 ,3m (3m) (3m) (3 u ) (3 u ) 

\ A I A I I A I >■> • >1 I j* I _ I r- ■ _ _/i I 


W 4 ' U 4 


- e “ { W + i + W + to + 24 + W + 


21m 4 31m 4 41m 4 51m 4 


27 81 243m 


= e 


1 3 9 9 27 81(z-2) 

(z - 2) 4 + (z - 2) 3 + 2(z - 2) 2 + 2(z - 2) + T + 40 + 


This series converges for all finite z except z = 2 at which point there is 
a pole of order 4. 

The part of the Laurent series that contains negative powers of the 
variable is called the principal part of the series and the remaining 
terms constitute what is called the analytic part of the series. If, in the 
principal part the highest power of 1/z is n, then the function possesses a 
pole of order n; and if the principal part contains an infinite number of 
terms, the function possesses an essential singularity. 

Now you try one 


The Laurent series expansion of z 2 cos- about the point z = 0 

is .. valid for . 


at which point there is 


z2 ^5 + 4i?“6i? + " ValldfOrallZ#0 

at which point there is an essential singularity 


Because 


1 11 

f(z)=z 2 cos- and f'(z) = 2zcos- + sin- and so f{z) is analytic 
everywhere except at z = 0. Expanding about z = 0 gives 

~2 CO- 1 Ml (1/Z)2 I (1/Z)4 (1/Z)6 I ^ 

z COS--Z 1-2r + ^i-6i ) 


Z 2! + 4!z 2 6!z 4 + ' " 

valid for all z ^ 0, at which point there is an essential singularity 
because there is an infinity of terms in the principal part of the 
series. 


Try another. The Laurent series expansion of 

2 < \z\ < 4 is . 


(z + 2)(z + 4) 


valid for 
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8 4 2 1 1 z z 2 z 3 

+ z*~z^ + z^~z + 2~8 + 32~128 


Because 

(z + 2Xz + 4) -Fh~lh <«P««ing 1"» Actions) 

1 1 (1 + 2/z) -1 

If |z >2 then we can write-- = ——r-r — -—— 

1 z + 2 z(l + 2/z) z 

and because 1*1 > 2, that is, |2/z| < 1, we can now use the binomial 
theorem 


If Izl > 2 then we can write 


L_ = I/i_ 

I-2/z) z\ 


2 4 8 

7 + Z 2 z 3 


)=i-4 

J Z Z 2 


z + 2 z(l + 2/z) z z ' z 2 z 3 ' J z z 2+ z 3 z 4 + 
and if |z| < 4 then 

2 __ 1 1 J\ z z 2 z 3 ] 

F+4 — 2(1 + z/4) _ 2\ 1_ 4 + l6 _ 64 + 'j 

1 z z 2 z 3 
= 2 _ 8 + 32 _ l28 + "' 

Note the expansion of (1 + z/4)” 1 which is valid for |z/4| < 1, that is 

z| < 4. 

The first expansion for |z| > 2 is still valid for |z| < 4 since 4 > 2 and 
the second expansion for \z\ < 4 is still valid for |z| > 2 since 2 < 4. 
Consequently, if 2 < 1*1 < 4, then, by subracting the first series from 
the second 


(z + 2)(z + 4) z + 4 z + 2 


\2 8 


z 2 z 3 
_)-[_ 

32 128 


— 4 -o H -T-T + 


8 4 2 1 1 z z 2 z 3 

— ... —I— — —I— — 1— — — — —I— — - —I— • * ♦ 

z 4 z 3 z 2 z 2 8 32 128 

Take care herel You may be tempted to think that this displays an 
essential singularity at z = 0. This is not the case because the 
expansion is only valid inside the annular region 2 < |z| < 4 centred 
on the origin. Consequently, the point z = 0 is outside this region 
and the series expansion is invalid at that point. 

The series expansion of the same function valid for |z| < 2 is 
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Because 
If \z\ < 2 then 


If z z 2 z 3 

z + 2 2(l+z/2) = 2\ ~2 + 4T~~8 + 


} 


1 z zr z 3 
= 2~4 + 8~ _ 16 + 


We have already seen that if |z| < 4 then 


2 1 z z 2 z 3 

z + 4 = 2 _ 8 + 32~ 128 


+ 


This is still valid for |z| < 2 since 2 < 4. Conseqently, if |z| < 2, then, 
by subtracting the first series from the second 

z 2_1_ 

(z + 2)(z + 4) ~ z + 4 z + 2 

1-2 


= /!-£ 
\2 8 


r 

+ 32 _ 128 


+ 


1 + 


z z 2 z 3 
” <x_ 4 + 8 _ “l6 + 


z 

8 


3z 2 7z 3 

+ 


32 128 

Notice that for different regions of convergence we obtain different 
series expansions. Furthermore, each series expansion is unique 
within its own particular radius of convergence. 

Try one more just to make sure that you can derive these expansions. 

1 — cos(z — 6) 

The Laurent series of -=—- about the point z = 6 is 

(z - 6) 2 

.valid for . at which point there is . 


1 (z-6£ (z-6)^ vaUd for ^ z # 6 

2! 4! 6! 

at which point there is a removable singularity 


Because 


If we let w = z 
1 - cos(z - 6) 
(* - 6) 2 


6 then 
1 - cos u 
u 2 


1 




u 2 u 4 u 6 
2 ! + 4 \- 6 + 


1 M 2 M 4 

2! ~ 4f + 6[ 

1 (z-6) 2 (z-6) 4 

2! 4! 6! 
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This is valid for all finite values of z ^ 6 at which point there is a 
removable singularity which can be removed by defining 

-^—- at z = 6 as —. Notice that here the principal part has 

(z-6) 2 2! ^ v v 

no terms, so that the Laurent series is identical to the Taylor series. 

Next frame 


Residues 


In the Laurent series 


m = -+ 


U-2 


a -i 


(z - z 0 ) 2 (s - Zo) 


+ Uq + Ui (z — Zq) “f" (Z — Zo) "I" 


the coefficient a_i is referred to as the residue of f(z) for reasons that 
will soon become apparent. Recall the integral in Frame 45 of 
Programme 21 which states that if the simple closed contour c has 
z 0 as an interior point, then 


(z - Zo) 


n — 2Kj6nl 


f i if n — i 

where the Kronecker delta 6 n i = j q n ^ Applying this fact to 
the Laurent series of f(z) yields 


j) f(z) dz = j> ■ 


U-2 < 2-1 , N 

4- -- -2 + JZ —TT + a 0 + ai(z - z 0 ) 

(z - z 0 ) \ z ~ z o) 

+ #2 {z — Zq) 2 + 


f a_ 2 dz f a_i dz f , 

— ■ ■ ■ + Cp - -y + (b --r + Cj) Uo dZ 

Jc (Z - Z 0 ) Jc (Z ~ Z 0 ) J c 

+ j) a\(z — zo) dz + j) az(z - zo) 2 dz H- 

= ■ • • -j- 0 27T/<2_1 4" 0 “h 0 “h 0 “h * * ‘ 

= 27r/a_i 


That is, provided f(z) is analytic at all points inside and on the simple 
closed contour c, apart from the single isolated singularity at zq which 
is interior to c, then 

j) f(z) dz = 27r/fl_i 

Hence the name residue for a_i because it is all that remains when the 
Laurent series is integrated term by term. This statement is called the 
Residue theorem and it has many far reaching consequences - we 
shall see some of these later. For now, just try an example. 
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If c is a circle, centred on the origin and of radius 3, then 

f zdz _ 

. c (z + 2)(z + 4) 



Because 

The circle \z\ — 3 lies within the annular region 2 < |z| < 4 and we 
have already found the Laurent series for the integrand valid for 
2 < |z| < 4 in Frame 18, namely 

z 2_1_ 

(z + 2)(z + 4) z + 4 z + 2 

8 4 2 1 1 z z 2 z 3 

= ... -i--1-1-1-1-... 

z 4 z 3 z 2 z 2 8 32 128 

Here the residue is a_i = -1 and so 
where c lies entirely within the region of convergence. 


zdz 

(z + 2) (z + 4) 


= 27r/(-l) = —27 rj 


The Residue theorem extends to the case where the contour contains a 
finite number of singularities. If f(z) is analytic inside and on the 
simple closed contour c except at the finite number of points zq, zi , 
Z 2 ,each with a Laurent series expansion and each with 

(0) (1) (2) 

corresponding residues a_ v a_ v a__ v ... then 



dz — Ztt) 





| = 277 {sum of residues inside c} 



What could be more straightforward? Next frame 
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Calculating residues 


When evaluating these integrals the major part of the exercise is to 
find the residues, and it would be very tedious if we had to find a 
Laurent series for each and every singularity. Fortunately there is a 
simpler method for poles. If f(z) is analytic inside and on the simple 
closed contour c except at the interior point z 0 at which there is a pole 
of order n, then 

"-' = m T)l£i <(z - am2)) 

Example 

3z 

Find the residues at all the poles of f(z) = -=-. 

' (z + 2)V-l) 

f(z) has a pole of order 2 (a double pole) at z = -2 and two poles of 
order 1 (simple poles) at z = ± 1 . 


At z = -2 


■ 2-1 


the residue is a_i = Lim ■ -- ((z + 2) f{z)) 


r • d / 3z 

=s ( 


("3(z 2 - 1) - 6 z 2 
= Lim —--—^- 

z—>—2 [ (Z 2 - l) 2 

_ 3(4 - 1) - 24 _ 5 

(4 — l ) 2 

At z = 1 the residue is. 


Because 


1 d 1 1 

At z = 1 the residue is a_i = Lim 7 -— ,.. , , , ((z - l)f(z)) 

z _i (l-l)!dz 1 - lU ” v ” 


At z = 


[ d° / 3z 
z™ dz° ((z + 2 ) z (z + l) 


The zeroth derivative of an expression 
is the expression itself 

= Lim _ 3z 

tiT[(z + 2) 2 (z+l). 

3 1 

“ (3) 2 (2) “ 6 

-1 the residue is. 
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Because 


At z — -1 the residue is a_i = 




£5 dz° \(z + 2) 2 (z- 1 ) 


= Lim -r- 

z —►—l [(z + 2 ) 2 (z - 1) 

-3 

~~ (1) 2 (—2) 

3 


Move to the next frame 


Integrals of real functions 


The Residue theorem can be very usefully employed to evaluate 
integrals of real functions that cannot be evaluated using the real 
calculus. Even when an integral is susceptible to evaluation by the real 
calculus, the use of the residue calculus can often save a great amount 
of effort. We shall look at three types of real integral and in each case 
we shall proceed by example. 


J»27T 

Integrals of the form j F( cos#, sind) dd 


Example 


Evaluate 


4 cos 0-5 


dO. 


To evaluate this integral we make use of the exponential representa¬ 
tion of a complex number of unit length, namely z = e /0 ,and the 
exponential form of the trigonometric functions 

_ ei° + e~i e z + z -1 . e^ 9 — e^ 6 z-z -1 

cos 0 = ---= —-— and sin 0 = ——— = ———, 

2 2 2 / 2 / ' 

and finally dz = je^° d 0 = jzdO so that d 0 = d z/jz 
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Using these relations we can transform the real integral from 0 to 2tt 
into a contour integral in the complex plane where the contour c is 
the unit circle centred on the origin. That is 


f 2 ^ 1 dO - I 1 

Jo 4cos 0 - S Lz + r 1 


4 ~- 5 


/ J r 2z 2 -5z + 2 dZ 


. f 1 

7 Jc(2z-l) 


1 )(z - 2) 


The complex integrand has two simple poles, one at z = — which is 

inside the contour c and another at z = 2 which is outside the 
contour c. Using the Residue theorem 


-'i 


(2z — l)(z — 2) 


dz = x 27r; x {residue at z = 1/2} 


The residue at z = 1/2 is 


{ <Z - 1/2) (2z-1)( Z -2) } = tX {W^)} 


so that 


f 2 * 1 

J 0 4cos0-5 


<10 = - 


7 Jc (2z - l)(z — 2) 

/ x 27r; x {residue at z 
2tt/3 


= 1 / 2 } 


d6> 

2 + cos 9 


Now you try one 
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2w 

71 


Because 


do 

2 + cos 0 


dz/jz 


'c 9 Z + Z- 
Z+ 2 


where c is the unit circle centred 
on the origin. 


=-/<> 
Jc 


2d z 

Z 2 + 4z+l 


2dz 


(z + 2- v / 3)(z + 2 + V5) 


The integrand has two simple poles, one at z = -2 + >/3 which is 
inside c and another at z = -2 - >/3 which is outside c. Therefore 


2dz 


(z + 2 — \/3) (z + 2 + \/3) 


= -/ x 27t/ x jresidue at z = -2 + \/3 j 


The residue is 


Lim 

z —►— 2+\/3 


j(z + 2- V3) 


(z + 2 — V5) (z + 2 + >/3) 


= Lim < -- j=r 

z->- 2+\/3 1 ( z + 2 + \/3) 


V3 


and so 


dO 

2 cos 0 




2dz . _ . 1 

-- -=— - — = — / X 2tt7 X —= 

(z + 2-V3 )(z + 2 + a/3) 73 


_ 1 2sk 

= ZtT X —7= = —— 

V5 a/3 


*oo 

Integrals of the form F(x) dx 

J —OO 


Example 

Evaluate 


f°° 1 

J-oo 1 + 


dx. 


1 

To evaluate this integral we must consider the integral o -—dz 
where c is the contour shown in the figure, so that 

1 f dz f 11 dx 

J C T+^ dz = { TTz* + J = 2 ^{ sum of residues inside c } 

Notice that along the real axis between —R and K 

R, z = x. Provided R > 1 we can evaluate this 
integral using the Residue theorem. That is / 


1 

o --^ dz = 27 t/ x {sum of residues inside c} 

J c l + z 
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V2 


Because 


1 

The integrand --^ possesses four simple poles at z = e^f 4 , e 371 ?/ 4 , 

t I z 

e 5 ”i/ 4 , e 77r/ ’/ 4 of which only the first two are inside c. 

The residue at z = e 77 ’/ 4 is Lim i(z — e'^l 4 ') x — 

z-ms^IA / 1+2 4 J 


= Lim 


im { 7 ^ 3 } 

•C-//4 l4z 3 J 


by L'Hopital's rule 


£- 3717/4 

4 


The residue at z = e 377 ’/ 4 is Lim < (z - e 377 / 4 ) x —jl 

Z-^lA ) l+z 4 J 


= Lim 

Z _>£ 377/4 


im ( 7 ^ 3 ) 

? 37,//4 | k 4Z 3 J 


by L'Hopital's rule 


£-9*7/4 

4 

^-*•7/4 


Therefore 


£ V? ^ x {i ( r ”"‘ + } 

Now e -371 ?/ 4 = cos — — ;sin^/ = —— L= and 

4 7 4 y/2 y/2 

g-^ 7/4 _ cos^ - j sin^- = -L — 7 = and so 
4 4 V2 V2 


£ Vz* dz = 2, 7 * ji (~|) } 


vs 


We now look at the components of this integral in the next frame 


We now recognise that 



£V 


dz = 


f* _1 

J-R 1 + 


dx + 




because z — x along the real line. 

Now we let R increase indefinitely and take limits, so that 


Lim | —i_ dz=\°° —^ dx + Lim [ — - 
R—*oo Jc f 4" Z J —00 ^ X J?—»oo J 5 1 4- 


-rdz = V= 
z 4 V 2 


because the value of the contour integral is independent of the value 
of R. We shall now proceed to show that Lim f , . dz = 0. 

F j^ooJsl+Z 4 
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Writing z = Rd e so that, on 5, dz = Rd 9 d 0, the limit of the integral 
becomes 

f Re* 9 

Urn -—-r-^ dO = 0 

r^oo J 5 1 +R±eW 

Notice that the requirement that ensures that the integral along the 
semicircle vanishes in the limit is equivalent to the requirement that 
the degree of the denominator be at least two degrees higher than the 
numerator. 

Now you try one. 

1 *°° x 2 dx _ 

J-oo ( X 2 + 1 ) 2 ~~. 


Because 


Consider the integral | 


z 2 dz 


where the contour c is the same 


V/V/llLVlViVl VXXV UXWVXIUX Vis S*ft TTXJ.VXV VXXV WXXVVUX V XLl txxv JUXX1V 

Jc (z 2 + if 

semicircular contour as in the previous example. Here the integrand 
has two double poles at z =; and z = -/ but only the pole at z =; is 
inside the contour. The residue at z = / is 


him <^-(z-jf -^ j \ =Lim 

z-V \ dZ (z-i) Z (z+j) 2 \ z^ 


2z(z + ;') 2 - z 2 2(z + /) 

( 2 +/) 4 


Therefore 
f z 2 dz 


(z 2 + if ~ H V"2 


Taking limits 


r°° x 2 dx 


T . [ z 2 dz f°° x 2 dx 
Lim (b- n = -+1 

jR— >oo Jc (z 2 H - 1) J-oo(X 2 + l) R 


h 

2 + Lim 

R—>oo J: 


z 2 dz _ 7r 
s (z 2 + l) 2 2 


Where, in the second integral on the right-hand side, the degree of 
the denominator is two higher than the degree of the numerator, 
and so 


j . f z z dz 
Lim - : 

R —>oo JS (Z 2 + 1)' 


= 0, therefore j 


00 x 2 dx _ 7r 

-oo (x 2 + 1) 2 ~2 
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Integrals of the form f ^(*){cosx dx 

J —OO 


These integrals are often referred to as Fourier integrals because of 
their appearances within Fourier analysis. 


Example 


Evaluate 


00 cos kx 
a 2 + x 2 


dx where a > 0 and k > 0. 


(• e jkz 

To evaluate this integral we consider the contour integral <j> ^ 

Jc a “I - Z 

where c is the semicircular contour of the previous problems and 
whose integrand possesses two simple poles at z = aj and z = —aj of 
which only the first is inside the contour. Consequently 

f d kz 

cb - 2 = 27i7*{residue at z = aj} = . 

Jc a + z 



Because 

The residue at z = aj is 


Lim < (z — aj) 

z—*aj l, 
f p)kz 


a 2 + Z 2 


\ = Lim { 

J z^aj l 


z + aj 


7 jk(aj) je~ ka 

- = — —— and so 
2aj 2 a 


i^T* dz=2 * i {- 

Taking limits as R —» OO 
.. f e> kz . f 00 


k 

Lim o 

R >oo Jc 


a 2 + 


dz = 


L«n a 2 +Z* 


dz + Lim 


* 

im 

->oo i i 


s a L + z* 


dz = 


In the second integral on the right-hand side, the degree of the 
denominator is two higher than the degree of the numerator, and so 


f e^ z 

Lim dz = 0, therefore 

R—*oo JS Cl "f" Z 


I ry r% vwj - 

R—> oo Js n z 

f°° cos kx + j sin kx 
J-oc a 2 +x 2 
Consequently 


a 2 + x* 


dx = 


. That is 


= 27r/{residue at z = aj}. 


f°° cos kx , 7re~ ka _ T r »j A o j 

2 | dx = —-— = -2tt Im{residue at z = aj\ and 

J— OO ^ V “ 


+ X d 


*°° sin kx 
a 2 + x 2 


dx = 0 = 27rRe{residue at z = aj} 
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Notice that e^ 2 is easier to use than cos kx = ( e jkx + e~ j**) /2, and it also 
gives the solution to the related integral with cos kx replaced with 
sin kx. 

Finally, to finish off the Programme, here is one for you to try. 


00 COS 7TX 
-00 * 2 + * + 1 


d* = 


Because 


e h z 


Consider <b - 7 =-dz where c is the semicircular contour of the 

J c z 2 +z + l 

previous problem. The integrand is singular at the simple poles 

z = (—1 =b;V3)/2 where only z = (-1 +/V3)/2 is inside the con¬ 
tour. The residue at z = (-1 + /V3) /2 is then 


Lim 

z-*(-1+;V5)/2 


I (z - [-1 + ;V3] /2) 


e> m 

z 2 + z + 


g ;Vz 


z-^(-U^/3)/2 [z ~ [-1 -/V3]/2 
e 7 I r(-l+7v / 3)/2 

/V3 

^-/7r/2^-v / 37r/2 

“ A/I 

• -7V2 

—-—— since e 7 / = -/ 


Therefore 


e 7Vz 


C Z 2 + Z + 1 


dz = 2717 


- vTw / 2'1 ' 2 7 ce ~'^ ir / 2 


V3 


= -/■ 


V3 


that is 




Z 2 + Z + 




cos7rz+/sm7rz J .27re 

- - 1 -dz = -/-=— 

z 2 + z + 1 7 -ft 


and so 


COS7TZ 

z 2 + z + 1 


dz = 0 and 


Sin7TZ 

z 2 + z + 1 


dz = - 


V3 


2 7re - v/ 3T r /2 

V3 


Note that, again, the contribution from the contour integral along 
the semicircle is zero. 


The Revision summary now follows. Check it through in conjunc¬ 
tion with the Can You? checklist before goint on to the Test 
exercise. The Further problems provide additional practice. 



Complex analysis 3 



Revision summary 22 

1 Maclaurin series 

The Maclaurin series expansion 
variable z is 


of a function of a complex 



f(z) = f(0)+zf'(0)+z 


2 ho) , „ 3 r(o) 


2 ! 


+ r 


3! 


+ - 


2 Ratio test for convergence 

The ratio test for convergence of a series of terms of a complex 
variable 


f(z) = ao(z) + ai(z) + az(z) 4- <13 (z) 4- 
is that given 
\&n+l (z) 


4- #ti(z) 4- 


Lzm 

«—>co 


a n {z) 


= L 


then if L < 1 the series converges and so the expansion is valid 
L > 1 the series diverges and so the expansion is invalid 
L = 1 the ratio test fails to give a conclusion. 

3 Radius and circle of convergence 

The radius of the circle within which a series expansion is valid is 
called the radius of convergence of the series and the circle is called 
the circle of convergence. The radius of convergence can be found 
using the ratio test for convergence. 

4 Singular points 

Any point at which f(z) fails to be analytic, that is where the 
derivative does not exist, is called a singular point 

Poles 

If f(z) has a singular point at zo and for some natural number n 
Lint {(z- zo) n f(z)} =L^0 

z — >z 0 


then the singular point (also called a singularity) is called a pole 
of order n. 

Removable singularity 

If f(z) has a singular point at zo but Lim{f(z)} exists then the 

Z—>Zo 

singular point is called a removable singularity. 

5 Circle of convergence 

When an expression is expanded in a Maclaurin series, the circle of 
convergence is always centred on the origin and the radius of 
convergence is determined by the location of the first singular point 
met as z moves out from the origin. 
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6 Taylor's series 

Provided f(z) is analytic inside and on a simple closed curve c, the 
Taylor series expansion of f(z) about a point zq which is interior to 
c is given as 

m = f(zo) + (Z - zo)f'{zo) + - Z °2! r(Z0) + ’ ’ • 

(z-zo) n fW(zo) . 

_l---r • • ■ 

n\ 

where, here, the expansion is about the point zo which is the 
centre of the circle of convergence. The circle of convergence is 
given as \z — z 0 \=R where R is the radius of convergence. 
Maclaurin's series is a special case of Taylor's series where zo = 0. 

7 Laurent's series 

The Laurent series expansion provides a series expansion valid 
within an annular region centred on the singular point 

Let f(z) be singular at z = zo and let Ci and C 2 be two concentric 
circles centred on zo- Then if f{z) is analytic in the annular region 
between ci and C 2 and c is any concentric circle lying within the 
annular region between Ci and C 2 we can expand f(z) as a Laurent 
series in the form 

f(z) = * ■ ■ + -7-+ a\(z — zo)+ az(z — zo) 2 H- 

(z - zo) ( z ~ z o) 

= £j" (I “ Zo> ” where 


8 Residues 

In the Laurent series 

f(z) = -h--72+7- a 0 + &l(z — Zo)+ az{z — Zo) 2 H - 

(z - z 0 ) ( z - Zo) 

the coefficient a__i is referred to as the residue of f{z). 

Residue theorem 

Provided f{z) is analytic at all points inside and on the simple 
closed contour c, apart from the single isolated singularity at zo 

which is interior to c, then 
» 

o f(z)dz = Zirja-i 
Jc 


9 


The Residue theorem extends to the case where the contour 
contains a finite number of singularities. If f(z) is analytic inside 
and on the simple closed contour c except at the finite number of 
points zo, z\, zz, ■ • ■ each with a Laurent series expansion and 

each with corresponding residues ^a_Ja_^a_ lf ■ • • then 


f{z) dz = 27 rj 


(0) (1) (2) 

a_ i + a_i + • • • 
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10 Calculating residues 


a-1 = Lim 

Z->Zo 


(n ((z ~ z ° mz)) 


11 Real integrals 

The Residue theorem can be very usefully employed to evaluate 
integrals of real functions. 

r2w 

Integrals of the form F( cos 6, sin 0) dO 

Jo 


Use z = eft and the exponential form of the trigonometric 


functions cos0 = 


e io + e~i 6 z + z -1 


sin# = 


e je _ e -)B 


z - z 


-1 


2 2 ' 2/ 2/ 

and dz = jei e dO = jzdO so that dO = dz/jz. Convert the integral 
into a contour integral around the unit circle centred on the 
origin and use the Residue theorem. 


Integrals of the form 



dx and 



sinx 

cosx 


dx 


Consider integrals of the form j F(z)dz and jF(z)e^ z dz 

respectively, where the contour c is a semicircle with the diameter 
lying along the real axis. The principle is that the integral can be 
evaluated by the Residue theorem and then the contour can be 
expanded to cover the required extent of the real axis, the 
integration along the semicircle giving a zero contribution. 



Can You? 


Checklist 22 [36 ^ 

Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that Frames 

you can: 

• Expand a function of a complex variable about the _ _ 

origin in a Maclaurin series? ( i I to I 7 I 

Yes □ □ □ □ □ No 


• Determine the circle and radius of convergence of a 
Maclaurin series expansion? 

Yes □ □ □ □ □ No 



• Recognise singular points in the form of poles of order 
n, removable and essential singularities? I n I 

Yes □ □ □ □ □ No ► 
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Expand a function of a complex variable about a point 
in the complex plane in a Taylor series, transforming 
the coordinates with a shift of origin? 

Yes □ □ □ □ □ No 

Expand a function of a complex variable about a 
singular point in a Laurent series? 

Yes □ □ □ □ □ No 

Recognise the principal and analytic parts of the 
Laurent series and link the form of the principal part to 
the type of singularity? 

Yes □ □ □ □ □ No 

Recognise the residue of a Laurent series and state the 
Residue theorem? 

Yes □ □ □ □ □ No 

Calculate the residues at the poles of an expression 
without resort to deriving the Laurent series? 

Yes □ □ □ □ □ No 

Evaluate certain types of real integrals using the 
Residue theorem? 

Yes □ □ □ □ □ No 


Test exercise 22 



21 land 




to I 34 


Expand each of the following in a Maclaurin series and determine the 
radius and the circle of convergence in each case. 

(a) f (z) = e 2 

(b) f(z) = ln(l + 4z). 

Determine the location and nature of the singular points in each of the 
following. 

(a) f{z) - -r 

(b) f(z) = z 10 e 1/z 

(c) f(z)=zsm{l/z) 

, AS f, s 1 -cosz 

(d) m =—^— 

Expand f(z) = sin z in a Taylor series about the point z = 7r/4 and 
determine the radius of convergence. 
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4 Expand each of the following in a Laurent series. In (a) and (c) 
determine the nature of the singularity from the principal part of the 
series. 

1 

(a) f(z) = (5 — z) cos-- about the point z = -3 

Z | iJ 

W m = (z+lXz + 3) Valid f011 < W < 3 

1 

(c) f(z) =- 2 a ^out the point z = 2. 

z (z 2) 

5 Calculate the residues at each of the singularities of 

f ( x 3z - 1 

f(z) =-«-. 

z 2 (z + l) 2 (z- 1) 

6 Evaluate each of the following integrals. 

f 2?r dO 
a n 5 COS 9 — 13 


TOO 

POO 

(c) L 


0O x 2 + x + l 

3 cos 3x 

^ x 4 + 2x 2 + 1 


Further problems 22 


For each of the following find the Maclaurin series expansion and 
determine the radius of convergence. 

(a) sinhz 

(b) tanz 

, s * /I + z\ 


(c) In 


1 -z 


(d) a z , where a > 0 

/ ^ 15z2 

(e) - t . 

(5 - 3z) 3 

By using the appropriate Maclaurin series expansions, show that 

(a) (cosz)' = — sinz 

e 2 + e~ z 

(b) cosz = —-— 

(c) (0'=^- 
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3 


4 


Given the series expansion for (1 + z) 1 

(a) show by integration that this is compatible with the series 
expansion for ln(l + z) 

oo oo 

(b) by differentiation find ]P(—1 )"wz" and y^(-l ) n n 2 z n . 

n =1 n= 1 

Use the ratio test to test each of the following for convergence. 



fr| , v 2 ' ( cos n-w)z n 

K) h 2n — l 

oo n 

^ 5^1-3 n 

(e) f ( - 1)V 

oo 2 ~n 

<C> 5i -3» 



5 Find the Taylor series about the point indicated of each of the 
following. 

(a) e 2 about the point z = 2 

(b) cosz about the point z = tt/6 

(c) (z - 3) sin(z + 3) about the point z = 3 

(d) (2z - 5) _1 about the point z = 1/3 

(e) (2z - 5) _1 about the point z = 3. 


6 

7 


Find the series expansion of zlnz valid for \z — 1| < 1. 


Find the circle of convergence of each of the following when expanded 
in a Taylor series about the point indicated. 

(a) e~ z cos (z - 2) about the point z = 1 

(b) about the point z = 0 

v (z 2 + 6) r 


(c) 


z — 2 


(z-6)(z-4) 


about the point z = 5 


(d) 


(e z +1) 


about the point z = 0. 


8 


Locate and classify all of the singularities of each of the following. 


W Z2( 2 2 - l) 2 
(b) z~ 2 e~ 1/z . 





Complex analysis 3 


Find the Laurent series about the point indicated of each of the 
following. 

(a) ^ sin about the point z = 0 

1 

(b) --- about the point z = 3/2 

<c) (z - 2)(z - 3) abOUt the P 01 " z = 3 - 

z — 1 

Find the Laurent series of - -—7-— that is valid for 

(z + 2 )(z + 5 ) 

(a) 2 < |z| < 5 

(b) |z| > 5 

(c) |z| < 2. 

Evaluate each of the following integrals. 

( \ t de 

Jo 2 + sin 6 

p2?r jiQ 

(b) . for a > |/ 3 | 

Jo ol + p sin 9 

. , f Z7r dO , _ 

(c) 3- 5 —s-7 where 0 < a < 1 

v ’ Jo 1 + a 2 — 2a cos 0 

f 27r sin 2 6>d6> 

Jo 5 - 4 cos 0 

(e) r de 

v ' Jo 5-3 cos 0 
f 00 ck 

(f) L^ + toc + lS 
r°° x 2 d* 

(g) J_ 00 x 4 + 6x 2 + 13 

. r°° x 2 d* 


for a; > |/?| 


pZtt 

Jo 1+^ 


where 0 < a < 1 


f 2?r sin 2 Odd 
Jo 5-4cos0 

(e) r de 

v ' Jo 5-3 cos 0 
t°° ck 

(f) 1^x2 + 6x + 13 

f 00 x z dx 

(8) J_ 00 jc 4 + 6jc 2 + 13 

J-oo(x 2 + 4) 2 

a) r * + *+? d» 

J-oo^ 4 +^ 2 +l 
f°° dx 

® Lttt 

f°° ^ ^ ^ 

W J.oo^ 4 + 6x 2 + 13 


sin7rx 


I-no X 4 +X 2 + l 


dx. 




Optimization 
and linear 
programming 


Frames 



Learning outcomes 

When you have completed this Programme you will be able to: 

• Describe an optimization problem in terms of the objective 
function and a set of constraints 

• Algebraically manipulate and graphically describe inequalities 

• Solve a linear programming problem in two real variables 

• Use the simplex method to describe a linear programming problem 
in two real variables as a problem in two real variables with two 
slack variables 

• Set up the simplex tableau and compute the simplex 

• Use the simplex method to solve a linear programming problem in 
three real variables with three slack variables 

• Introduce artificial variables into the solution method as and when 
the need arises 

• Solve minimisation problems using the simplex method 

• Construct the algebraic form of the objective function and the 
constraints for a problem stated in words 
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Optimization 


An optimization problem is one requiring the determination of the 
optimal (maximum or minimum) value of a given function, called the 
objective function , subject to a set of stated restrictions, or constraints , 
placed on the variables concerned. 

In practice, for example, we may need to maximise an objective 
function representing units of output in a manufacturing situation, 
subject to constraints reflecting the availability of labour, machine 
time, stocks of raw materials, transport conditions, etc. 



Linear programming (or linear optimization) 

Linear programming is a method of solving an optimization problem 
when the objective function is a linear function and the constraints are 
linear equations or linear inequalities. 

In this Programme, we shall restrict our considerations to problems 
of this type that form an important introduction to the much wider 
study of operational research. 

Let us consider a simple example, so move on to the next frame 


A simple linear programming problem may look like this: 


Maximise 
subject to 


P = x + 2y 
y < 3 
x + y < 5 
x - 2y < 2 
x > 0; y > 0 , 


0 objective function ) 


(i constraints ) 



The last two constraints, i.e. x > 0 and y > 0, apply to all linear 
programming (LP) problems and indicate that the problem variables, x 
and y, are restricted to non-negative values: they may have zero or 
positive values, but NOT negative values. These two constraints are 
often combined and written x, y > 0 - or omitted altogether since they 
are taken for granted in all LP problems. 

Before we proceed, we will take a brief look at linear inequalities in 
general. 

On, then, to Frame 3 
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~U Linear inequalities 

In most respects, linear inequalities can be manipulated in the same 
manner as can equations. 

(a) Both sides may be increased or decreased by a common term, e.g. 

2x<y + 4 2x-y< 4 

(b) Both sides may be multiplied or divided by a positive factor, e.g. 

4x + 6y> 12 2x + 3y > 6 

But NOTE this: 

(c) If both sides are multiplied or divided by a negative factor, e.g. 
(—1), then the inequality sign must be reversed, i.e. > becomes < 
and vice versa. 

Here, then, is a short exercise. 



Exercise 

Simplify the following inequalities so that each right-hand side 
consists of a positive constant term only. 

(a) 3x - 5 < 4y (b) 2{x + 2 y) < -8 

(c) 4 x- 6y < —10 (d) 2x + 3 > -(y + 4) 

(e) - (x - 3y + 5) > 2x + 4y - 6 

Check the results in the next frame 


(a) 3x - 4y < 5 

(b) 

- x - Zy > 4 

(c) - 2x + 3y > 5 

(d) 

- 2 x-y <7 

(e) 3x + y < 1 




Graphical representation of linear inequalities 

Consider the inequality y - 2x < 3. We can add 2x to each side, so that 
y < 2x + 3. 

The equation y = 2x + 3 can be 
represented by a straight line divid¬ 
ing the x-y plane into two parts. 

For all points on the line, 

y — 2x + 3. 

For all points below the line, 


2 3 



0 


1 


4 x 
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y < 2x + 3 

.'. y < 2x + 3 indicates all points on or below the straight line, but 
excludes all points above it. We can indicate this exclusion zone by 
shading the upper side of the line. 



O 1 2 3 4 * 


Arguing in much the same way, x — 2y <2 can be rewritten as 

X X 

y > - - 1 and we can draw the line y = — - 1 and shade in the 

Zr -Zf 

exclusion zone 



Example 1 

The problem we quoted earlier in Frame 2 was 

Maximise P = x + 2y (objective function ) 

subject to y < 3 

x+y < 5 
x - 2y < 2 
x > 0; y > 0 

Now, on a common pair of x and y axes, we can represent the five 
constraints and shade in the exclusion zone for each. We then have 
the composite diagram 
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The coordinates of all points on the boundary of the polygon OABCD, 
or within the figure so formed, satisfy the system of constraints. The 
set of variables for each such point is called a feasible point or feasible 
solution and the figure OABCD is the feasible domain or feasible polygon. 

Note these definitions. 


Our problem now is to find the particular point within this domain 
that makes the objective function P = x + 2y a maximum. The 

x P 

equation can be rewritten as y = - - + - and this represents a set of 

Zr Z 


parallel lines with different values of the intercept 



If we draw one sample line of this set to cross the feasible polygon we 
have just obtained, we get, using P = 3 
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We can increase the value of P and hence raise the objective line up 
the page until it passes through the extreme point C. Any further 
increase in the value of P would take the line outside the feasible 
polygon and hence fail to conform to the given set of constraints. 


y 

(i) ■ 4 


P 
2 

0 1 2A 3 \4 5 x 

In this example, then, point C gives the optimal solution. 

From the graph it can be seen that the line with maximal P passes 
through the point of intersection of the two lines y = 3 and 
y = -x + 5. This means that y = 3, x = 2 and so P max = x + 2y = 8. 

A graphical method of solution is clearly limited to linear 
programming problems involving two variables only. However, it is 
a useful introduction to other techniques, so let us deal with another 
example. 

Example 2 

Maximise P = x 4- 4y 
subject to -x + 2y < 6 

5x + 4 y< 40 
x,y> 0 

First of all, plot the appropriate straight line graphs to obtain the 
feasible polygon. This gives 
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The objective function P = x + 4y can be expressed in the form 
x P 

y = - - + - and its graph added to the feasible polygon, as before. We 
then obtain 
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From the graph it can be seen that the line with maximal P passes 

x 

through the point of intersection of the two lines y = - + 3 and 

Zr 

Sx 

y = — — + 10. That is x = 4, y = 5 and so P max = x + 4y = 24. 

As easy as that. 

Now this one. 


Example 3 

Minimise P = -4x + 6y 
subject to -x 4- 6y > 24 

2 x-y <7 
x + Sy < 80 

*,y> o 

It is very much as before. Complete it on your own. 


Pmin = 6 with x = 6, y = 5 




To obtain the minimum optimal value of P, the graph of the objective 
function is, of course, lowered to the appropriate extreme point. 

In practice, linear programming problems usually contain many 
more variables than the two we have so far considered and a 
computational method is then required. One such technique is the 
simplex method and the remainder of this Programme will be devoted 
to the steps necessary to put it into practice. 


So move on to Frame 14 
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The simplex method 


The first step in the simplex method is to ensure that each constraint is 
written with a positive right-hand side constant term. Then we express 
all inequalities as equations by the introduction of slack variables. 



For example, -x + 2y < 6 can be written —x + 2y + W\ =6 

and 5x + 4y < 40 can be written 5x + 4y + Wz = 40 


where W\ and Wz are positive (or zero) variables with unit coefficients, 
required to make up the left-hand side to the value of the right-hand 
side constant term. The new variables, w\ and Wz, are called slack 
variables. 

Let us look again at the problem we solved earlier. 


Example 1 

Maximise P = x + 4y 
subject to -x + 2y <6 

Sx + 4y < 40 (as always, x, y > 0) 

The constraints now become -x + 2y + wi =6 

5x + 4 y + Wz = 40 

and the objective function P — x — 4y =0 

From this, we can now begin to form the simplex tableau (or table). 


So make a note of the above information - and then move on 



Setting up the simplex tableau 


(a) Framework First construct a framework with the headings shown. 


x y w\ Wz 

b 

check 





Next, we enter, in the framework, the coefficients of the problem 
variables and of the slack variables in the constraints, together 
with the right-hand side constants in the column headed b. 
(Ignore the check column for the time being.) 

So we have 
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Problem Slack 
variables variables Const. 

/■ ^ " ” \ N /"- A -\ 


X 

y 

W\ 

Wz 

b 

check 

-1 

2 

1 

0 

6 


5 

4 

0 

1 

40 



V. 


body 


^ V -V-' 

unity matrix 



(b) Check column The right-hand side column is included to provide 
a check on the numerical calculations as we develop the simplex, 
so, for each row, total up the entries in that row, including the 
constant column, and enter the sum in the check column. 

Do that 



Basis 

X 

y 

W\ 

Wz 

b 

check 

W\ 

-1 

2 

1 

0 

6 

8 

Wz 

5 

4 

0 

1 

40 

50 


(c) Starting basic solution The two constraints now contain four 
variables, but if we start by letting x and y each be zero, then we 
have the temporary solutions, w\ = 6 and wz = 40, and we indicate 
these variables in the extra left-hand side column, as shown. 

Note (1) The columns with the slack variables form a unity 
matrix. 

(2) There are now four variables, x, y, w\, wz (n = 4). 

(3) There are two constraints (m = 2). 

(4) We put ( n — m) variables, i.e. two variables (x and y), 
equal to zero as a start. 


Finally , we have to deal with the objective function, 

so move on to the next frame 

(d) The objective function The objective function, P = x + 4y, is 
written P - x - 4y = 0 and the coefficients of this form the bottom 
row, or index row, of the tableau, thus 



Basis 

X 

Y 

Wi 

w 2 

b 

check 

W\ 

m 

2 

1 

0 

6 

8 

Wz 


4 

0 

1 

40 

50 

p 

D 

-4 

0 

0 

0 

-5 


Complete your tableau, if you have not already done so, and then 
we will see how the computation is carried out. 
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Computation of the simplex 

1 First we select the column containing the most negative entry in 
the index row: in this case —4. This is called the key column and we 
enclose it as shown. 





b 

check 

6 

8 

40 

50 

0 

-5 



key column 



2 


In each row, we now divide the value in the b column by the 
positive entry in the key column: the smaller ratio determines the 
key row. 


For row 1 (wi), 
row 2 (w 2 ), 



row 1 is the key row. 
Enclose it as shown below. 



The number at the intersection of the key column and key row is 
the key number or pivot in this case the number 2. 


3 We now divide all entries in the key row by the pivot to reduce the 
pivot to unity - which we then circle. The new version of the key 
row is sometimes called the main row. The rest of the tableau 
remains unchanged, so we then get. 


unit pivot 



So far, so good. Now we deal with the actual calculations. 

Next frame 
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4 Using the main row, we now operate on the remaining rows of the 
tableau, including the index row, to reduce the other entries in 
the key column to zero. Note that the main row remains 
unaltered. The new value in any position in the other rows, 
including the b column and the check column, can be calculated 
as follows: 

New number = old number- the product of the corresponding entries 
in the main row and key column 

K is replaced by K - (A x B) 

For example, in the second row (w 2 ): 

5 is replaced by 5 — (-^)(4) = 5 + 2 = 7 
4 is replaced by 4 —(1)(4) =4-4 = 0 

0 is replaced by 0 - 0 (4) = 0 — 2 = -2 

1 is replaced by 1 — (0) (4) =1 — 0 = 1 

40 is replaced by 40 - (3) (4) = 40 - 12 = 28 

50 is replaced by 50 - (4) (4) = 50 - 16 = 34 

and, in the third row (P): 

-1 is replaced by - 1 - (—|) (-4) = -1 - 2 = -3. 
Completing the operations for rows ( Wz) and (P), we have 




Now confirm that the new values in the check column are, indeed, the 
sums of the entries in the corresponding rows. If not, there is a mistake 
somewhere in the working to be corrected before we proceed. 

If all is well , move on to the next frame 
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5 Change of basic variables In its final form, the key column 
consists of a single 1 and the remaining entries zero. This is in the 
column headed y which indicates that the basic variable w\ in the 
main row can be replaced by y. 


Basis 

x y W\ Wz 

b 

check 

y-w* 

o 

t-H 

i—iiCS 

1 

3 

4 

Wz 

7 0-21 

28 

34 

p 

-3 0 2 0 

12 

11 


Note that there are two columns containing a single 1 and the 
rest 0. These are headed y and Wz which are now also the basic 
variables in the left-hand side column. Reading the values in the 
b column therefore gives a basic solution y = 3 and wz — 28, and 
at this stage P = 12. Any variable not listed in the basis column is 
zero. One basic solution at this stage is therefore x = 0, y — 3, 
Wz = 28. However, we are not finished. 

The index row (P) still contains another negative entry, so we 
have to repeat the simplex process using the same steps as before. 


Basis 

x y w\ Wz 

b 

check 

Y 

w 2 


1 

2 

1 i 0 

3 

4 

[ 

7 

0-2 1 

28 

34 

P 


-3 

0 2 0 

12 

11 


key column 


key row 


Now divide the key row by the key number (7) to reduce the pivot 
to a unit pivot. This gives 



Basis 

x y W\ wz 

b 

check 

Y 

i \ o 

3 

4 

Wz 

®»-S j 

4 

34 

7 

p 

-3 0 2 0 

12 

li 


main row 


Using the main row, operate on the remaining rows (including the 
index row) to reduce the other entries in the key column to zero. 
Complete that stage and we have 
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Basis 

x y W\ Wz 

b 

check 

y 

0 1 — — 

w A 14 14 

5 

45 

7 

w 2 

1 0 -2 1 

j. w 7 7 

4 

34 

7 

P 


24 

179 

7 



Again, at this stage, check your working by totalling up the entries 
in each row and satisfy yourself that the sum agrees with the value 
in the check column. 

Note that Wz in the basis column can now be replaced by x 
which was the heading of the column containing the last unit 
pivot. 

So finally, we have 


Basis 

x y W\ Wz 

b 

check 

y 

0 1 — — 

w 1 14 14 

5 

45 

7 

X 

10-77 

4 

34 

7 

P 

0 0 f f 

24 

179 

7 


A new basic solution now emerges as x = 4, y = 5. 

Furthermore, since there is no further negative entry in the 
index row, this is also the optimal solution and the optimal value 
of P is given in the b column, i.e. P max = 24. 

For interest, you may wish to compare this result with that 
obtained in Frame 12. 


We have been through the simplex operation in some detail by way of 
explanation. Many problems involve more than just two variables, but 
the method of computation is basically the same, being an iterative 
process which is repeated until the index row contains no negative 
entry, at which point the optimal value of the objective function has 
been attained. 



The problem we have just solved would normally look like this: 

Maximise P = x + 4y 
subject to -x + 2y <6 

Sx + 4y < 40 (x, y> 0) 


Entering slack variables, etc., this is written 


—x + 2y + w\ =6 

Sx + 4y + Wz = 40 
P-x -4y =0 


The complete tableau is given in the next frame 
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Basis 

X 

y 

Wi w 2 

ft 

check 

W\ 

B 


mi 

6 

8 


w 2 

5 

4 


40 

50 


p 

-i 

-4 

0 0 

0 

-5 


1 

2 

o 

i—«|C<I 

© 

3 

4 


w 2 

5 

4 

0 1 

40 

50 


P 

-1 

-4 

0 0 

0 

-5 

ym 

i 

1 

2 

1 

i 0 

3 

4 


w 2 

E 

7 


-2 1 

■ ■ ■ ■ i 

28 

34 


p 


-3 

0 

2 0 

12 

11 

y 

1 

2 

1 

h o 

3 

4 


w 2 

© 

0 

2 1 

7 7 

4 

34 

7 


P 

-3 

0 

2 0 

12 

11 

y 

0 

i 

5 1 

14 14 

5 

45 

7 


xw& 

1 

0 

2 1 

7 7 

4 

34 

7 


P 



8 3 

7 7 

24 

179 

7 



Pmax = 24 with X = 4, y = 5 
Now for another example - so move on to Frame 28 


Here is one for you to do on your own. The method is just the same as 
before so you will have no difficulty. 

Example 2 

Maximise P = 4x + 3y 
subject to -*+ y< 4 

x + 2y < 14 

2x+ y < 16 (x, y > 0) 

We have three inequalities this time, so we shall need to introduce 
three slack variables. Converting the inequalities into equations, we 
obtain 
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-x+ y + w i = 4 

x + 2y +W 2 —14 

2x + y + W 3 = 16 


Then we set out the simplex framework with appropriate 
headings, i.e. 


Basis 

x y Wi Wz W 3 

b 

check 






Remembering that the index row uses P - 4x - 3y = 0, we can set out 
the first tableau. Choosing x and y, as usual, to be zero for a start, we 
have 


Basis 

X 

y 

Wi 

Wz 

w 3 

h 

check 

Wi 

-1 

1 

1 

0 

0 

4 

5 

w 2 

1 

2 

0 

1 

0 

14 

18 

W 3 

2 

1 

0 

0 

1 

16 

20 

p 

-4 

-3 

0 

0 

0 

0 

-7 


Carry on now and complete the working on this first tableau. 

Check with the next frame 
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Here is the working so far. 


Basis 

X 

y 

Wi 

w 2 

w 3 

b 

check 

W\ 


B 

1 

1 

0 

0 

4 

5 


w 2 


H 

2 

0 

1 

0 

14 

18 


W 3 


2 

1 



1 

16 

20 

1 

p 


-4 

-3 

0 

0 

0 

0 

-7 

Wi 

-1 

1 

1 

0 

0 

4 

5 


w 2 

1 

2 

0 

1 

0 

14 

18 


w 3 

CD 

i 

0 

0 

1 

2 

8 

10 


p 

-4 

-3 

0 

0 

0 

0 

-7 

Wi 


3 

2 

1 


1 

2 

12 

15 


w 2 


3 

2 


1 

1 

2 

6 

8 



1 

1 

2 



1 

2 

8 

10 


p 

0 

-1 

0 

0 

2 

32 

33 


(a) The basic variable (w 3 ) of the unit pivot can now be replaced by 
the variable at the heading of the unit pivot (x). 

(b) We see there is still a negative value in the index row, so we repeat 
the process for this second tableau. 


Now you can finish it off 
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Check to see if you agree. 



Basis 

X 

y 

Wi 

w 2 

w 3 

b 

check 

W\ 

w 2 

X 

0 

3 

2 

1 


1 

2 

12 

15 



0 

3 

2 


1 

1 

2 

6 

8 

■ 

n 

1 

2 



1 

2 

8 

10 


P 

0 

n 



2 

32 

33 

W 1 

B 

3 

2 

1 

0 

1 

2 

12 

15 


Wz 

I 

(D 

0 

2 

3 

1 

3 

4 

16 

3 


X 

II 

1 

2 

0 

0 

1 

2 

8 

10 


p 


-1 


0 

2 

32 

33 

Wi 



1 

-1 

1 

6 

7 


ywzr 


1 


2 

3 

1 

3 

4 

16 

3 


X 

1 



1 

3 

2 

3 

6 

22 

3 


p 




2 

3 

5 

3 

36 

115 

3 


The basic variable ( w 2 ) can now be replaced by y, being the heading of 
the unit pivot column. 

There is no further negative entry in the index row: therefore, the 
optimal value of P has been attained. 

.*. Pmzx = 36 with x = 6, y = 4. 

Note: We also see that W\ = 6, since the unity matrix has headings x, y, 
w 1 . The full result, therefore, is 

Pmax = 36 with x = 6, y = 4, Wi = 6, w 2 = 0 , w 3 = 0 

though we do not normally require this extra information. 

The meaning of w± = 0 and w 2 = 0 is that the second and third 
constraints become 

x + 2y = 14 and 2x + y = 16 respectively rather than 
x + 2y < 14 and 2x + y < 16. 

The meaning of W\ — 6 gives the first constraint as —x + y < 14 rather 
than -x + y < 14. 

Now we will extend the simplex method to an example involving 
three problem variables. 


Next frame 
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34 j Simplex with three problem variables 

Maximise P = p\x + p 2 y + p 3 z 

subject to anx + d\ 2 y + #i 3 z < b 1 

dziX + d 22 y + < b 2 

o 3 \X + ds 2 y + o 33 z < b 3 

x,y,z > 0 

Introducing slack variables we have 

d n x + d 12 y + #i 3 z + wi =bi 

d 2 \x + d 22 y + d 23 z + w 2 =b 2 

d 3 \X + d3 2 y + a 33 z + w 3 = fr 3 

P-pix-p 2 y - p 3 z =0 

If there is now a total of n variables and m constraints, then at least 
(n - m) variables are equated to zero. The remainder form the basic 
variable column entries. Equating x, y t z to zero, then, the basic 
variables are w±, w 2 , w 3 . 


Bdsis 


y 

z 

Wi 

w 2 

w 3 

b 

check 

Wi 

dll 

d\ 2 

d\3 

1 

0 

0 

bi 


w 2 

d 2 \ 

d 22 

d 23 

0 

1 

0 

b 2 


W 3 

d 3 \ 

d 3 2 

d 33 

0 

0 

1 

b 3 


p 

-pi 

-p2 

~P3 

0 

0 

0 

0 



The variables in the basis column are the variables heading the unity 

matrix. The method is exactly as before. 

(a) Select the most negative entry in the index row to determine the 
key column. 

(b) Divide the entries in the constant column (b) by the corresponding 
positive entries in the key column. The smallest positive ratio 
determines the key row. 

(c) The entry at the intersection of the key column and the key row is 
the key number or pivot. 

(d) Divide each entry in the key row by the pivot to reduce the key 
number to a unit pivot The revised key row is now called the moin 
row. 

(e) Use the main row to operate on the remaining rows to reduce all 
other entries in the key column to zero. 

(f) Repeat steps (a) to (e) until no negative entry remains in the index 
row. 


Now for dn example 
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Example 1 

Maximise P = 2x + 6y + 4z 
subject to 2x + Sy + 2z < 38 

4x + 2y + 3z < 57 
x + 3y + 5z < 57 
x,y,z> 0 

Rewriting the inequalities as equations gives 




We also have P - 2x — 6y - 4z = 0, so we can now set up the simplex 
tableau ready for solution. That is... 



Basis 


y 

z 

Wi 

w 2 

w 3 

b 

check 

Wi 

2 

5 

2 

1 

0 

0 

38 

48 

w 2 

4 

2 

3 

0 

1 

0 

57 

67 

W 3 

1 

3 

5 

0 

0 

1 

57 

67 

p 

-2 

-6 

-4 

0 

0 

0 

0 

- 12 


Now we just apply the normal simplex routine until there is no 
negative entry in the index row. 

Remember: 

(1) to replace the basic variables as the problem variables become 
available at each stage, and 

(2) any variable not appearing in the basis column has zero value. 

Now you can work the solution right through and then check the 
result with the next frame. Take your time: there are no snags. 
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Basis 

X 

y 

z 

Wi 

w 2 

W 3 

b 

check 

Wi 


2 

5 

2 

1 

0 

0 

38 

48 

■ 

w 2 

4 

2 

3 

0 

1 

0 

57 

67 


w 3 

1 

3 

5 

0 

0 

1 

57 

67 


p 

-2 

—6 

-4 

0 

0 

0 

0 

-12 

Wi 

2 

5 

© 

2 

5 

1 

5 

0 

0 

38 

5 

48 

5 


w 2 

4 

2 

3 

0 

1 

0 

57 

67 


w 3 

1 

3 

5 

0 

0 

1 

57 

67 


p 

-2 

-6 

-4 

0 

0 

0 

0 

-12 

y-wt 

2 

5 

1 

2 

5 

1 

5 

0 


n 

48 

5 


w 2 

16 

5 

0 

11 

5 

2 

5 

1 


KIS 

239 

5 


w 3 


1 

5 


19 

5 

3 

5 


1 

171 

5 

191 

5 

■ 

P 

2 

5 


8 

5 

6 

5 

0 

0 

228 

5 

228 

5 

y 

2 

5 

1 

2 

5 

1 

5 

0 

0 

38 

5 

48 

5 


w 2 

16 

5 

0 

11 

5 

2 

5 

1 

0 


239 

5 


w 3 

1 

19 

0 

© 

3 

19 

0 

5 

19 

9 

191 

19 


P 

2 

5 

0 

8 

5 

6 

5 

0 

0 

228 

5 

228 

5 

y 

8 

19 

1 

0 

5 

19 

0 

2 

19 

4 

106 

19 


w 2 

63 

19 

0 

0 

1 

19 

1 

11 

19 

22 

448 

19 


Z-W$. 

1 

19 

0 

1 

3 

19 

0 

5 

19 

9 

191 

19 


p 

16 

19 

0 

0 

18 

19 

0 

8 

19 

60 

1172 

19 


Pmax = 60 with x = 0, y = 4, z = 9. 


Do you agree? 


If so, on to the next frame 


Example 2 

Maximise P = 3x + 4y 4- 5z 
subject to 2x + 4y -f 3z < 80 

4x + 2y + z < 48 
x + y + 2z < 40 
x, y, z > 0 

It is much the same as before. Work through it carefully and then 
check with the next frame. 
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2x + 4y + 3z + wi = 80 

4x +2y+z +W 2 =48 

x + y + 2z + W 3 = 40 

P — 3x — 4y — 5z =0 



Pmax = 113 with x = 5,y=7,z = 14. 

Now let us meet a further complication. Next frame 
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Artificial variables 

So far, our approach to each problem has been the same. 

(a) We first of all convert the "less than' inequalities into equations by 
the inclusion of slack variables. 

(b) If there are now n variables and m constraints, then at least (n - m) 
variables are equated to zero - usually x, y, z, etc. - so that the 
initial basic solution is given by the slack variables, the coefficients 
of which form the unity matrix in the tableau. 

(c) We then proceed by the simplex method to convert the basic 
solution to one containing the problem variables, the tableau 
entries for which now form a new unity matrix. 

(d) The method is repeated as necessary. When no negative entry 
remains in the index row, the value of P denoted in the constant 
column is the optimal value of the objective function. 

Now let us look at this example. 

Example 1 

Maximise P = lx + 4y 

subject to 2x + y < 150 

4* + 3 y < 350 
x + y > 80 {x,y> 0) 

Converting the inequalities to equations, we have 



2x+ y + Wi 

= 150 

4x + 3 y + W 2 

= 350 

x+ y 

1 

$ 

II 

00 

0 


Also, of course, P—7x — 4y = 0. 

NOTE that since the third constraint is a 'greater than' statement, we 
must subtract the slack positive variable (W 3 ) to form the equation. 

Alternatively, we could have written the inequality as —x — y < -80 so 
that —x — y + W 3 = -80 and so x + y — W 3 = 80. 

Forming the first tableau, in the usual manner, we obtain 
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Basis 

X 

y 

Wi 

w 2 

w 3 

b 

check 

Wi 

2 

1 

1 

0 

0 

150 

154 

w 2 

4 

3 

0 

1 

0 

350 

358 

W 3 

1 

1 

0 

0 

-1 

80 

81 

p 

-7 

-4 

0 

0 

0 

0 

-11 


Now we are stuck, for we do not have a unity matrix to start off with. 
The entry in the W 3 column is -1 and not the necessary + 1 , and no 
amount of manipulation will help since the entries in the constant 
column (b) are, by definition, positive. 

So how can we find a starting technique? 

Let us restate the problem. 


Maximise P = lx + 4y 

subject to 2x + y + W\ =150 

4x + 3y + W 2 = 350 
x + y - W 3 = 80 



The trouble comes in the third constraint by virtue of the negative 
sign of the slack variable. To save the situation, we introduce a new 
small positive variable (W 4 ) so that Wi,W 2 and W 4 will give rise to a 
unity matrix and the simplex computation can then proceed. Of 
course, w 4 is ficticious, is extremely small and cannot appear in the 
final basic solution. To establish this, we include in the objective 
function a new term -Mw 4t where M is an extremely large positive 
value which will ensure that w 4 will ultimately vanish. So we now 
write 


P = 7x + 4y — Mw 4 

The new variable, W 4 , is called an artificial variable : it is introduced 
solely so that the simplex procedure can be carried out; and it must 
not appear in the final basic solution listed in the basis column. 

The third constraint above now becomes 
x + y - W 3 + W 4 = 80 

Next frame 
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We now have 

2x+ y + wi 
4x + 3 y 
x + y 
P-7x-4y 


= 150 

-j-Wz = 350 

- W3 + W4 = 80 

■f MW4 = 0 


Forming the tableau in the usual way: 


Basis 


y 

Wi 

w 2 

w 3 

W4 

b 

check 

Wi 

2 

1 

1 

0 

0 

0 

150 

154 

w 2 

4 

3 

0 

1 

0 

0 

350 

358 

w 4 

1 

1 

0 

0 

-1 

1 

80 

82 

p 

-7 

-4 

0 

0 

0 

M 

0 

M- 11 


Note that: 

(1) The columns headed wi, w 2 ,W 4 now form the unity matrix. 

(2) There are now 6 variables and 3 constraints, i.e. n = 6 and m = 3. 
At least (n - m), i.e. 6-3 = 3, variables are put equal to zero. We 
start off with x, y, W 3 as zero and Wi,W 2 ,W 4 form the first basic 
solution with the values given in the b column. 

We now proceed in the normal way. Solve the first tableau and check 
the results so far in the following frame. 
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Basis 


y 

Wi 

w 2 

w 3 

W 4 

b 

check 

Wi 

1 

2 

1 

1 

0 

0 

0 

150 

154 

1 

w 2 

1 

E 

3 

0 

1 

0 

0 

350 

358 


W 4 

1 

E 

1 

0 

0 

-1 

1 

80 

82 


p 

1 

B 

-4 

0 

0 

0 

M 

0 

M- 11 

Wi 

CD 

1 

2 

1 

2 

0 

0 

0 

75 

77 


w 2 

4 

3 

0 

1 

0 

0 

350 

358 


W 4 

1 

1 

0 

0 

-1 

1 

80 

82 


p 

-7 

-4 

0 

0 

0 

M 

0 

M- 11 

X 

1 

1 

2 

1 

2 

0 



75 

77 


w 2 

0 

1 

-2 

1 



50 

50 


W 4 

0 

1 

2 

1 

2 

0 

-1 

1 

5 

5 


p 


1 

2 

7 

2 

0 

0 

M 

525 

M + 528 


The basic variable Wi can be replaced by x and we continue as before to 
remove the further negative entry in the index row. Do that 


Basis 

b 

y 

Wi 

w 2 

w 3 

W4 

b 

check 

X 

1 

1 

2 

1 

2 

0 



75 

77 


w 2 

0 

1 

-2 

1 



50 

50 


w 4 


0 

1 

2 

1 

2 


-1 

1 

5 

5 

■ 

p 

0 

1 

2 

7 

2 



M 

525 

M + 528 

X 

1 

1 

2 

1 

2 

0 

0 

0 

75 

77 


w 2 

0 

1 

-2 

1 

0 

0 

50 

50 


W4 

0 


-1 

0 

-2 

2 

10 

10 


p 


1 

2 

7 

2 

0 

0 

M 

525 

M + 528 

X 

1 


1 

0 

1 

-1 

70 

72 


w 2 



-1 

1 

2 

-2 

40 

40 


yw* 


1 

-1 

0 

-2 

2 

10 

10 


P 

0 

0 

3 

0 

-1 

M+l 

530 

M + 533 


The basic variable w 4 is now replaced by y (the column of the last unit 
pivot). We now have another negative entry in the index row, so we 
have to perform the simplex calculation yet again. 

For the next round, we get. 
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Basis 

X 

y 

Wi 

w 2 

w 3 

W 4 

b 

check 

X 

1 


1 


H 

-1 

70 

72 


W 2 


0 


-1 

1 

2 

-2 

40 

40 

1 

y 

0 

1 

-1 


-2 

2 

10 

10 


P 

0 


3 

0 

-1 

M+l 

530 

M + 533 

X 

n 

0 

1 

0 

1 

-1 

mm 

72 


W 2 


0 

1 

2 

1 

2 

© 

-1 

m 

20 


y 


1 

-1 

0 

-2 

2 

10 

10 


P 

0 


3 

0 

-1 

M+l 

530 

M + 533 

X 

1 


3 

2 

1 

2 



50 

52 


W 3 *Wfc 

0 


1 

2 

1 

2 

1 

-1 

20 

20 


y 

0 

1 

-2 

1 



50 

50 


p 

0 

0 

5 

2 

1 

2 


M 

550 

Af + 553 


No farther negative entry remains in the index row. The optimal 
solution has been found, i.e. 

P 1 nax = 550 with x = 50, y — 50. 

In addition, we see that w 3 = 20 while w\ = w 2 = w 4 = 0 since they do 
not occur in the basic variable column. 

Notice, also, that W 4 , the artificial variable, does not figure in the 
optimal solution - as indeed it must not. 

Next frame 

Here is one for you to do in the same way. 

Example 2 

Maximise P = 2x + 5y 
subject to x + 4y < 60 

3x + 2y < 40 
x + y > 12 (x 9 y > 0) 

Work right through it, just as before. The result is 
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Pmax = 78 with x = 4, Y = 14 

Because 

x + 4y + wi =60 

3* + 2y + W 2 = 40 

x + y — W3 + w 4 = 12 

P-2x-5y + Mw 4 = 0 


Basis 



y 

Wi Wz 

w 3 

w 4 

b 

check 

Wi 


1 

4 

1 0 

0 

0 

60 

66 


w 2 


3 

2 

0 1 

0 

0 

40 

46 


w 4 


D 

© 


-1 

1 

12 

14 


P 

- 

-2 

-5 

0 0 

0 

M 

0 

m-: 

7 

W\ 

- 

-3 


mQ 

El 

-4 

12 

10 


Wz 


D 

0 

0 1 

2 

-2 

16 

18 


yw * 


B 

1 

0 0 

-1 

1 

12 

14 


p 


3 

0 

0 0 

-5 

M + 5 

60 

M + 63 

Wi 

- 

3 

4 

0 

1 0 

© 

-1 

3 

5 

2 


w 2 


1 

0 

0 1 

2 

-2 

16 

18 


y 


D 

1 

0 0 

-1 

1 

12 

14 


P 


3 

0 

0 0 

-5 

M + 5 

60 

M + 63 

W3 Wt 

li 

a 


■■9 

1 

-1 

3 

5 

2 


W 2 

5 

2 


-i 1 

0 

0 

10 

13 

■ 

y 

1 

4 

1 

1 0 

0 

0 

15 

33 

2 


P 

1 


1 0 

0 

M 

75 

M+ 1 ! 1 

w 3 

— 

3 

4 


1 0 

1 

-1 

3 

5 

2 


w 2 



1 2 

5 5 

0 

0 

4 

26 

2 


y 


1 

4 

1 

1 0 

0 

0 

15 

33 

2 


P 

— 

3 

4 

0 

I 0 

0 

M 

75 

M+ 1 ® 1 

w 3 


0 

0 

1 3 

10 10 

1 

-1 

6 

32 

5 




1 

0 

1 2 

5 5 

0 

0 

4 

26 

5 


y 


0 

1 

3 1 

10 10 

0 

0 

14 

76 

5 


P 


0 

0 

11 3 

10 10 

0 

M 

78 

M + 2|Z 


Pmax = 78 with X = 4, y = 14. 

Om to the next frame 
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We are not always as lucky as we were in the previous two examples 
and other steps sometimes have to be taken to remove the artificial 
variable. Consider the following case. 

Example 3 

Maximise P = Sx + 4y 
subject to 2x + 3y < 120 

x + y < 45 

—3x + 5 y> 25 (x, y > 0) 

Inserting the slack variables and artificial variable as required, we have 



2x + 3y + Wi = 120 

x+ y + w 2 =45 

-3x + 5 y - W 3 + w 4 = 25 

P - Sx — 4y + Mw 4 = 0 



That is very much as before, so work through it and check with the 
next frame. 


Here it is. 


Basis 

X 

y 

Wi 

w 2 

w 3 

w 4 

b 

check 

Wi 


2 

3 

1 

0 

0 

0 

120 

126 


w 2 


CD 

1 


1 



45 

48 


w 4 


-3 

5 



-1 

1 

25 

27 


P 


-8 

-4 

0 

0 

0 

M 

0 

M- 12 

Wi 


i 

1 

-2 

0 

0 

30 

30 


xw% 

1 

1 


1 

0 

0 

45 

48 


+ w 4 


8 


3 

-1 

1 

160 

171 


p 

0 

4 

0 

8 

0 

M 

360 

M + 372 


There is no further negative entry in the index row, so it looks as 
though the optimal solution has been attained. However, the artificial 
variable w 4 still remains in the basic variable column at * and thus 
must be removed. Therefore, we take the entry at the junction of the y 
column and the w 4 row as the pivot and proceed to eliminate w 4 by 
simplifying the tableau a stage further. 

If we do that, we get. 
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Basis 

X 

y 

Wi 

w 2 

w 3 

W 4 

b 

check 

Wi 


1 

1 

-2 

0 

0 

30 

30 

X 

1 

1 


1 

0 

0 

45 

48 

-► w 4 


8 


3 

-1 

1 

160 

171 

P 

0 

4 

0 

8 

0 

M 

360 

M + 372 

Wi 

0 

1 

1 

-2 



30 

30 

X 

1 

1 

0 

1 



45 

48 

-► w 4 

o (T) 

0 

3 

8 

1 

8 

l 

8 

20 

171 

8 

p 

0 

4 

0 

8 

0 

M 

360 

M + 372 

Wi 

0 

0 

1 

19 

8 

1 

8 

l 

8 

10 

69 

8 

X 

1 

0 

0 

5 

8 

1 

8 

1 

8 

25 

213 

8 

yw* 

0 

1 

0 

3 

8 

1 

8 

1 

8 

50 

171 

8 

P 

0 

0 

0 

13 

2 

1 

2 

ESI 

280 

M + 5Z3 


The artificial variable, w 4 , is now replaced by y in the basic variable 
column and the optimal solution has been reached. 

.*. Pmax = 280 with x = 25, y = 20. 

Next frame 

Now here is one for you to deal with. 

Example 4 

Maximise P = lOx + 2 y 
subject to -x + 2y < 60 

Sx + 4y < 260 

-x + 8y > 80 (x, y > 0) 

Work through it as before and see if you agree with the solution in the 
next frame. 
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-x + 2y + wi = 60 

Sx + 4y +w 2 = 260 

-x + 8 y - W 3 + w 4 = 80 

P - lQx -2 y + Mw 4 = 0 


Basis 

X 

y 

w 1 

w 2 

w 3 

W 4 

b 

check 

w 1 

1 

H 



0 

0 

0 

60 

62 


w 2 

1 

5 

4 


1 

0 

0 

260 

270 


w 4 

1 

-1 

8 



-1 

1 

1 

80 

87 


P 

1 

-10 

-2 

0 

0 

0 

M 

0 

M- 12 

Wi 

-1 

2 

1 

0 

0 

0 

60 

62 


w 2 

© 

4 

5 

0 

1 

5 

0 

0 

52 

54 


w 4 

-1 

8 

0 

0 

-1 

1 

80 

87 


p 

-10 

-2 

0 

0 

0 

M 

0 

M — 12 

Wi 


14 

5 

1 

1 

5 



112 

116 



1 

4 

5 


1 

5 



52 

54 


^ w 4 

0 

44 

5 


1 

5 

-1 

1 

132 

141 


p 

0 

6 


2 

0 

M 

520 

M + 528 

Wi 

0 

14 

5 

1 

1 

5 

0 

0 

112 

116 


x 

1 

4 

5 

0 

1 

5 

0 

0 

52 

54 


-► w 4 

0 

© 0 

1 

44 

5 

44 

5 

44 

15 

705 

44 


p 

0 

6 


2 

0 

M 

520 

M + 528 

W \ 

0 

0 

1 

3 

22 

7 

22 

7 

22 

70 

1565 

22 


X 

1 

0 

0 

2 

11 

1 

11 

I 

II 

40 

453 

11 



0 

1 

0 

1 

44 

5 

44 

5 

44 

15 

705 

44 


p 

0 

0 

0 

41 

22 

15 

22 

M- — 
iVi 22 

430 

M + 2§1 


P max = 430 with x = 40, y = 15. 

Now for another example 
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Example 5 

This one is slightly different, so take note. 

Maximise P = llx 4- 15y 
subject to 3x + 5y < 130 

-4x + 5y > 25 

x + Sy> 75 (x,y> 0) 

In this problem, notice that there are two "greater than' inequalities so 
that there will be two slack variables to be subtracted and two artificial 
variables to be incorporated. In the objective function, we can use the 
same factor, M, for both artificial variables, since neither of those two 
variables will appear in the final optimal solution. So, we have: 

3x + Sy + wi = 130 

-4x +5 y -W 2 + w 4 =25 

x + 5y - w 3 + w 5 = 75 

P-llx-15y +Mw 4 +Mw 5 = 0 

wi, w 4 , ws now form the unity matrix from which to start. The method 
is just the same as in previous examples, so finish it off. 
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So there it is. P max — 420 with x = 15, y =17. 

Incidentally, also, w 3 = 25 and Wi = W 2 = W 4 = w$ = 0. 
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Our examples on the use of artificial variables have so far concerned 
only two problem variables, x and y. The method, however, is exactly 
the same when more problem variables are involved, though, 
naturally, the solution then becomes somewhat longer. 

Here is one for you to work through: it brings in most of what we 
have covered and provides excellent revision. The result is given in the 
next frame. 



Example 6 

Maximise P = 24x + 21 y + 30 z 
subject to 12x -f 4y + 8z < 240 

8x 4- 3y 4- 3z < 140 

6x 4- 2y + 3z > 110 (x, y, z > 0) 


Pmax = 750 with x = 10, y = 10, z = 10 



The simplex technique is designed to maximise a given objective 
function in the light of stated constraints. However, a problem 
requiring the minimisation of an objective function (denoting costs, 
machine idling time, etc.) can easily be converted for solution by the 
same method. 

For this, move on to the next frame 


Minimisation 

If P denotes the objective function to be minimised, we write Q as the 
negative of this function. Qmax is then determined by the usual 
simplex method and, finally, the negative value of Qmax is the value of 
the required P m m- 



i.e. Write Q = —P. Determine Qmax in the normal way. 
Then Pmin — (Qmax) • 


Example 1 

Minimise P = -3x + 4y 
subject to x + 3y < 54 

3x + y < 34 

-x + 2y > 12 (x, y > 0) 

First write Q = -P, i.e. Q = 3x - 4 y, and maximise Q. 

Inserting the usual slack variables and artificial variable as needed, we 
have. 
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x + 3y + Wi =54 

3x + y + wz =34 

—x + 2 y — W 3 + w 4 = 12 

Q — 3x + 4y + M 1 V 4 = 0 

Now we just carry out the usual simplex routine to evaluate Qmax and 
hence Pmin; since P min = (Qmax)* Pmin —. 



Because Qmax — 16 and hence Pmin — (Qmax) — 16 . 

The full working is available in the next frame, should you need to 
refer to it 

If not, move straight on to Frame 65 


Basis 

X 

y 

Wi 

w 2 

w 3 

W 4 

b 

check 

Wi 

■ 


B 

0 

0 

0 

54 

59 


w 2 

3 

1 


1 

0 

0 

34 

39 


W 4 

■ 

2 

0 

0 

-1 

1 

12 

13 


Q 

-3 

4 

0 

0 

0 

M 

0 

M+l 

Wi 

1 

3 

1 

0 

0 

0 

54 

59 


w 2 

(D 

l 

3 

0 

1 

3 

0 

0 

34 

3 

13 


w 4 

-1 

2 

0 

0 

-1 

1 

12 

13 


Q 

-3 

4 

0 

0 

0 

M 

0 

M+l 

Wi 

0 

8 

3 

1 

1 

3 

0 

0 

128 

3 

46 


XW 2 . 

1 

1 

3 


1 

3 

0 

0 

34 

2 

13 


W4 

0 

7 

3 

0 

1 

3 

-1 

1 

70 

3 

26 


Q 

0 

5 


1 

0 

M 

34 

M + 40 

Wi 

0 

8 

3 

1 

1 

3 

0 

0 

128 

3 

46 


X 

1 

1 

3 

0 

1 

3 

0 

0 

34 

3 

13 


w 4 

0 


0 

1 

7 

3 

7 

3 

7 

10 

78 

7 


Q 

0 

5 

0 

1 

0 

M 

34 

M + 40 

Wi 

0 

0 

1 

5 

7 

8 

7 

8 

7 

16 

114 

7 


X 

1 

0 

0 

2 

7 

1 

7 

1 

7 

8 

65 

7 


y-w 4 

0 

1 

0 

1 

7 

3 

7 

3 

7 

10 

78 

7 


Q 

0 

0 

0 

2 

7 

15 

7 


-16 



Qmax = -16 Pmin = 16 with x = 8, y = 10. 
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Minimise P = -2x + 8 y 
subject to 3x + 4y < 80 

-3x + 4y > 8 

* + 4y > 40 (x, y > 0) 

Note that we have two constraints that are 'greater than' inequalities, 
so, beside the slack variables, we shall need two artificial variables. 

The three constraints in their new form therefore become 



3x + 4y + Wi 

= 80 

-3x + 4y 

— Wz + w 4 =8 

x + 4y 

- W 3 + W 5 = 40 


and, in the subsequent manipulation, we must see that w 4 and w 5 
disappear from the basic solution before the optimal solution is 
obtained. 

The objective function P is now replaced by Q (= -P) and the new 
form of Q is written as 


Q - 2x + 8 y + Mw 4 + Mw$ = 0 



because 

P = ~2x + 8 y Q= -P = 2x-8y 
and with the artificial variables Q = 2x - Sy - Mw 4 - Mw 5 . 

. \ Q - 2x + 8 y + Mw 4 + Mw 5 = 0 

In this example, Wi, w 4 , W 5 will form the unity matrix, so work 
through the solution in the usual way. Simplify the initial tableau and 
then refer to the next frame. 
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At this stage, there is no farther negative entry in the index row, but 
we still must get rid of W 4 and w$ from the basic variable column. Let 
us start by dealing with W 5 . 

We will take the entry § at the intersection of the w$ row and the y 
column as the next pivot and launch forth on the next stage. 
Complete the second stage and then again refer to the next frame. 


Here is the working of stage 2. 
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At this point, w$ is replaced by y in the basic variable column. 

Now we deal with W 4 by taking the entry 2 at the junction of the W 4 
row and the w\ column as the next pivot. That should do the trick, so 
finish off the solution and check with the next frame. 


Pm in = 48 with x = 8 , y = 8 



Basis 

X 

Y 

Wi 

w 2 

w 3 

W4 

Ws 

b 

check 

X 

1 

0 

1 

2 

0 

1 

2 

0 

1 

2 

20 

43 

2 

-► w 4 

0 

0 

2 

-1 

3 

1 

-3 

48 

50 

y 

0 

1 - 

1 

8 

0 

3 

8 

0 

3 

8 

5 

47 

8 

Q 

0 

0 

2 

0 

4 

M 

M — 4 

0 

2M + 2 

X 

1 

0 

1 

2 

0 

1 

2 

0 

1 

2 

20 

43 

2 

w 4 

0 

0 

(D 

1 

2 

3 

2 

1 

2 

3 

2 

24 

25 

y 

0 

1 - 

l 

8 

0 

3 

8 

0 

3 

8 

5 

47 

8 

Q 

0 

0 

2 

0 

4 

M 

M-4 

0 

2M + 2 

X 

1 

0 

0 

1 

4 

1 

4 

l 

4 

l 

4 

8 

9 


0 

0 

1 

1 

2 

3 

2 

1 

2 

3 

2 

24 

25 

y 

0 

1 

0 

1 

16 

3 

16 

1 

16 

3 

16 

8 

9 

Q 

0 

0 

0 

1 

1 

M — 1 

M — 1 

-48 

2M-48 


w 4 in the basic variable column is now replaced by w 1 , so the 
conditions are satisfied at last. From the final tableau, we have 

Qmax = ~48 But Pmin = ~ (Qmax) — 48 
.'. Pmin = 48 with x = 8 , y = 8 . 

By this means, then, we can solve minimisation problems by the 
simplex method and so widen the scope of this valuable technique. 


Applications 


So far we have seen how to solve a typical linear programming IZI 
problem by the simplex method, when the data are presented as a 
linear objective function and a number of linear constraints in the 
form of equations or inequalities. A practical problem, however, must 
first be interpreted into algebraic form and we conclude the 
Programme with a brief reference to this initial requirement. Let us 
consider the following example. 





























978 


Programme 23 



Example 1 

A firm manufactures two types of couplings, A and B, each of which 
requires processing time on lathes, grinders and polishers. The 
machine times needed for each type of coupling are given in the table. 


Coupling 

Time required (hours) 

type 

Lathe 

Grinder 

Polisher 

A 

2 

8 

5 

B 

5 

5 

2 


The total machine time available is 250 hours on lathes, 310 hours on 
grinders and 160 hours on polishers. The net profit per coupling of 
type A is £9 and of type B £10. 

Determine 

(a) the number of each type to be produced to maximise profit 

(b) the maximum profit. 

If we let x = the number of type A units to be produced 
y = the number of type B units to be produced 
the objective function to be maximised can be expressed as. 


P — 9x + 10 y 



Now we have to sort out the constraints from the given data. 

Total time available on lathes = 250 hours 
2x + 5y < 250 (lathes) 

Similar statements for the grinders and polishers are. 


Sx + 5y < 310 (grinders) 
Sx + 2y < 160 (polishers) 


The problem now can be expressed as 
Maximise P = 9x + 10 y 

subject to 2x + 5 y < 250 

Sx + Sy < 310 

5x + 2y<160 (x,y>0) 


Then we go through the usual process. Inserting slack variables to 
convert the inequalities into equations, we have. 
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2x + 5y + Wi 

= 250 

8x + Sy + W2 

= 310 

5* + 2 y + W3 

= 160 

P-9x- 10 y 

= 0 


and the solution then develops in the usual way. Work through it 
carefully - it is all good practice - and see if you agree with the result 
given in the next frame. 

The result is. 


Pmax = 550 with x = 10; y = 46 



The maximum profit of £550 occurs with a manufacturing schedule of 

10 couplings of type A 
and 46 couplings of type B. 


Now for another, so move on. 

Example 2 

A firm produces three types of pumps, A, B, C, each of which requires 
the four processes of turning, drilling, assembling and testing. 



Pump 

Process time (hours) per pump 

Profit per 

type 

Turning 

Drilling 

Assembling 

Testing 

pump 

£ 

A 

2 

1 

3 

4 

84 

B 

1 

1 

4 

3 

72 

C 

2 

1 

2 

2 

52 

Total 

available 

time 

(h/week) 

98 

60 

145 

160 



From the information given in the table, determine 

(a) the weekly output of each type of pump to maximise profit 

(b) the maximum profit. 

So, if we let x = the number of pumps, type A 

y = the number of pumps, type B 
z = the number of pumps, type C 

we can interpret the problem into its algebraic form, which is 
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Maximise 

P = 84x + 72 y + 52z 

subject to 

2x+ y + 2z< 98 


x-f y -b z < 60 


3x -f 4y -f 2z < 145 


4x -f 3y -f 2z < 160 (x, y, z > 0) 


Inserting the slack variables and expressing the problem as equations, 
we have 




Now you can proceed to set up the simplex tableau and solve the 
problem on your own in the usual manner. It is very similar to the 
other examples you have worked earlier in the Programme. 

The result you no doubt get is 



P max = 3652 with x = 23, y = 8, z = 22 


i.e. by producing 23 pumps, type A 

8 pumps, type B 
22 pumps, type C 

the maximum profit of £ 3652 is attained. 

Care with the calculations and constant use of the check column 
provide the key to avoiding errors in the working. 


That completes the Programme. Check down the Revision sum¬ 
mary that comes next, in conjunction with the Can You? checklist, 
before working through the Test exercise that follows thereafter. As 
usual, a set of Further problems provides further necessary practice 
in these useful techniques. 
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Revision summary 23 

1 Optimization - determination of an optimal value (maximum or 
minimum) of an objective function subject to a set of constraints. 


2 Linear programming (linear optimization) - optimization where the 
objective function is a linear function and the constraints are 
linear equations or linear inequalities. 


3 Inequalities - multiplying or dividing both sides by a negative 
factor (—k) reverses the inequality, i.e. > becomes < and < 
becomes >. 



4 Problem variables (. x , y, z, etc.) are always non-negative. 

5 Feasible solution - a set of variables that satisfies all the given 
constraints. 


6 Optimal solution - a feasible solution for which the objective 
function becomes a maximum (or minimum) within the 
constraints. 

7 Basic feasible solution - a feasible solution for which at least (n - m) 
of the total variables are zero, where 

n = total number of variables in the constraints 
m = number of constraints. 

8 Basis - collection of the m variables which are not put equal to 
zero. 

9 Basic solution - solution obtained by equating ( n - m) variables to 
zero and solving for the remaining m variables. 

10 Graphical solution 

(a) Constraints - graphs of constraints form the feasible polygon 
or feasible domain. 



Feasible point or feasible solution - coordinates of all points 
within the feasible polygon or on its boundary (OABCD). 

a P 

(b) Objective function P = ax + by y = —-x + - represented 

b b 

a P 

by a set of parallel lines, slope - -, intercept —. Line through 
the extreme point C gives P maXf the optimal value of P. 
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11 Slack variable - non-negative variable added to, or subtracted from, 
a linear inequality to form a linear equation. 

12 Simplex method of solution - computation. 

Refer back to Frame 34. 

Where necessary, we multiply an inequality by (-1), with 
consequent reversal of inequality sign, to ensure that the right- 
hand side constant term b{ > 0. 

13 Artificial variable - to convert a 'greater than' inequality to an 
equation, the slack variable required must be subtracted. To 
complete the unity matrix in the tableau, a further artificial 
variable w* is included to allow the simplex procedure to continue. 
Such artificial variables must be eliminated before the optimal 
solution is finally attained. 

The objective function P = ax±by becomes P = ax + by — Mwj. 

14 Minimisation - If P is the objective function to be minimised 

(a) write Q = -P 

(b) maximise Q by the usual simplex method 

(c) then Qmax = ( — T) max = — (P min) 

i-C. Pmin = (Qmax) • 



Can You? 



Checklist 23 


Check this list before and after you try the end of Programme test 

On a scale of 1 to 5 how confident are you that Frames 

you can: 


• Describe an optimization problem in terms of the 
objective function and a set of constraints? 

Yes □ □ □ □ □ No 

• Algebraically manipulate and graphically describe 
inequalities? 

Yes □ □ □ □ □ No 



and 





• Solve a linear programming problem in two real 

variables? | 6 J to 

Yes □ □ □ □ □ No 

• Use the simplex method to describe a linear 
programming problem in two real variables as a 
problem in two real variables with two slack variables? | 14 | 

Yes □ □ □ □ □ No ^ 
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• Set up the simplex tableau and compute the simplex? | isl to pjj^ 

Yes □ □ □ □ □ No 

• Use the simplex method to solve a linear programming 
problem in three real variables with three slack 

variables? |33| to 

Yes □ □ □ □ □ No 


• Introduce artificial variables into the solution method 
as and when the need arises? 

Yes □ □ □ □ □ No 



• Solve minimisation problems using the simplex 
method? 

Yes □ □ □ □ □ No 

• Construct the algebraic form of the objective function 
and the constraints for a problem stated in words? 

Yes □ □ □ □ □ No 




71 I to I 79 



Test exercise 23 


1 Using a graphical method, maximise P = x + 2y subject to the constraints 
-3x + 4 y < 8 
x + 4y < 16 
3x + 2y < 18 
x, y > 0. 

Note: Use the simplex method to solve Exercises 2 to 6. In each case, all 


variables are non-negative. 



2 Maximise 

P = -3x + 4 y 

3 Maximise 

P = Sx + 12y + lOz 

subject to 

3x-2y < 15 

subject to 

4x + 3y + 2z < 64 


x + y < 10 


2x + y + 4z < 48 


-x + 4y < 15 


x ~b 2 y ~b z ^ 24. 


-2x + y < 2. 





4 Maximise P = 44x + 20 y 
subject to 12x + 6y < 84 

3x + 2y > 24. 


5 Minimise 
subject to 


P = 3y - 4x 
x + 4y < 60 
2x + y< 22 
-x+ y > 7. 







984 Programme 23 


[33] 


6 A firm makes two types of containers, A and B, each of which requires 
cutting, assembly and finishing. The maximum available machine 
capacity in hours per week for each process is: cutting 50, assembly 84, 
finishing 72. 

The process times for one unit of each type are as follows: 


Process 

Time in hours 

A 

B 

Cutting 

2 

5 

Assembly 

4 

8 

Finishing 

4 

5 


If the profit margin is £600 per unit A and £1000 per unit B, determine 

(a) the optimum weekly output of containers 

(b) the maximum profit. 


Further problems 23 


All variables in the following problems are non-negative . 


Graphical Solution 

1 Maximise 
subject to 


3 Maximise 
subject to 


P = -x + Sy 
—3x + Ay < 10 
-x + Ay < 14 
3x + 2y < 21 
3x + y < 18. 
P = Sx + Ay 
x-2y< 2 
3x — 4y< 8 
Sx + 6y < 45 
x + 3y < 18. 


2 Maximise 
subject to 


P = —4x + 8 y 
x + 3y < 57 
7x + 4y < 110 
-x + Sy < 40. 





Optimization and linear programming 


985 


Simplex Solution 


Maximise 

P = 2x + y 

5 Maximise 

P = -3x + 4 y 

subject to 

x + 4y < 24 

subject to 

3x - 4y < 12 


x+ y < 9 


5x + 4y < 36 


x- y< 3 


—x + 3y< 8 


x-2y< 2. 


—3x + y < 0. 

Maximise 

P = x + 2y 

7 Maximise 

X 

cn 

1 

il 

subject to 

-2x + y < 1 

subject to 

x - 2y < 0 


-x + y <2 


x - y < 2 


x+ y <6 


x + 2y < 14 


2x — 3y< 2. 


—x + 2y < 6 
—3x + 2y < 2. 


8 Maximise P = 3x + 4y + 5z 9 Maximise P = 3x + 4y + 3z 
subject to Sx + 4y + 8z < 40 subject to 2x + 3y + 4z < 58 

3x + 2y + 12z <30 4x + 2y + 3z < 51 

y <8. 3x + 4y + 2z < 62. 

10 Maximise P = 4x + 3y + 3z 
subject to 4x + y + 2z < 40 

x + 4y + z < 50 
2x + 3y + 4z < 60. 

11 Maximise P = 5-3x + 3-6y + 2*0z 

subject to 2* lx + 4*3y + l*5z < 70 

3*2x + l*4y + 2*2z< 60 

l*6x + 6-2 y + 31 z < 100. 

Artificial Variables 


12 

Maximise 

p = 8x + 5y 

13 

Maximise 

P = 12x + 8y 


subject to 

2x+ y < 80 


subject to 

x + 2y < 20 



x + 3y < 90 



£ 

i 

n: 

IA 

00 



x + y > 30. 



—x + y > 1. 

14 

Maximise 

P = 3x + 4y 

15 

Minimise 

P = 4x + 5y 


subject to 

x + 4y < 76 


subject to 

x + 2y < 63 



—5x + 8y > 40 



3x + y < 70 



-x + 4y > 32. 



2x + y > 42 






x + 4y > 84. 

16 

Maximise 

P = 65x - 23y 

17 

Maximise 

P = 24x - 8y 


subject to 

5x — y < 30 


subject to 

x + 3y < 360 



lOx + 4y > 150. 



2x + y < 850 
-5x + 25y > 320. 
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18 Maximise P = 4x + 2y 
subject to x + 2y<60 

3x + 2y < 80 
-3x + lOy > 40. 

19 Maximise P = lSx + 40y + 24z 
subject to Sx + 2y + 4z < 63 

2x + 4y + 2z < 42 
2x + 3y + z > 35. 

20 Maximise P = 60x + 45y + 25z 
subject to 4x + 8y + 2z < 160 

6x + 3y + 4z < 168 
4x + 3y + 3z > 128. 

21 Maximise P = 12x + 8 y— 10 z 
subject to 4x + 2y - 3z < 210 

6x + 8y + z < 630 
2x — y + 4z > 210 
x + y + z < 180. 

Minimisation 

22 Minimise P = —4x + 3y 
subject to x + 4y < 20 

2x + y < 12 
x — y < 3. 

24 Minimise P = —4x + 8y 
subject to —Sx + 4y < 32 

7x + 4y < 80 
-x + 8y > 40. 

26 Minimise P = 4x — 8y + 5z 
subject to 2x + 3y + z <70 

x + 2y + 2z < 60 
3x + 4y + z < 84 
x+ y+ z>33. 

27 Minimise P = 6x-Sy — 3z 
subject to Sx + 8y + 4z < 220 

2x4- y+ 6z < 154 
4x + 2y + z > 77 
x + y + 2z > 55. 

► 


23 Minimise P = —Sx + 8y 
subject to x + 2y < 40 

3x + 2y < 48 
—x + 4y > 40. 

25 Minimise P = 2x + 8y 
subject to -x + 2y < 24 

7x + 6y < 132 
-x + 2y > 4 

x + 2y > 12. 
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Applications 

28 A firm manufacturing two types of switching module, A and B, is under 
contract to produce a daily output of at least 35 modules in all. 
Assembly and testing times for each type of module are as follows: 


Module type 

Processing time (hours) 


Assembly 

Testing 

A 

1*0 

2*0 

B 

2*0 

1*0 


Available staff resources provide a daily maximum of 80 hours for 
assembly and 55 hours for testing. 

The profit on the sale of each A-module is £40 and of each B-module 
£50. Determine 

(a) the daily production schedule for maximum profit. 

(b) the maximum daily profit. 

29 Three different types of coupling units are produced by a firm. The 
times required for machining, polishing and assembling a unit of each 
type are included in the information given in the following table. 


Type 

Process time (hours) per unit 

Profit (£) 

of unit 

Machining 

Polishing 

Assembling 

per unit 

A 

4 

1 

2 

110 

B 

2 

3 

1 

100 

C 

3 

2 

4 

120 

Available 

time 

(h/week) 

320 

250 

280 



The firm is required to supply a total of at least 100 units of mixed types 
each week. Determine 

(a) the weekly output of each type to maximise profit 

(b) the maximum weekly profit. 
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30 


A firm makes three types of wooden cabinets, A, B, C, with profit 
margins of £35, £30, £24 per unit respectively. 


Process 

Time in hours per cabinet 

A 

B 

C 

Preparation 

2 

5 

4 

Assembly 

2 

3 

2 

Finishing 

5 

4 

3 


The manufacturer has 25 men available for preparation, 20 men for 
assembly and 30 men for polishing, and all staff work a 40 hour week. 
To remain competitive, at least 300 cabinets in all must be produced 
each week. Determine 

(a) the number of each model to be manufactured each week in order 
to maximise the profit 

(b) the maximum weekly profit. 


Appendix 


1 Green's theorem 


If P and Q are two functions in x and y, finite and continuous inside a 
region R and on its boundary c in the x-y plane, with continuous first 
partial derivatives, then Green's theorem states that 



Proof of Green's theorem 

Let the lower boundary of the region be the curve y\ = f(x) and the 
upper boundary the curve yi = F(x). 



O a b x O a b x 


Using vertical strips, we then have 
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Similarly, using horizontal strips, we have 





td 


r*2 


J C J 


x1 


dQ 

dy 


dxdy 



x 2 =h(y) 


Q 


dy 

*i=g{y) 


where x\ — g(y) and x 2 = h(y) are the left-hand and right-hand 
portions of the boundary curve c. 


■ • JIS ^ dy= L q( * 2 ’ ^ dy - 1 q( xi > dy 

R C C 

= [ Q.(xz,y)dy+\ Q(x u y)dy 

JC Jd 

= <P Q.(x,y)dy 



||jdxdy=-£p(x,y)dx-| Q(x,y) dy 
= -|{Pd*-Qdy} 


( 2 ) 
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2 Proof that sec y 



Let a, (3, 7 be the angles that OP makes with the x, y and z axes 
respectively. 



Then x = rcosa; y = rcos/3; z = rcos 7 
Also x 2 + y z + z 2 = r 2 


If r = 1 unit, then x 2 + y z + z 2 = 1 z 2 = 1 - x 2 - y 2 
z = (1 -x 2 -y 2 ) 1/2 

^ ^ (1 - x 2 - y 2 )“ 1 / 2 (- 2 x) 

_ —X 

\/l - X 2 - y 2 

0 = i(l - x 2 -y 2 ) -1 ^-^) 

-y 

y/1 -x 2 -y z 



dz\ 2 

py) 


x 2 y 2 

^ 1 - x 2 — y 2 ^ 1 - x 2 

1 - x 2 - y 2 + x 2 + y 2 
1 - x 2 - y 2 
1 _ 1 
1 - x 2 - y 2 z 2 


But, with r —1, z — cos 7 




2 
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3 Vector triple products 


(a) A x (B x C) = (A • C) B — (A • B) C 

(b) (A x B) x C = (C • A) B - (C • B) A 

Let A = a x i + a y j + a z k; B = b x i + b y \ + fr z k; 

C = c x i + Cy j + c z k 

Then B x C = (b x i + b y j + fr z k) x (c*i + c y j + c z k) 


i j k 

b x b y b z 

y C z 


C x C v C\ 



by b z 


b x b z 


b x b y 

• 

1 


-i 


+ k 



c y c z 


C x c z 


c x c y 


Then A x (B x C) = 


1 

a x 


m 

1 


a, 


k 

7 


by b z 


bz b x 


bx by 

c y c z 


Cz c x 


c x c y 




k & 


c* c 



— b y Cx) a z (b z c x b x c z )y 


b x 

b y 

CZ z 

by 

b z 

c x 

c y 


c y 

Cz 

b z 

b x 

Q y 

by 

b z 

Cz 

c x 


Cy 

Cz 


H - 1 { & z (b y c z c y b z ) u x (b x c y b y c x )} 

+ k {a x (b z c x - b x c z ) - a y (b y c z - b z c y )} 

= i {b x u x c x + b x a y c y + b x a z c z — c x u x b x — c x u y b y — c x ci z b z y 

“l - j {b y a x c x — b y a y c y —(- b y ci z c z c y a x b x c y ci y b y c y ci z b z ^ 

4- k {b z u x c x + b z a y c y + b z u z c z — c z u x b x c z a y b y — c z u z b z ^ 
= i \b x (ci x c x + u y c y + flzC z ) c x (u x b x + u y b y + Q z bz)} 

H - 1 {by(u x c x + u y c y + a z c z ) — c y (u x b x + u y b y + a z b z )} 

+ k { b z (a x c x + a y c y + u z c z ) — c z (a x b x + a y b y + u z b z )} 



Appendix 


Now A • C = (a x i + a y j + a z k) • (c x i + c y \ + c z k) 

= d x C X + (lyCy + £? Z C Z 

and similarly A • B = a x b x + + a z fe z 

A x (B x C) = i {fc*(A • C) - c*(A • B)} 

+ j {b y (A • C) - c y (A • B)} 

+ k {b z (A - C) - c z (A • B)}. 

A x (B x C) = (A • C) {i b x + j b y + kfo z } - (A • B) {ic x + j c y + kc z } 
A x (B x C) = (A • C) B - (A • B) C 
In the same way, it can be established that 
(A x B) x C = (C • A) B - (C • B) A 


4 Divergence theorem 
(Gauss r theorem) 


To prove that J div F dV = j F • dS for the region V bounded by the 
surface 5. 



Consider an element of volume dV = dxdydz and let the components 
of F in the x t y and z directions be denoted by F x i, F y \ and F z k 

respectively at any point P. We then determine | F • dS over the 

element dV and finally sum the results for all such elements 
throughout the region. 

(a) Si : dSi = dydz; n = i 


-i 



i 



(F • dS)y = (F x i + F y i + F z k) • (n) dSi 
= (F x i + F y \ + T z k) • (i) dSi 
= F x dS y 
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(b) S2 : dS 2 — d y dz; n = -i 

(F • dS) 2 = (F x i + Fyj + F z k) • (-i) dS z 

= -F x dS z 

Combining these two results, we have 
(F • dS)j + (F • dS) 2 = (F x dS) 1 - (F x dS) 2 

= ^(F x dS)dx 

| FdS = ||dSdx=(||)dxdydz (1) 

Si +S2 

Similarly, for S3 and S4 we have 



These three results together cover the total surface of the 
element dV. 

Si ...Se 

Finally, summing the results for all such elements throughout the 
region with dV —> 0 and dS —> 0, we obtain 

j divFdV = ^ |f- dS with dS ^ 0 
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On the common boundaries between adjacent elements, the values 
of j F • dS cancel out. On the boundary surface, however, there are no 

such adjacent faces and the integral o F • dS remains. 

Js 

| divFdV = j F • dS 


5 Stokes' theorem 

If F is a single-valued vector field, continuous and differentiable over 
an open surface 5 and on the boundary c of the surface, then 



c 


Proof of Stokes' theorem 

Consider the surface 5 divided into small rectangular elements and let 
ABCD be one such element. If axes of reference x and y be arranged to 
coincide with AB and AD respectively as shown, a third axis z will then 
be normal to the surface at A. 



If AB = dx, then dx = i dx and 
if AD = d y, then dy = j d y. 

Let F a denote the vector field at A; F& that at B; F c that at C; and ¥ d 
that at D. Now consider each side in turn. 

AB: F ■ dr = F fl • dx = {F^i + F ay j + F flZ k} ■ {idx} = F ax dx 
BC: F • dr = F* • dy = {F bx i + F by j + F bz k} ■ {j dy } = F by dy 
CD: F • dr = F c • dx = {F^i + F^ j + F cz k} -{-idx} = -F cx dx 
DA: F- dr = ¥ d ■ dy = {F^i-yF^} +F dz k} - {-j dy} = -F dy dy 
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(a) AB + CD: 

D C 



J 


F • dr = Fax dx - dx 


CX 


(F a Fax) 
-SF x dx 
dF x 


J 


F • dr 


(AB + CD) 


dy 

dFx 

dy 


dydx 

dxdy 


(i) 


(b) BC + DA: 

D C 




dy 


^dr^F^dy-Faydy 

= (Fby - Fdy) dy 
= 6F y dy 


dx B 


J 


Fdr 


dFy 

dx 

dFy 

dx 


dxdy 

dxdy 


( 2 ) 


(BC + DA) 


Adding these two results together for the complete rectangle, we 
have 


j 


_ , .dFy 0F X 

F • dr = t - ~~~ \ dx dy 


(ABCD) 


{ 


dx dy 


( 3 ) 


Now curl F = 


From (3) 


i j k 

d d d 
dx dy dz 
Fx Fy F z 
.(dF 1 _dFy\ _.fdF^_dFx\ ^(Wy_dFx 

\dy dzJ \dx dz) + V^x dy 
(dFy dF x \ 

'' {dx ~~dy)~ ^ curl ^ ^ 

J F • dr = curl F • k dx dy = curl F • dS 

ABCD 


( 4 ) 


Summing for all such elements over the surface 


j 


curl F • dS = 


-iSE J 


Fdr 


ABCD 


( 5 ) 
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JF • dr on boundary lines between adjacent rectangular elements will 
cancel out, except on the boundary curve c of the surface 5. The 
integral then becomes | F • dr. 

.*. | curl F • dS = | F • dr 



Answers 


Test exercise 1 (page 42) 

1 *=-l-/V3;* z + 2 * + 4 = 0 2 x = -4, 6 , 3/2 3 * = -l -6 = -5/3 
4 x» 1710 5 x«0-454304 6 *« 1-317672 7 (a) 39-375 

(b) 103-392 (c) 481-528 8 -12-8 

Further problems 1 (page 43) 

1 1 ^ ' ^2 X * + ^ + + ( 2 + v ' S )* 2 + (1 + V 2 )* + 1=0 

2 * = 1,6, —2 3 p = —S,q = —l 4 p = 4,q = 9 5 * = 2,3, —3 

6 * = 1,-3, 9 7 y 3 -5^ + 17y- 13 = 0 8 y 3 - lSy 2 + 52y - 60 = 0 
9 * = 1, |, -1 10 * = -2,4,8 11 2y 3 - lSy 2 + 25y = 0 13 0-8934 
14 * = 2-732, -0-732, -2-000 15 y 3 - 3y + 2 = 0; * = -4, -1, -1 
16 * = 1-646 17 (a) -0-6736 (b) 0-3717 
18 (a) -2-3301,0-2016,2-1284 (b) 1, -0-50+/1-66 

(c) -2-115, 0-254, 1-861 19 (a) -4-104, - 0-9481 +/0-5652 

(b) 0-5, -1-5, -1-5 (c) 0-25, l±/3 20 (a) -2-456 (b) 1-765 

(c) 0-739 (d) 1-812 (e) 1-8175 (f) 0-5170 (g) 0-8449 (h) 0-8806 
21 (a) 32-872 (b) 204-328 (c) 381-429 22 (a) -1-375 and 81-104 

(b) 136-971 and -363-429 23 (a) -6-048 (b) 461-496 

24 (a) 133 and -9-048 (b) 0-136 and -65-433 (c) -199-112 and -867 

25 0-02768 26 -1-0670 27 (a) -2-54846 (b) -2-41734 (c) -1-87134 


Test exercise 2 (page 90) 


1 (a) 


32-2s 


(b) 


s + 4 


s 2 - 16 s 2 + 16 

5 


( c ) —j {4s 3 - s 2 + 4s + 6 } (d) 


s + 2 


s 2 + 4s + 29 


(s 2 + 9)' 


2 (a) 2e 3t - e*‘ 


(b) 2 cos y/21 + — sin y/21 - e 1 (c) e l (31 + 2) - e 3t 

v2 

(d) | {^(17 cos 2t + 9 sin 2 1) - e 3t } 3 (a) x = e~ 2t + e~ 3t 
(b) x = {\3e 2t - cos2 1 - sin2 1} (c) x = \-\e 3t + §e 4t 


(d) x = e t (1 - t + 


t 3 ' 


4 x = \{9 cos t — 7 sin t — e~ 3t } y — 3 sin t — 2cos t + e 2t 

Further problems 2 (page 91) 

s- 4 _ 4s . x 6 8 5 /JX 4s 2 -24s+ 38 

- J ( c )^ + T3+7 (4)- 


1 (a) 


s 2 — 8 s + 20 


(b) 


(s 2 + 4)' 


(s - 3)' 


(e) ~ (f) In 2 (a) e 2c + e 4t (b) 3e 4t + 2 


(s 2 + 1 ) 
3 1 2 


s — 2 


(c) e 2t |^- + 2 t+l| (d) e~‘{2 cos t 5sin t } 2e 21 
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4 

6 

8 

10 

12 

13 

15 

17 

18 

19 

20 


(e) | (cos t - cos 2£) (f) e~ zt {cos 4t - \ sin 4t} 3 x = 4e 4t - 2 
x = e 4t/3 - ^ {cos 2t 4 - § sin 2 t} 5 x = ( 2 t 4 -1) 4 - 2t 4 - 4 4 - cos t 

x = \e 4t - e 3f -Je 2 * 7 * =|cos3£4-sin3£4-|cos2£ 
x = i{e 2 * - e*(cos 2t - 2sin 2 t)} 9 * = ^{2t 2 - 4t + 3 4- e~ 2t (4t 2 4 - 6 t 4 -1)} 
x = | {2(e -4t - 1) cos 4t + (e~ 4t + 1) sin 4t} 11 x = (2t 4- 1) cos 5t +1 sin 5t 

* = ^ {2e 2t 4- 3e -2t - 5(cos 3 1 - sin 3t)} 
y = ^ {5 (cos 3t + sin 3t) - 3^ - 2e _2t } 

x = i{7e- 6 t 4-5} y = ±{7e~ 6t + S} 14 * = 10e- 4 t 4-2 y = 5*r 4 t 4-3 
x = e~ zt ~e t + 21 y = 3e l +\e ~ 2t 16 x = + 3e -f y = 4# — e~ t 

* = 4cost -2sint-|{8e _t 4-e 2 *} y = 6cost 4- 2sint-f{2e -t + e 2t } 

* = | {cos 2t 4- sin 21 — cosh \/2t - \/2 sinh \/2t} 

y = | {3 sin 2t — 4 cos 2t +1 sin 3t 4- ^ cos 3t} — 4 cos 4t 


* = cos(ty^) -h|cos(tV6) y = §cos(ty^] -i cos (^) 


Test exercise 3 (page 109) 



F(s)=^{l-e- 2 *} 



F(s) = JTlI 1 “ e_6e " 3 *} 




{1 - e-”} 
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2 f(t) = 2 • u(t) - 5 - u(t - 1) + 8 • u(t - 3) 


m 


6 

4 

2 


O 
-2 
-4 


- 

— 


• 

- 

_i_ 

1 

CM 

4 t 

:_j 

_i 





3 f(t) = Mi(t) + 3(t-2)-ii(t-2)-(t-3)-ii(t-3)-3(t-5)-ii(t-5) 



4 f (t) = 2 • u(t) - 2 • u(t - 1) + 2 • u(t - 3) - 2 • u(t - 4) 
-f- 2 • — 6 ) — 2 • u(t — 7) + ... 


2 


f(0 






t 



o 

At) = 2 

= 0 


2 3 

1 < t < 3 J 


4 5 6 7 

At) = ft' + 3) 



Further problems 3 (page 110) 

1 f{t) = 3 • u(t ) + 2(t - 2) • u(t - 2) - 2(t - 5) • M(t - 5) 

2 f(t) = t • u(t) - (f - 1) • u(t - 1) + (t - 2) • w(t - 2) - (t - 3) • u(t - 3) 



i i i i i_ 

0 1 2 3 4 t 


4 

5 

6 


(a) f(f) = f 2 ■ u(t) - (t 2 - St) ■ u(t - 3) 

(b) f (t) = cos t ■ u(t) + (cos 2 1 — cos t) • u(t - -it) (cos 3 1 — cos 2 1) • u(t 


— 2k) 


f(s) * e ' 2 ‘{i + l} 




\s : 




(a) f(t) = t 2 - «(t) - 1 2 ■ u(t - 2) + 4 • u(t - 2) - 4 • u(t - 5) 

2 2c _2s 4e _2s 4e _Ss 

(b) f(s) = -3 -- -3 - 3 -— 
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Test exercise 4 (page 142) 

2(1 — e~ 2s — 2se -2s ) 


1 F(s) 


2 (a) e~ 6 (b) 0 (c) 11 


s 2(l _ e-4s) 

3 (a) F(s) = 4e _3s (b) F(s) = e - 2 ( 3+s > 


4 


f(t) 


48(t-2) 


O 


38(0 


F(s) = 3 + 4e _2s - 3e 


I 


,-45 


f 


38(t—4) 


5 * = e -3t {4 sin t — cos t} 

6 x = 3e 4 e _f • u(t - 4) 4 - e~ 2t {2 • n(t) - 3e® • u(t - 4)} 

7 (a) /"(£) = sin t, frequency 1 radian per unit of time, period 2ir units of time 


(b) fit) 


18 


A/53 


v/53 


V 


753 

period units of time 


e t/6 sin [ —— 1 1, frequency —— radian per unit of time, 


V53 




8 Transient solution ^ (?>2\f2 sin V2t — 40 cos V2tj , 

2 

steady-state solution — e 

Further problems 4 (page 143) 


2 I{f(t)} = 


fl(l + e -,r5 ) 


1 w ( e~ ws 1 
3 (a) ir (s ) = _ _ ^ ^ 


s 2 s 


(s 2 + 1)(1 — 6~' JvS ) 

1 _ *2(1—s)tt i _ e -s/ s . 1 \ 

(b) = (,-Dd-^) = 52(1^) } 

2 2e _2s 4e _2s 4e _3s 


(d) F(s) = 


1 - e- 3s \ 


s 3 s 3 


} 


4 x = 


sin ut 5 i = 


. £ / t 

l = — COS I —= 

i Wlc 


Mu L ~\y/LC, 

6 x = 2e~ 2t {l + lOe 8 • u(t — 4)} - 2e -3t {l + 10e 12 • u{t — 4)} 

t t 1 

7 (a) f{t) = 4V3 sin— y= — cos— j=, frequency radian per unit of time. 


273 273' 


273 


period 47r73 units of time (b) f(t) = 2 cos 273 1 -sin 273 f, 

2v3 

frequency 2\/3 radian per unit of time, period 7 tV 3 units of time 
8 (a) f(t) = —4*48 sin 0-69t+ 106 cos 0-69t 


7T 


(b) f(t) = —-rSin[(l-5)^] 

(3/2) 5 

9 Transient solution e _3f / 8 f ^^L. sin^^f 

\9V23 8 

steady-state solution —e l 

9 


1 V33 

9 COS T-' 
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Test exercise 5 (page 169) 

z ., j ^ . z 3 - 4z 2 + (2a + l)z 

1 -- provided \z\> 1 2 -2--— 

z + 1 (z - 1) (z - a) 

3 (a) —-z > 1 (b) 

(z-l) 2 


z - 5 


■, |z| > 5 


4 {2* + 3-2*«> S {3* + «-2W} 6 z2 _^ T + 1 


Further problems 5 (page 169) 


provided \z\ > \a\ 2 (a) ~\(- 3 )* 

(b) {^«*-§ + | (1/3) *} (c) {|( 3Ac )+|(-3) k -2fc} 


||(1 +/)(-/) k - 1 + 1(1 -/ xy )*- 1 j 


4 (a) ju*+|fc(-2)*j 


fl» ^u k -~k(-2r + 




5 (a) 


z 2 — 1 


(b) 


z 2 — 1 


(c) 


z 7 +z 5 +z 4 + 1 , „ z 7 + z 6 + z 5 + z + 1 _ z' 


(d) 


(e) 


rlO 


m t±l+I±l s 

TP 


(a) {x,} = {±((-3)* - 2(-2)‘ + (-1)*)} for k > 1 


(b) {**} = {i((-3* +1 - (—2)* +2 + (-l) k+1 ) J 

(c) {**} = {10(3*) - 7(2*)} (d) {x,} = {6(2*) - 3 u k } 


n _ 2 „ . . z sinhT » 

9 3 10 — — 13 (a) -=—--———- (b) 

7 w z 2 -2zcoshr + l w 


z(z- coshflT) 
z 2 - 2zcoshaT +1 


(c) 


ze~ aT (ze aT - cosh bT) 
z 2 — 2ze~ aT cosh bT + e _2aT 



Test exercise 6 (page 227) 

1 (a) yes (b) yes (c) no (d) yes (e) no (f) no 

2 f(x) = 27r-4{smx + Jsin2* + |sm3*+ ...} 3 (a) odd (b) odd 
(c) even (d) neither (e) neither (f) even 

4 (a) f(x) = ? + -{cosx + icos3x+ 7 ^ F cos5x + ... 1 

z 7r I y zb I 
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(b) f(x) = -2^sinx-^sin2x + ^sin3x- ...j 5 (a) cosine terms only 

(b) sine terms only; odd harmonics only (c) odd harmonics only 
(d) odd harmonics only 


Ilf 1 1 

6 f(£)= —- 7 y< cosut + —cos3ut +— cos5o;£ + ... 

2 ur y 9 25 

If 1 1 

+ —< sin6j£--sin26t;£ + -sin3a;t 
lj 2 3 




where u = 7r/2 


Further problems 6 (page 228) 

2 f 1 1 1 

1 /"(*) = -< sin* + -sin2* + -sin3* + ... £ 

7T ^ 2 3 J 


i6 r i i i 

2 /(£) = — 1-< sindj£ + -sin3o;£ + -sin5a;£+ ... > where a; = 

7T ^ 3 5 J 

„ ^, 4 ri i . i „ i £ 1 

3 f( x )=zi^-TT7^ cos2x -J^s cos4x -J^7 COs6x - •••} 


7r 
2 


5x7 


tt\2 1x3 

7T 4 f 1 1 1 

4 =tt + - , scos* + -cos 3* +—cos5* + ... > 

2 7r [ 9 25 J 


2AL 1 


« fl*)= —|l-2 


7r 


1x3 


cos 2* + 


3x5 


cos 4x + 




, v 7T 2 f 1 r 1 

6 fix) = —— <cosx + -cos3x + — cos5x+ ...> 
w 4 tt( 9 25 J 


{ 


1 1 

sinx --sin2* + -sin3x - 

/Li %3 


7 f = 




1 + Jsin ait — 2( -—-cos2u>£ + -—-cos4 uit 
2 VI x 3 3x5 


+ 


5x7 


cos 6u;t + ... 


where a; 


27T 


8 


fw -T{* 


111 
sin 2x + - sin 4* + - sin Sx + - sin 10* + 

Zr TI O 




9 (a) 


71^/1 1 

— ( cos 2x + -cos 4x -j ~—cos 6x + ... 
4 9 


8/1 1 \ 

(b) f(*) = - f sin* + ^3 sin 3x + ^sin 5* + ... j 

/r/\ 2 f 1 IT 1 _ 1 . 

10 f(*) = -< - + T cos* + -—— cos 2x — ——-cos 4* + 

,w 7r [2 4 1x3 3x5 

11 2 2 

11 f(x)= -bTrCOSX-— cos 2 * + —— cos4*- ... 

7T 2 OlT 157T 

12 f(*) =-{sin*-^sin3* + ^-sin5*- ...1 

7r t 9 25 J 

4 ( 1 1 

13 f(£) = |coS 7 r£ + -cos 37 r£+ ... 




1 2 

f 1 1 

+ -\ 

2sin7r£--sin27r£+ ... 

7r 

J 

1 2 / 
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14 f(x) = ^- 4|cosx - icos2x + ^cos3x - ^ 


cos4x + 

16 


■■■} 


15 f(x) = 


- 6 ( 1.1 1 . . , 
7 —< sm x - - sin 2x + - sm 3x - - sin 4x + 
7 r 2 3 4 


...} 


2 4 f 1 1 1 

16 f(x) =- + -=■< cos7rt--cos27rt+ -cos37rt- ...> 

3 ir 2 { 4 9 J 

fill 1 

17 f(x) = -<smx + -sm2x + -sm3x + -sin4x+ ... > 

2 f 11 1 

18 f(t) ~ —< smut- sin2o;t + -sin3djt+ -sin5djt+ ... > where 

7T ^ 3 5 J 

47T^ f 1 1 1 

19 =-^- + 4<cosx + -cos2x + -cos3x+ ... > 

r i i i 

-47r<sinx + -sin2A: + -sin3A:+ ... V 


20 f(t) = 


1 - 117cosdjt + 0'328cos2o;t + 0cos3djt+ ... 

+ 0-282sin+0*288sin2djt — 0*318sin3uj£ + ... wheredj = 7r/3 


Test exercise 7 (page 268) 

1 f(t] _ 1 | / „ /2(fl-/ w )sinh(fl + / w ) 

n=—oo ' 

n^O 

S 2^e> - «*)„(() 6 W = W - vfjr^5 


7rfc 2 + o^ 


Further problems 7 (page 268) 
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(e 2 — l)cosdj + dj(e 2 + l)sindj /(^(e 2 - l)cosu; - (e 2 + l)sindj) 
Vzire^ + 1 ) y/2ne{u 2 + 1 ) 



(b) f(t) = u(t - 1) - 2w(t) 4- w(t + 1) (c) F(oj) = —sin 2 (dj/2) 

14 M 1 _ cos *(* +_ /* sin _ w )) 


20 F s (< j )=2 


2 1 

'k a 2 + u 2 


{a sin u cos a - ju cos u sin a} 


F c (u) = 2 
21 F s (lj) = 0 


2 1 
7ra 2 + uj 2 


{u sin lj cos a + ja cos u sin a} 


F c (uj) = 2 cos to sine t 
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Test exercise 8 (page 324) 


2 y 


= «oj 


.. 5a 2 15a 4 Sx 6 

1+ -r + -r + i6 + 




f 4x 3 8x 5 




3 (a) y 


+ 2?x 5 


(b) y 


l f „ X 

-r4 

1x4 

■ 4-31 


X 2 X 3 

2 + (1 x 2)(2 x 5) “ (1 x 2) (2 x 5) (3 x 8) + 


-} 


X 2 X 3 

4 + (1 x 4)(2 x 7) " (1 x 4)(2 x 7)(3 x 10) + 

x 4 x 8 ) 

3x4 + (3x4)(7x8) + 


-} 


+ 


(C) ?A 


~' 4 { 2 6 '} 


{*"4^ 


x 5 + (4 x 5)(8 x 9) + 


...} 


- s M-5 


2 6 


• • ) + X (1 — x -\—— + ... 


5 3P0W 




Further problems 8 (page 324) 

1 y 5 = 64e 4 *{16x 3 + 60x 2 + 60x + 15} 

2 y„ = (-l)”e~*{x 3 - 3 nx 2 + n(n - l)3x - n(n - 1 )(n — 2)}, m > 3 

3 y 4 = 480x + 96 4 y6 = -{(x 4 - 180x 2 + 360)cosx + (24x 3 - 480x)sinx} 
5 y 4 = —4e - *sinx 6 y$ = 2x(13 + 121nx) 8 y 6 = —1018 

10 (a) yzn = {* 2 + 2n(2n - 1)} sinh x + 4 nx coshx 

(b) y 2n = {* 3 + 6n(2n — l)x} coshx + {6nx 2 + 2n(2n — l)(2rz — 2)} sinhx 

11 y 6 = 2 s c 2 *{2a 3 + 24a 2 + 81a + 75} 12 y 3 = 2V2a 3 e- ax {cos(ax + tt/4)} 

l\ 9 a 2 15a 4 7a: 6 27a 8 1 f 4 a 3 1 


14 y 


= yb{ 


, 9a 2 15a 4 7x 6 27a 8 

2 8 16 128 


...} 


+ X11A + 


15 y = A(1 +x 2 ) +Be 


16 y 


= yo| 


. 3 2 x x 2 3 2 x 5 2 x x 4 3 2 x 5 2 x 7 2 x x 6 

1+ ~2!-+-4!- + -6!- + 


-} 


f 4 2 x x 3 4 2 x 6 2 x x 5 
+ yi r +— 3T~ + -5!- + 


...} 


17 y = yix + y 0 < 1 - 


f 2 A 4 a 6 a 8 1 
I 1 * 3 5 7 •••/ 


18 y 


L 2a 

= y °{ 1 -22 


2x 2 2 xx 4 2 3 x x 6 
22 + 22 x 4 2 ~ 2 2 X 4 2 x 6 2 + 


-} 


+ yi 


19 y 


-a{ 


{*- 


2x 3 2 2 x x 5 


2 3 x x 7 


3 2 + 3 2 x 5 2 3 2 x 5 2 x 7 2 + 


...} 


X 2 X 3 X 4 

+ I + 2x4 + (2x 3) (4 x 7) + (2 x 3 x 4) (4 x7xl0) + "' 


+ Bx* 


{ 1+ T 


X X 2 X 3 

x5 + (lx 2)(5 x 8) + (1 x 2 x 3)(5 x 8 x 11) 


-} 
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f X? 1 x^ f x 3 

i 1_ 2! + 4! + •) +fll r _ 3! + •••; 


20 y = a 0 jl- — + — + ...j+ ai ^x- 

21 y = + 2^*"3 + (2 x 3)(5 x 6) + 


...} 


+ CL\ 


22 y = 




{ JI + 3l 


x4 + (3x4)(6x7) + 


-} 


X 2 X 3 

4 + (1 x 2)(4 x 7) “ (1 x 2 x 3)(4 x 7 x 10) + 

X X 2 X 3 

~x2 + (1 x 2) (2 x5)”(lx2x 3)(2 x 5 x 8) + 


-} 

■} 


__ a: 2 * 4 3a: 6 (3)(5)a: 8 1 

23 y = ai x + ao[l-^-^- w -8! ^ 'j 

24 y = H + vwhere U = 24{^ + ^- ...} 


V = 


f (—X^ x$ 

B { lnX V4^3! + 5f3! _ 


M X X 

+ V + 1 x3 + (l x2)(2x3) + 


25 y = u + v where 


u 


3a: 3 2 x a : 2 3 3 x x 3 

+ l 2 + l 2 x 2 2 + l 2 x 2 2 x 3 2 + 


...} 




3* 3 2 x a : 2 3 3 x a : 3 


+ 1 2 x 2 2 + 1 2 x 2 2 x 3 2 ' K “ 


2x3r 3 x 3 2 x a : 2 11 x 3 s x a : 3 

l 2 + l 2 X 2 2 + l 2 x 2 2 X 3 3 + 


26 eigenfunctions: y„(x) — A n cos eigenvalues: 

27 Jf 0 = 1, Hi = 2x, H z = 4x 2 - 2, H 3 = 8x 3 - 12x 

28 Lo = 1, Li = 1 — x, L 2 = 2 — 4x + x 2 ,1 3 = 6 — 18x + 9x 2 — x 3 


Text exercise 9 (page 367) 
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X 

y 

0 

10 

01 

1-2052 

0-2 

1-4214 

0-3 

1-6499 

0-4 

1-8918 

0-5 

2-1487 


X 

y 

2-0 

3-0 

2-1 

3005 

2-2 

3-0195 

2-3 

3-0427 

2-4 

3-0736 

2-5 

3-1117 


X 

y 

10 

0 

11 

0-1052 

1-2 

0-2215 

13 

0-3401 

1-4 

0-4717 

1-5 

0-6180 


X 

y 

0-0 

1-0000 

0-1 

1-0101 

0-2 

1-0202 

0-3 

1-0305 

0-4 

1-0408 

0-5 

1-0513 

0-6 

1-0619 

0-7 

1-0726 

0-8 

1-0834 

0-9 

1-0943 

1-0 

1-1053 


Further problems 9 (page 368) 


X 

y 

0 


0*2 

0-8 

0-4 

0-72 

0-6 

0-736 

0-8 

0-8288 

1-0 

0-9830 


X 

y 

0 

1-4 

0-1 

1-596 

mm 

0-8707 

E9 

2-2607 

0-4 

2-8318 

0-5 

3-7136 
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3 


X 

y 

0 

0-5 

01 

0-543 

0-2 

0-5716 

0-3 

0-5863 

0-4 

0-5878 

0-5 

0-5768 


X 

Y 

1*0 

2*0 

1*2 

2-0333 

1-4 

2-1143 

1-6 

2*2250 

1-8 

2-3556 

2-0 

2*5000 


X 

y 


1*0 

1*1 

1-1871 

1*2 

1*3531 

1-3 

1-5033 

1*4 

1-6411 

1-5 

1-7688 


X 

Y 

0 

1*0 

mm 

1*1022 

m 


0-3 


0*4 

1-4296 

0*5 

1-5428 


X 

y 

0 

1-0 

mm 

0-8562 

H 

0-8110 

0-6 

0-8465 

0-8 

0-9480 

1*0 

1-1037 


X 

y 

0 

0 

0*1 

0*1002 

■a 

0-2015 

H 

0-3048 

0*4 

0*4110 

0*5 

0*5214 


X 


0 

1*0 

0*1 

0-9138 

Ea 

0*8512 

H 

0*8076 

0*4 

0-7798 

0*5 

0-7653 


X 

y 

0 

0*4 

0*2 

0-4259 

0*4 

0-4374 

0-6 

0*4319 

0*8 

0*4085 

1*0 

0-3689 
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14 


18 




i 


■ 
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Test exercise 10 (page 411) 

2 145-7 ±2-6 mm 3 5-8 m/s 4 T 

2* + 3y (2x + 3y) 3 

_ * -y . -y . * 

2(x 2 - y 2 ) f 4(x 2 - y 2 )' 2(x 2 - y 2 Y 4{x 2 — y 2 ) 

6 (a) (-1, 1), saddle; (-1, -1), min (b) an infinity of maxima along the 

line y = Sx/2 when z = 4 7 110 m x 110 m x 0*825 m high 

n 8 6 4 2 

8 u = -, x = -, y = z = - 
7 7 7 7 7 
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Further problems 10 (page 412) 


1 (8xcosx - 6ysinx)//; - (4x 3 cos y + 6x sin y )//; 

J — Ax cos x sin y + 2 x 2 y sin x cos y 2 e 3y /2{xe 3y + e~ 3y ); e~ 3y !2{xe 3y + e ~ 3y ); 
~\/3{x^ y + £r*); x/3(x<? y + e~ 3y ) 

5 (2e~ x sinh 2x sin 3 y + 3 ye~ x cosh 2x cos 3 y )/(l + 3 y 2 ); 

{-4ye*sinh2xsin3y + 3e*(l + y 2 ) cosh 2x cos 3y}/2(l + 3 y 2 ) 

7 (a) (4, -4, -11), min (b) (1, -2, 4), saddle (c) (^, ^), max 

8 (0, 0), saddle; (2, 0), min; (-2,0), min 9 (2, 1), max; (-§, -^), min 

10 (0, 0); (3, 3); (-3, -3), all saddle points 

11 (a) (1, 0), saddle; (1, 1), min; (-2, \), saddle; (-|, ^), max 

(b) (0, 0), max; (1, 1); (1, -1); (-1, 1); (-1, -1), all four saddle points 

12 (a) A point of inflexion at the origin (b) An infinity of maxima along the 
line y = x/A when z = 6 (c) The value of z ranges from -1 to 1 and has an 
infinity of stationary points lying on the circles x 2 + y 2 = nir. When n is 
even the stationary points are maxima and when n is odd the stationary 
points are minima. There is also a single maximum at (0, 0, 1) 

13 x = 66-7 mm; 0 = % 14 l = h = — \^60it 2 V; d = W 5 15 Z= 1-00 cm; 

3 57r 

2r 8r 3 

d = 4.48 cm; 6 = 48° 11' 16 cube of side —=; V max = —■= 

V3 3\/3 

64 2 9 3 

17 (a) « = —; x = y = z = ±-^=; u = ~, x = y = ±-j= (b) m = 9; 


X = ±- 


y = z F- 


V? ' r v5 

Test exercise 11 (page 448) 

1 (a) w = 2x 4 (t - 2) + 4x£ + e 2t (b ) u = 2sin2x • ( e y - 1) + sinx4- y 2 

. . 16 1 . ttt 

2 - 2 -srn—sin 


3 w(x, £) 


7T “ 

—£(-i) 


r+1 


T7TX r7Tt 

To cos 

Ax 


10 


± . AJL _y2 t 

-sm— e A 1 where A 
r c 


me 


oo 


4 u(x,y) = ^2 -cosechr7r • sin— • sinh—^- with r = 1, 3, 5, ... 

_1 T7T Z Z 

5 v(r, 0) = 5r 3 cos 3 0 


Further problems 11 (page 449) 


* , ^ 32^. i 

2 «CM)=^Z, pr sm 


r7TX 3f7Tt . , 

cos—— (rodd) 


3 w(x, £) 


r= 1 
2 00 


25tt 2 r 

r = 1 


2 — 2 
1 .Tit . 

E 3- an T ,a 


r?r.x Sr^rt 
_ sin-— cos——- 
2 4 2 


. , -v 25 ^ 1 .nr . 

4 «(*.f) = oz?E f2- sm y sm 


2ff 2 


r7TX CT7 t£ 
COS 


r = 1 

oo 


. . 800 ^ 1 . 

5 H(x,t)=-rE 3- sm 

r = 1 


r7TX 

To 


10 

—4A 2 t 


10 


with r = 1, 3, 5, ... where A = 


Tit 

To 
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6 u(x , 0 = "4' sin "T ’ e rZc27r2t/10 ° with r = 1, 3, 5, . 


ir r 

T— 1 


7 u(x, y) = ^ 1 • cosech ^ • sinh^ (2 y) ■ sin^ with r = 1, 3, 5, . . 


8 u(x,y) 


200 ^ 1 2r7r . tttx r»r. ... , _ , 

—j- > -j • cosech —- • sin- 7 - ■ sinh —(y - 2) with r = 1, 3, 5, . 

7T . T J J J 

r = 1 


9 v(r, 0) = -4rcos0 + r 2 sin20 10 v(r, 0) = 3(1 -r 2 cos20) 


Test exercise 12 (page 513) 

1 (a) solutions unique (b) infinite number of solutions 2 X\ = -4, 
*2 = 2, *3 = -3 3 xi = -2, *2 = 2, *3 = 3 4 *i = -3, * 2 = 4, * 3 = 

1 “ 

5 *i = 1, *2 = “2, *3—2 6 Ai = 1, A2 = —2, A3 = 3. *1 = 0 ; 

-1 


*2 = -l ; *3 = 
3 


7 M 


1 1 
2 1 


;M 


1/3 -1/3 
2/3 1/3 


M~ 1 AM= J J 8 ft(X)^~e 6x +^e ix ;f2(,x)=^e 6x +je ix 

14 2 1 

9 /i(*) = -cosv5jM -= sinv5* + -cosh2* + -sinh2* 

3 3v5 3 3 

f 2 (x) = -^cosa/5x- i= sin \/5x +\cosh 2x +\sinh 2x 

3 3a/5 3 6 


10 (a) 


7-196 
-0-464 


Further problems 12 (page 514) 

1 x\ - 1, x 2 = -4, *3 = 3 2 (a) *1 = 3, * 2 = 1, *3 = -4 (b) *1 = 4, 

*2 = -2, *3 = -1 3 (a) *1 = 4, * 2 = 2, *3 = 5, x 4 = 3 (b) *1 = 5, 

*2 = -4, *3 = 1, *4 = 3 (c) *1 = 3, *2 = -2, x 3 = 0, *4 = 5 

4 (a) *1 = -3, *2 = 1, *3 = 3 (b) *1 = 5, * 2 = 2, * 3 = -1 (c) *1 = 4, * 2 = 3, 

r 3i rn 

* 3 = -1, *4 = -2 5 (a) Ai = 2 , A 2 = 7; *1 = _ 2 ; * 2 = x (b) Ai = 1, 


A 2 = -3; *1 



(c) Ai = - 8 , A 2 = 4; *1 = 



rn r 9“ 

(d) Ai = 4, A 2 = - 6 ; *1 = ; * 2 = (e) Ai = 1, A 2 = 3; A 3 = 9; 
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6 (a) fi(x) =i(5e* - e“ 3 *); f 2 {x) =^(e x - <T 3 *) 

(b) ft (x) = | (e- fe - e 4 *); f 2 (x) = -1 (e" 6 * + 9e 4 *) 

(c) ft(x) = i(5^ - 3^); f 2 ( x ) =^e*+ |e^; 

ft (x) = 4e* - ^ e 2 * +1 e 4 * (d) ft (x) = 3e~ 2 * - e 4 * + 2e 7 *; 

Zd 


^ ,4x i ^ „7x. ^ /„\ „-2x ^ „4x ^ Jx 


Mx) = —e _2x -+ ^e 7 *; f 3 (x) = e- 2 * - 7 A = 0, 7, 13 

8 /i = 2, / 2 = —3, J 3 = 2 9 k = 2; Xi = -2, x 2 = x 3 = 1 

3 9 2 11 

10 (a) fi (x) = - cosh V 2 x H- -= sinh V2x + - cosh yjlx H-— sinh \/7x; 

5 5y2 5 5 v7 

fz(x) = -^coshV^x-sinh V"2x + ^ cosh \/7x + sinh yjlx 

5 5v2 5 5y7 

5 5 5 1 

(b) fi(x) = -—cos 2 v / 2 x + —^ sin 2 \/ 2 x +—cosh 2 x + — sinh 2 x; 


12 


12 V2 


12 


12 


1 1 /_ 5 1 

f 2 (x) = -cos2V2x- t= sin 2V2x + -cosh 2x + - sinh 2x 

' v ' 6 6y/2 6 6 

(c) fi(x) = -f^coshx + ^sinhx + ^coshV^x- ^-=sinhV3x 

' w 16 16 12 12\/3 

13 7 5 1 5 

+—cosh3x + j|^sinh3x; fz(x) =— coshx-—sinhx +—cosh y/3x 

-— 7 = sinh \/3x + 4^cosh3x + sinh3x; f 3 (x) = coshx - sinhx 

12\/3 48 144 ' v ' 16 16 

^ cosh V3x + - ^ — sinh \/3x + ^ cosh 3x + sinh 3x 


12 


12a/3 


48 


144 


9 9 19 /- 

(d) /i(x) = —-cosx + -sinx + —-cosv3x 

8 4 10 


+ 


-^ 4 = sin a/3x + 4 - cosh a/7x 
5^3 40 

—^-=sinh y/lx; f 2 (x) = i^cosx - -^sinx — ^cos V3x H—sin V3x 
20 v7 lo o 20 5V3 

+ ^cosh>/7xH—^pzsinhV^x; f 3 (x) = -^cosx + ^sinx + ^coshv^x 
80 40V7 8 4 8 


+ 


4 v7 


sinh v^7x 


Test exercise 13 (page 560) 

1 f( 1/4, 1/3) = -19/12, f (1/2, 1/3) = -5/6, f (3/4, 1/3) = -1/12, 
f(l/4, 2/3) = 1/12, f{ 1/2, 2/3) = 5/6, f(3/4, 2/3) = 19/12 

2 f(l/3, 1/3) = 4, f (2/3, 1/3) = 17/3, f( 1 , 1/3) = 26/3, f (1/3, 2/3) = 2/3, 
f(2/3, 2/3) = 3, f(l, 2/3) = 16/3 3 (a) parabolic (b) hyperbolic 

(c) parabolic (d) hyperbolic (e) elliptic 4 f(l/3, 1/3) = -1*61728, 
f( 2/3, 1/3) = -118519, f( 1, 1/3) = -0-82716, f( 1/3, 2/3) - -1*61728, 
f( 2/3, 2/3) = -1-18519, f(l, 2/3) = -0-82716 
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t\x 

00 0-2 0-4 0-6 0-8 10 

1*2 

000 

0-00000 0*04000 0*16000 0*36000 0*64000 1-00000 

0*89000 

0*02 

0-00000 0-08000 0-20000 0-40000 0-68000 0-76500 

0-93000 

0-04 

0-00000 0-10000 0-24000 0-44000 0-58250 0-80500 

0-83250 

0-06 

0-00000 0-12000 0-27000 0-41125 0-62250 0-70750 

0*87250 

0*08 

0-00000 0-13500 0-26563 0-44625 0-55938 0-74750 

0-80938 

0*10 

0-00000 0-13281 0-29063 0-41250 0-59688 0-68438 

0*84688 

012 

0-00000 0-14531 0-27266 0-44375 0-54844 0-72188 

0*79844 

0*14 

0-00000 0-13633 0-29453 0-41055 0-58281 0-67344 

0*83281 

0-16 

0-00000 0*14727 0*27344 0*43867 0*54199 0*70781 

0*79199 


t\x 

0*00 0*20 0*40 0*60 0*80 1*00 

0*000 

1-000000 0-840000 0-760000 0-760000 0-840000 1-000000 

0*040 

1-000000 0-898182 0-832727 0-832727 0-898182 1-000000 

0*080 

1-000000 0*929917 0*886942 0*886942 0*929917 1-000000 

0*120 

1-000000 0-952517 0-923125 0-923125 0-952517 1-000000 

0*160 

1-000000 0-967729 0-94779 0-94779 0-967729 1-000000 

0*200 

1-000000 0-978081 0-964533 0-964533 0-978081 1-000000 


Further problems 13 (page 561) 


x\y 

0-00 

0-33 

0*67 

1*00 

0-00 

-30000 

-2-3333 

-1*6667 

-1*0000 

0*25 

-2*7500 

-2*0833 

-1*4167 

-0*7500 

0*50 

-2*5000 

-1*8333 

-1*1667 

-0-5000 

0*75 

-2*2500 

-1-5833 

-0-9167 

-0-2500 

1*00 

-2*0000 

-1-3333 

-0*6667 

0*0000 


x\y 

0*00 

0-33 

0*67 

1*00 

0*00 

4*0000 

7-3333 

10-6667 

14-0000 

0-33 

6-3333 

9*6667 

13*0000 

16-3333 

0*67 

8*6667 

12*0000 

15-3333 

18*6667 

1*00 

11*0000 

14-3333 

17*6667 

21*0000 
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x\y 

0*00 

0-33 

0*67 

1-00 

000 

-1*0000 

-1*0000 

-1*0000 

-1*0000 

0*33 

-0-6667 

-0-7500 

-0-8000 

-0-8333 

0*67 

-0-3333 

-0*5000 

-0-6000 

-0-6667 

1*00 

0*0000 

-0*2500 

-0*4000 

-0*5000 


x\y 

0*00 

0-33 

0*67 

1*00 

0*00 

0*0000 

0*0000 

0-0000 

0*0000 

0-25 

0*0000 

-00069 

-00694 

-01875 

0-50 

0*0000 

0-0278 

-00556 

-0-2500 

0*75 

0*0000 

0*1042 

0*0417 

-0*1875 

1*00 

0*0000 

0*2222 

0*2222 

0*0000 


x\y 

0-00 

0-33 

0-67 

1*00 

0*00 

15*0000 

16-6667 

18-3333 

20-0000 

0-33 

17-3333 

19*0000 

20-6667 

22-3333 

0*67 

19-6667 

21-3333 

23*0000 

24-6667 

1*00 

22-0000 

23-6667 

25-3333 

27-0000 


x\y 

0*00 

0-33 

0*67 

1*00 

0*00 

21*0000 

20-0000 

19-0000 

18-0000 

0-33 

22-6667 

21-6667 

20*6667 

19*6667 

0-67 

24-3333 

23-3333 

22-3333 

21-3333 

100 

26-0000 

25-0000 

24*0000 

23*0000 


x\y 

0*00 

0-33 

0-67 

1*00 

0*00 

4*0000 

4*0000 

4*0000 

4*0000 

0-33 

4-2222 

4*1111 

3*7778 

3*2222 

0*67 

4*8889 

4-6667 

4*0000 

2*8889 

1*00 

6*0000 

5-6667 

4-6667 

3*0000 


x\y 

0*00 

0-33 

0-67 

1*00 

000 

0*0000 

0-0000 

0*0000 

0-0000 

0-33 

0-0000 

0*0000 

-0*0741 

-0*2963 

0*67 

0*0000 

0*0741 

0-0000 

-0*3704 

1*00 

0*0000 

0-2963 

0*3704 

0-0000 


8 
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x\y 

000 

0-33 

0*67 

100 

000 

00000 

-0-5556 

-2*2222 

-5*0000 

0-33 

0-3333 

-0*2222 

-1*8889 

-4*6667 

0-67 

1-3333 

0*7778 

-0*8889 

-3*6667 

1-00 

30000 

2*4444 

0*7778 

-2*0000 


x\y 

0*00 

0-33 

0*67 

1*00 

0*00 

-1*0000 

-1*0000 

-1*0000 

-1*0000 

0-33 

-1*0000 

-0*7037 

-0-3333 

0*1111 

0*67 

-1*0000 

-0-3333 

0*4815 

1*4444 

1*00 

-1-0000 

0*1111 

1*4444 

3*0000 


x\y 

0*00 

0-33 

0-67 

1-00 

0*00 

0*0000 

0*0000 

0-0000 

0-0000 

0-33 

0*1111 

0*1050 

0*0873 

0*0600 

0-67 

0-4444 

0*4200 

0-3493 

0*2401 

1*00 

1*0000 

0*9450 

0-7859 

0*5403 


x\y 

0*00 

0-33 

0*67 

1-00 

0*00 

0*0000 

0*0370 

0*2963 

1-0000 

0-33 

0*0370 

0*1481 

0*5556 

1*4815 

0*67 

0*2963 

0*5556 

1-1852 

2-4074 

1*00 

1*0000 

1*4815 

2*4074 

4*0000 


x\y 

0*00 

0-33 

0*67 

1*00 

0*00 

0-0000 

0*0000 

0*0000 

0*0000 

0-33 

0*0000 

0*1111 

0*2222 

0-3333 

0-67 

0-0000 

0*2222 

0*4444 

0*6667 

1*00 

0-0000 

0*3333 

0*6667 

1*0000 


x\y 

000 

0-33 

0-67 

1*00 

0-00 

0*0000 

0*0000 

0*0000 

0*0000 

0-33 

0*0000 

0*0000 

-0*0741 

-0*2222 

0-67 

0*0000 

0*0741 

0*0000 

-0*2222 

1*00 

0*0000 

0*2222 

0*2222 

0*0000 



1018 Answers 


t\x 

000 

0-20 

0-40 

0-60 

0-80 

1-00 

000 

00000 

-01600 

-0-2400 

-0-2400 

-01600 

0-0000 

0-02 

00400 

-0-1200 

-0-2000 

-0-2000 

-01200 

0-0400 

004 

0-0800 

-0-0800 

-0-1600 

-0-1600 

-00800 

0-0800 

006 

0-1200 

-00400 

-0-1200 

-0-1200 

-0-0400 

0-1200 

0-08 

0-1600 

0-0000 

-00800 

-00800 

0-0000 

0-1600 

0-10 

0-2000 

0-0400 

-00400 

-0-0400 

0-0400 

0-2000 

0-12 

0-2400 

0-0800 

0-0000 

0-0000 

0-0800 

0-2400 

0-14 

0-2800 

0-1200 

0-0400 

0-0400 

0-1200 

0-2800 

016 

0-3200 

0-1600 

0-0800 

0-0800 

0-1600 

0-3200 

0-18 

0-3600 

0-2000 

0-1200 

0-1200 

0-2000 

0-3600 

0-20 

0-4000 

0-2400 

0-1600 

0-1600 

0-2400 

0-4000 


15 


t\x 

0-00 

0-20 

0-40 

0-60 

0-80 

1-00 

0-00 

0-0000 

0-1987 

0-3894 

0-5646 

0-7174 

0-8415 

0-02 

0-0000 

0-1983 

0-3886 

0-5635 

0-7159 

0-8398 

0-04 

0-0000 

0-1979 

0-3879 

0-5624 

0-7145 

0-8381 

0-06 

0-0000 

0-1975 

0-3871 

0-5613 

0-7131 

0-8364 

0-08 

0-0000 

0-1971 

0-3863 

0-5601 

0-7116 

0-8348 

0-10 

0-0000 

0-1967 

0-3855 

0-5590 

0-7102 

0-8331 

0-12 

0-0000 

0-1963 

0-3848 

0-5579 

0-7088 

0-8314 

0-14 

0-0000 

0-1959 

0-3840 

0-5568 

0*7074 

0-8298 

0-16 

0-0000 

0-1955 

0-3832 

0-5557 

0-7060 

0-8281 

0-18 

0-0000 

0-1951 

0-3825 

0-5546 

0-7046 

0-8265 

0-20 

0-0000 

0-1947 

0-3817 

0-5535 

0-7032 

0*8248 


16 


t\x 

0-00 

0-20 

0-40 

0-60 

0-80 

1-00 

0-00 

0-0000 

0-3830 

0-7596 

1-1239 

1-4698 

1-7916 

0-02 

0-0000 

0-3798 

0-7534 

1-1147 

1-4578 

1-7770 

0-04 

0-0000 

0-3767 

0-7473 

1-1056 

1-4459 

1-7624 

0-06 

0-0000 

0-3736 

0-7412 

1-0966 

1-4341 

1-7481 

0-08 

0-0000 

0-3706 

0-7351 

1-0876 

1-4223 

1*7338 

0-10 

0-0000 

0-3676 

0-7291 

1-0787 

1-4107 

1-7196 

0-12 

0-0000 

0-3646 

0-7232 

1-0699 

1-3992 

1-7056 

0-14 

0-0000 

0-3616 

0-7173 

1-0612 

1-3878 

1-6916 

0-16 

0-0000 

0-3586 

0-7114 

1-0525 

1*3764 

1*6778 

0-18 

0-0000 

0-3557 

0-7056 

1-0439 

1-3652 

1-6641 

0-20 

0-0000 

0-3528 

0-6998 

1-0354 

1-3541 

1*6505 


17 
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t\x 

000 

0-20 

0*40 

0-60 

0*80 

1*00 

000 

-10000 

-0*7600 

-0*4400 

-0*0400 

0-4400 

1*0000 

0-04 

-0*9200 

-0-6800 

-0*3600 

0-0400 

0*5200 

1*0800 

008 

-0*8400 

-0-6000 

-0-2800 

0-1200 

0*6000 

1*1600 

0-12 

-0-7600 

-0*5200 

-0*2000 

0*2000 

0*6800 

1-2400 

016 

-0-6800 

-0-4400 

-01200 

0*2800 

0-7600 

1-3200 

0-20 

-0*6000 

-0-3600 

-0*0400 

0*3600 

0*8400 

1*4000 

0-24 

-0*5200 

-0*2800 

0*0400 

0*4400 

0*9200 

1*4800 

0*28 

-0*4400 

-0*2000 

0*1200 

0*5200 

1*0000 

1*5600 

0-32 

-0*3600 

-0*1200 

0*2000 

0*6000 

1-0800 

1*6400 

0-36 

-0*2800 

-0*0400 

0*2800 

0*6800 

1*1600 

1*7200 

0-40 

-0*2000 

0*0400 

0-3600 

0*7600 

1*2400 

1*8000 

0-44 

-0*1200 

0*1200 

0*4400 

0*8400 

1*3200 

1*8800 

0-48 

-0*0400 

0*2000 

0*5200 

0*9200 

1*4000 

1*9600 

0-52 

0*0400 

0*2800 

0*6000 

1*0000 

1*4800 

2*0400 

0-56 

0*1200 

0*3600 

0*6800 

1*0800 

1-5600 

2*1200 

0-60 

0*2000 

0*4400 

0*7600 

1*1600 

1*6400 

2-2000 


19 


t\X 

0*00 

0*10 

0*20 0*30 0*40 0*50 0*60 0*70 

0*80 

0*90 

1*00 

0*00 

00000 

- 0*9000 

- 1*6000 - 2*1000 - 2*4000 - 2*5000 - 2*4000 - 2*1000 

- 1*6000 

- 0*9000 

0*0000 

002 

0*4000 

- 0*5000 

- 1*2000 - 1*7000 - 2*0000 - 2*1000 - 2*0000 - 1*7000 

- 1*2000 

-05000 

0*4000 

0*04 

0*8000 

- 0*1000 

- 0*8000 - 1*3000 - 1*6000 - 1*7000 - 1*6000 - 1*3000 

- 0*8000 

- 0*1000 

0*8000 

0*06 

1*2000 

0*3000 

- 0*4000 - 0*9000 - 1*2000 - 1*3000 - 1*2000 - 0*9000 

- 0*4000 

0*3000 

1*2000 

008 

1*6000 

0*7000 

0*0000 - 0*5000 - 0*8000 - 0*9000 - 0*8000 - 0*5000 

0*0000 

0*7000 

1*6000 

0*10 

2*0000 

1*1000 

0*4000 - 0*1000 - 0*4000 - 0*5000 - 0*4000 - 0*1000 

0*4000 

1*1000 

2*0000 

0*12 

2*4000 

1*5000 

0*8000 0*3000 0*0000 - 0*1000 0*0000 0*3000 

0*8000 

1*5000 

2*4000 

0*14 

2*8000 

1*9000 

1*2000 0*7000 0*4000 0*3000 0*4000 0*7000 

1*2000 

1*9000 

2*8000 
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t\x 

o-oo 

o-io 

0-20 

0-30 

0-40 

0-50 

0-60 

0-70 

0-80 

0-90 

1-00 

o-oo 

00000 

30-9017 

58-7785 

80-9017 

95-1057 100-0000 95*1057 

80-9017 

58-7785 

30-9017 

00000 

0*04 

o-oooo 

20-8224 

39-6065 

54*5136 

64-0846 

67-3825 

64-0846 

54-5136 

39*6065 

20-8224 

0*0000 

0-08 

00000 

140306 

26-6878 

36-7327 

43-1818 

45-4041 

43-1818 

36-7327 

26*6878 

14-0306 

0 0000 

0*12 

00000 

9-4542 

17-9829 

24-7514 

29-0970 

30-5944 

29-0970 

24-7514 

17-9829 

9-4542 

o-oooo 

0-16 

0-0000 

6-3705 

12-1174 

16-6781 

19-6063 

20-6153 

19-6063 

16-6781 

12-1174 

6-3705 

0 0000 

0-20 

o-oooo 

4-2926 

81650 

11-2381 

13-2112 

13-8911 

13-2112 

11-2381 

81650 

4-2926 

o-oooo 

0-24 

00000 

2-8925 

5-5018 

7-5725 

8-9021 

9-3602 

8*9021 

7*5725 

5-5018 

2-8925 

o-oooo 

0-28 

o-oooo 

1-9490 

3-7072 

5-1026 

5-9984 

6-3071 

5*9984 

51026 

3-7072 

1-9490 

o-oooo 

0-32 

o-oooo 

1-3133 

2-4980 

3-4382 

40419 

4-2499 

40419 

3-4382 

2-4980 

1-3133 

o-oooo 

0-36 

o-oooo 

0-8849 

1-6832 

2-3168 

2*7235 

2-8637 

2-7235 

2*3168 

1-6832 

0*8849 

o-oooo 

0-40 

o-oooo 

0-5963 

11342 

1-5611 

1-8352 

1-9296 

1-8352 

1-5611 

1-1342 

0-5963 

o-oooo 

0-44 

o-oooo 

0-4018 

0 7643 

1-0519 

1-2366 

1-3002 

1-2366 

1-0519 

0-7643 

0-4018 

o-oooo 

048 

o-oooo 

0-2707 

0-5150 

0-7088 

0-8332 

0-8761 

0-8332 

0-7088 

0-5150 

0-2707 

o-oooo 

0*52 

o-oooo 

01824 

0-3470 

0-4776 

0-5615 

0-5904 

0*5615 

0-4776 

0-3470 

0-1824 

o-oooo 

056 

o-oooo 

01229 

0-2338 

0-3218 

0-3783 

0-3978 

0-3783 

0-3218 

0-2338 

0-1229 

o-oooo 

0*60 

o-oooo 

0-0828 

0-1576 

0-2169 

0-2549 

0-2680 

0-2549 

0-2169 

0-1576 

0-0828 

o-oooo 


Test exercise 14 (page 614) 

1 (a) dz = 4x 3 cos3ydx - 3* 4 sin3ydy (b) dz = 2e Zy {2cos4xdx + sin4xdy} 
(c) dz — xw 2 {2yw dx -f xw dy + 3 xy dw} 2 (a) z = x 3 y 4 + 4x z - Sy 3 

(b) z — x 2 cos 4y + 2 cos 3x + 4y 2 (c) not exact differential 
3 9 square units 4 (a) 278*6 (b) 7 r /2 (c) 22*5 (d) 48 (e) -21 
(f) - 547 t 5 Area = ^ square units 6 (a) 2 (b) 0 

Further problems 14 (page 615) 

7T 1 Q^r 1 

1 14 2 1-6 3 3^9-4^} 4 -{»‘ + 4} S ^ 6 j-lnZ 

7 2 - 1/2 8 ^9 14 10 (a) 39-24 (b) 0 11 § 

o 3 


Test exercise 15 (page 658) 

1 4n/2tt 2 £?(tt/2 ) 2 3 (a) (1) (4-47, 0-464, 3) (2) (5-92, 0-564, 0-322) 


(b) (1) (3-54, 3-54, 3) (2) (-0-832,1-82,3-46) 4 12t r 

k A 

5 a 3 (8 - 3a)7r/12 6 (a) I = v(l + w)(l + u + v)dvdv 

-[||(2» + v)(v-4w) dj(dv d iv 


(b) / = 


Further problems 15 (page 658) 

1 4v/5tt 2 3 lOV^l 4 5 £(5v5-l) 

6 7ry/~S 1 16ti 2 8 2 a 2 ( 7 r — 2) 9 47 r(a + b)Va 2 — b 2 10 457 r 







Answers 


1021 


., 11 TTfl' 

11 — 12 


30 


13 214 x=y = z = ^ 


15 


7ra 


47va.bc 


3 {4V5-3} 16 


17 


2a 3 


18 


(w 2 + v 2 ) dwdv 


*7 1 

19 u 2 vdudvdw 20 Z=-£ 21 — 22 2-£ 23 4(V2-1) 

5 18 2 4 ' 


Test exercise 16 (page 694) 


20 2 lSy^ 256 , 1 

1 (a) -=- (b) - (c) -2 (d) 120 (e) 2 (a) — (b) 


3 

3 <a) Ti k {tz, 

<b) \ F {\' T 


2048 


315 


40 


(c) 


105 


(b)lf[^y| 4 (a) 0 (b) 1 5 


(a) F (a/2, 


7T 

4 


Further problems 16 (page 694) 


1 315 8 

1 (a) 6 (b) -- (c) 0-4 (d) 24 (e) —2 (a) 6 (b) 


81 


(c) 


V 2 


■TV 


16 


(d) 4 4 (a) 


8960 


\/27r v 8 
(b) —— (c) 


64 


315 (d) 7 (e) 63 


(f) 


TV 


432 


= 0-00727 


8 


(a) V5-E^Lj (b) =2-622 (c) 2 4 =2-935 


«»Ml-f) - ° 193 


l J l 
F 


7r 


vs 


(g) V2'{ f (v2’ 


-f(- 

W? 4 




VS’ 6 

y/3 tv 
2~ i 4 


10 ^TT^-l )- 0 ' 307 






(c) 


1 -k' 3 


—= - ix 1 —= 1 = 0-2905 (d) —= i F 
V34 VV34/ V7 



VV3' 2, 


l-l W4l 


Text exercise 17 (page 741) 

1 (a) -15 (b) -16i + lOj + 17k 2 (a) 9 (b) -(47i + 17j + 29k) 

3 A • (B x C) = 0 vectors coplanar 4 (a) 4i - 4j + 24k 

(b) 2i — 2j + 24k (c) 24-66 5 T = —L (4i + j + 7k) 

v 66 

6 |(25i-6j-15k) 7 5-08 8 -^(21 + 41 + 91*) 

5 v 101 

9 (a) 14i - 12j - 30k (b) 8 (c) 5i - 2j - 4k (d) 7i + 2j + 3k 
(e) 3i + 2j+k 

Further problems 17 (page 741) 

1 61 2 29i - lOj + 16k 3 (a) 22i + 14j + 2k (b) -2i + 14j - 22k 

4 (a) 2*i + 3j+cos*k (b) 2i-sin*k (c) (4x 2 + 9 + cos 2 *) 1/2 
(d) 34 4 - sin 2 5 (a) 2 - 2 u — 9u 2 

(b) (3 u 2 + 4u + 3)i -j- (3 u 2 + 6 )j + (1 - 2u)k (c) i — 2j + (3 - 2w)k 


sVzi 


(2i - 20j + Ilk) 7 


-1 


VT29 


(lOi + 2j — 5k) 


6 
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1 (5i —j + lOk) 9 -=L(12i + 4j-21k) 10 -8-285 


8 \/i26 v '' ' vm 

11 -9-165 12 (a) 15 (b) -33 (c) 7 13 (a) - 6 i + 4j-7k 
(b) 62i + lOj - 38k (c) 18i-21j + 10k 14 (a) 12i-4j + 4k 

(b) 24i-4j (c) 144 15 (a) ( 2 sin 2 )i + 2 e 3 j + (cos 2 — e 3 )k 

(b) (4 sin 2 2 + cos 2 2 + 2c 3 cos 2 + Se 6 ) 1 ^ 2 16 -5-014 

17 P = 3i + 2j - 4k); q = -^=(61 - j + k); 0 = 68 ° 48' 

18 (a) (2t + 3)i — (6cos3f)j + 6^1* (b) 2i + (18sin3t)j + 12^k (c) 12*17 
20 -4;d + 4zk 21 (2cos5*5)i — (6sin5-5)j - (6sin5*5)k 22 p = 6 

23 (a) (1) p = 15/4 (2) p = -33 (b) i (3i - 2j + 6 k) 


Test exercise 18 (page 791) 

18 81 

1 + k 2 12 3 187 r( 2 i + j) 

7 8 

6 all conservative 7 36 ^ + l) 8 0 


4 24(i + j) 5 8 + 


47T 


Further problems 18 (page 792) 

S76 

1 (a) 576k (b) — (3i + j + 2k) 2 17711+1107j + 830-4k 

*3 

3 416-li + 718-5j +5679k 4 46-9 5 -4-18 6 8 ir 7 ^(i + k) 


8 |(48i + 64j-24k) 9 64^-^(6i + 4j) 


o 19 2 S 0 

10 2 {( 7r + 2)i + (7r+ 2)j + 4k} 11 — (32j + 15k) 12 -1 13 -j-i r 

14 2(117tt +-256-28\/7) = 91-58 15 -80 16 96 tt 17 -2 18 12tt 

6 

fl 3 __ 817T 

19 20 — 

3 4 

Test exercise 19 (page 819) 

1 yes, an orthogonal set 2 h u = 1, h v = 2v, he = 2u 3 41 + K 

4 (a) (2cos0 + 2cos20 + 1) (b) (2sin20 + sin0)K 

5 (a) (ds) 2 = (dr) 2 + r 2 (d0) 2 + r 2 sin 2 0 (d0) 2 (b) dV = r 2 sin 0 dr dB d0 

6 -10*5 


Further problems 19 (page 820) 


1 (a) yes (b) no 2 -50*5 3 2 


18 


5 (a) V Z F = 


2 „ d 2 v 1 dV 1 d 2 ^ d 2 V 


dp 2 p dp~^ p 2 d(j) 2 ^ dz 2 

-v 1 ® f jz dV\ 1 <9/ . 

^ r 2 'dr\ dr) + r 2 sin0'80\ Smd 80 J ~ r r 2 sin 2 0' d<p 2 

6 (b) h u = h v = Vu 2 + v 2 ; h w = 1 


<9r 


<9 2 F 



Answers 


(c) div F = 


d 




(d) V 2 V = 


U 2 + V 2 [du 

1 fd^V d 2 V \ d 2 V 
u 2 + v 2 \ du 2 + dv 2 ) dw 2 


dF v 

dv 


+ 


dR 


w 


dw 


Test exercise 20 (page 858) 

1 (a) w = 6 - )2 (b) w = 3 - ;2 (c) w = /3 (d) w = 2 

2 Magnification = 2-236; rotation — 63° 26'; translation = 1 unit to right, 

3 units downwards 



v = -(l-u 2 ) 


1 1 
2 l ~2 


y/2 


— 0*7071, 


5 (a) centre ( u = 0, v = -j (b) radius - 

2 \ 2 

6 centre ( u = v = 0 1; radius - 


Further problems 20 (page 859) 

1 Triangle A'B'C' with A' (-1 + ;2), B' (5 + ;2), C' (2 + ;5) 

2 (a) A'(-8+/9); B'(23+/14) 

(b) Magnification = y/29 = 5-385; rotation = 68° 12'; translation = nil 

3 Straight line joining A' (5 — ;7) to B' (—3 — /); magnification = 3-162; 
rotation = 161° 34' anticlockwise; translation = 2 to right, 4 upwards 


4 



B' 


u 


A' B': 

v = 0 

B'C': 

i v2 

U=1- T 

CD': 

y2 1 
4 

D'A': 

v = 0 
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A'B' and C'D': v = - (4 u- u 2 ) 
B’C' and D'A': v = 1 (m 2 - 4») 


V 

A'B': u = 2 ——; 

B'C': v = — 8 ; C'A': u= 1 7 circle, centre radius^ 

32 \2 3/ 6 

8 (a) circle, centre ^ - /O^j, radius ^ (b) region outside the circle in (a) 

9 circle, centre 0 + /O^j, radius 1; clockwise development 

_ . , 9 ? 22 u 8 . Al ,_\ j. 9 

10 circle, w z + v z —— + - = 0 , centre f —h /0 J, radius - 

11 circle, u 2 + v 2 - ^ = 0 , centre Q- + jO^j , radius region inside this circle 

12 circle, centre ^ + ; 0 ^, radius ^ 

13 (a) circle, centre ^, 0 ^, radius developed clockwise 


14 v 


(b) region outside the circle in (a) 
u 

~3 


Test exercise 21 (page 906) 

1 (a) regular at all points (b) z = — 5 (c) regular at all points 

(d) z = — 1 and z = 4 (e) z = 0, where z = x +jy 

2 (a) v(x, y) = coshA:cosy + C (b) v(x, y) = 6(y 2 - x 2 ) - 4x + C 4 /4tt 

5 (a) z = 0 (b) z = ±1 (c) no critical point (d) z = ±\/2 (e) z = 0 

7TZ 

(f) no critical point 6 w = cosh—; D': w = 1 


Further problems 21 (page 907) 

3 circle, centre (5, -2), radius y/2 4 circle, centre 
2 

radius -, anticlockwise 5 (a) v(*, y) = 2y(x - 1) + C 



/ 


(b) v(x, y) = 3 x 2 y — y 3 — 2 xy + y + C (c) v(x, y) = x 2 — 2x — y 2 + C 

(d) v(x, y) = e* 2 -^ sinlxy + C 6 (a) jlOir (b) j6ir 7 (a) 0 (b) j4ir 

(c) jlOir 9 /2tt 10 /107T 11 (a) (1) z = 0 (2) z = ±1 
(b) ellipse, centre ( 0 , 0 ), semi major axis semi minor axis § 
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12 (a) u 2 4- v 2 = 1 (b) u 2 + (v - l) 2 = 2; 6 = 45°. 13 Unit circle becomes the 
real axis on the w-plane. Region within the circle maps onto the upper half 


Z7T 


plane 14 w = sin— 

Test exercise 22 (page 936) 


1 (a) f(z) 


z 2 z 3 


7 n 


1 + z + — + — + • • • + — r + • • - valid for \z\ < oo 
2! 3! n! 

k H +1 


- x v , (4z) z (4zy (-1) + (4z) 

(b) f(z) = 4z + — - • • • + -—-—-—— + •.. valid 

' v y 2 3 n 

for |z| <1/4 2 (a) pole of order 5 at z = -1 (b) essential singularity at 

z — 0 (c) essential singularity at z = 0 (d) removable singularity at z = 0 

l 2 


3 f(z) 


V2 


1 + (z - 7 r/ 4 ) 


(z - 7r/4) (z - 7r/4)' 


2 ! 


3! 


(z-tt/4) , ( z ~ 7r /4)' 

H- 7 .-r ~ 


4 (a) f(z) 


4! 

(z + 3) + 8 + 


5! 


; valid for \z\ < oo 
1 1 


+ 


essential singularity 

„ x ^ x 3 1 

(b) f(z) = 


2(z + 3) (z + 3 ) 2 24(z + 3 ) 3 3(z + 3) 


+ • • *; 


Z “h 3 Z -|“ 1 

1 


1 1 1 z z 2 z 3 

"'“z3 + ?“I +1_ 3 + '9 _ 27 + '" 

/rt f ^ ^ 3 ■ 3 5(z - 2) 15(z - 2) 2 

" ' 8(z - 2) 2 16(z - 2) + 16 32 + 64 + '' ’’ P 

order 2 5 double pole at z = 0; residue —4, double pole at z = —1, 
residue 7/2, single pole at z = 1, residue 1/2 6 (a) -7r/6 (b) 2n/y/3 
(c) 27re -3 

Further problems 22 (page 937) 


Z 3 z 5 ^2,n+l 

1 (3) Z + 3! + 5! + --- + (2« + l)! 
z 3 2z 5 17z 7 


+ . 


Z < 00 


^ Z+ T + 15 


4--^^- + -.., \z\<it/2 


(C) 


{ 7 3 7 S 7 2 «+l 

Z+ 3 + 5 + - + W + -j 


z < 1 


2n + 

1 , z 2 (lna ) 2 z 3 (lna ) 3 z n (lna) n 

(d) 1 + zlnfl + ; + - H. ; +...+ ; + 


2 ! 


3! 


n\ 


z < oo 


, x 3z 2 27z 3 162Z 4 810Z 5 , , r /fl 

( e ) + sr, c + o-.or +* • * / l Z l < 5 / 3 >’ 


25 125 ' 625 ' 3125 

5 25 250 6250 


\z\ > 5/3 3 (b) - 


z(z - 1) 


9z 9z 2 27z 3 243Z 4 ~ (z + lf (z+iy 

4 (a) convergent for |z| < oo (b) convergent for |z| < 1 (c) convergent for 

|z| < 1 (d) convergent for |z| < 1 (e) convergent for |z| < oo 




(z - 2) n 

+ ...+-—r^- + 

n\ 


V3 (z - 7 r/ 6 ) V3 (z-tt/6) 2 (z-7t/6) 3 \/3(z - 7 r/ 6) 4 

\ U / ^ a ^ ^ | j | I * * • 


2 x 2 ! 


2x3! 


2x4! 
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(c) (z - 3) sin 6 + (z - 3) 2 cos 6 


(z - 3) 3 sin 6 (z - 3) 4 cos 6 


(z- 3) 5 sin6 

+ I, +- 


(d) - 4 + 2 © l*- 1 ™ 


+ 4(A)', - 1/3) 2 + ... + 2"(4)" +1 ( z - V 3 )" + •' •} 
(e) 1 - 2(z - 3) + 4(z - 3) 2 +... + (-2) n (z - 3)" +... 


(z - l) 2 (z - l) 3 , (2 - l) 4 (z - 1)' 


6 (z- l) + v l - v " 7 - - v ' V - + ... 7 (a) z = oo 

v ' 1x2 2x3 3x4 4x5 w 

(b) \z\ = y/6 (c) |z — 5 | = 1 (d) z = oo 8 (a) poles of order 2 at z = 0 

and z = —l f removable singularity at z = ±1 (b) essential singularity at 

Z “ 0 9 (a) - 2~ ^ 43 } + 2651 “ z 87 j l z l > 0 

'i 2z - 3 i>° 

(c) —^ - 2{1 - (z - 3) + (2 - 3 ) 2 - (z - 3 ) 3 + ...}, 0 < |z - 3| < 1 

8 4 2 1 2 2z 2z 2 2Z 3 

10 (a) --•+^4-^3+^2-- + 5-25 + i25-625 + --- 

1 8 46 242 1 172 109z 2 593Z 3 

l* 5 ) 7 — ^2 4" 7 3 — ^4 4- • • • ( c ) — i n +1 nn i nnn + i nnnn 


Z 2" 


11 (a) 2 tt/v^ (b) -7== (c) -2—r 

V« 2 - p 2 a - 1 


10 100 1000 10000 

?7r 

“ * » / *v I < ✓ V /A 


(d) 7r/4 (e) 7r/2 (f) 7r/2 


(g) ny-i/13/8-3/8 (h) tt/ 4 (i) 2*r/ v '3 (j) 2 tt/ 3 (k) 0 ©0 

Test exercise 23 (page 983) 

1 Pmax = 10 (x = 4, y = 3) 2 P max = 13 (x = 1, y = 4) 

3 Pmax = 188 (x = 10, y = 4, z=6) 4 P max =296 (x = 4, y = 6) 

5 Pmjn = 16 (x = 5, y=12) 6 (a) 13 type A + 4 type B (b) £11,800 


Further problems 23 (page 984) 

1 Pmax = 32 (x = 4, y = 9/2) 2 P max = 64 (x = 0, y = 8) 

3 Pmax = 40 (x = 6, y = 5/2) 4 P max = 15 (x = 6, y = 3) 

5 Pmax = 9 (x = 1, y = 3) 6 Pmax = 10 (x = 2, y = 4) 

7 Pmax = 10 (x 2, y 4) 8 Pmax = 37 (x 0, y 8, 2=1) 

9 Pmax = 67 (x = 4, y = 10, z = 5) 10 P max = 65 (x = 5, y = 10, z = 5) 

11 Pmax = 11-568 (x = 29/22, y = 14/11, z = 0) to 3 s.f. 

12 Pmax = 340 (x = 30, y = 20) 13 P max = 112 (x = 4, y = 8) 

14 Pmax = 108 (x =16, y = 15) 15 P mi „ = 138 (x = 12, y = 18) 

16 Pmax = 240 (x = 9, y = 15) 17 P ma x = 4400 (x = 201, y = 53) 

18 Pmax = 100 (x = 20, y = 10) 19 P max = 410 (x = 9, y = 5, z = 2) 

20 Pmax = 1560 (x =11, y = 10, z = 18) 

21 Pmax = 660 (x = 60, y = 30, z = 30) 22 Pm m = -14 (x = 5, y = 2) 

23 Pmin = 56 (x = 8, y = 12) 24 P mi „ = 16 (x = 8, y = 6) 

25 Pmin = 40 (x = 4, y = 4) 26 P min = -10 (x = 6, y = 13, z = 14) 

27 Pmin = -75 (x = 8, y = 12, z = 21) 

28 (a) 10 type A + 35 type B (b) £2150 

29 (a) 22 type A+ 44 type B +48 type C (b) £12,580 

30 (a) 129 type A+ 0 type B +185 type C; (b) £8955 




Index 


Absolute address 

(spreadsheet) 13 
Adjoint matrix 464 
Algebraic identities xxii 
Alternating sign test 917 
Amplitude 174 
Amplitude spectrum 23 7, 242 
Analytic function 863 
Angle between two 
vectors 698 

Area enclosed by a curve 581 
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Complex integration 872 
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molecules 525 
Conduction equation 428 
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Continuous amplitude 
spectrum 242 
Continuous phase 
spectrum 243 
Continuous spectra 241 
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Coplanar vectors 705 
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'Cover up' rule 66 
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procedure 547 
Critical points 890 
Cubic equations 7 
Curl of a vector field 732 
Curvilinear coordinates 645, 
796 

Area 647, 650 
Differential 648 
Element of arc 810 
Element of volume 810 
General system 808 
Grad, div, curl 811 
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Curvilinear coordinates ( cont .) 
Jacobian 649, 653 
Orthogonal 800 
Three dimensions 653 
Transformation 

equations 809 
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Volume 653 
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coordinates 630 
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Element of volume 755 
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motion 132, 133 
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coordinates 648 
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Differential equations 271 
Bessel's equation 305 
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method 279 

Power series solutions 271, 
278 
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systems 315 
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equations 865 
Complex function 862 
Higher derivatives 272 
Leibnitz theorem 275 
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Dimension analysis 542, 554 
Dirac delta 122, 248 

Derivative of unit step 127 
Differential equations 128 
Graphical 

representation 123 
Integration 122 
Laplace transform 124 
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surface 779 

Directional derivatives 724 
Dirichlet conditions 186 
Dirichlet problem 439 
Discontinuity 195 
Discrete complex 
spectrum 237 
Distinct roots of a 
polynomial 2 


Divergence of a vector 
field 731 

Divergence theorem 770, 

993 

Dividing by t 58 
Double integral 567, 618 
Areas of plane 
figures 568 
Curvilinear 

coordinates 650 
Dummy variable 423 
Duplication formula for 

gamma function 679 

Edit command 

(spreadsheet) 12 
Eigenfunctions 315, 422 
Orthogonality 316 
Eigenvalues 315, 422, 480 
Eigenvectors 480 
Eigenvectors 480 
Element of arc 810 
Curvilinear 

coordinates 810 
Element of surface 757 
Cylindrical polar 

coordinates 758 
Spherical polar 

coordinates 761 
Element of volume 633 
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coordinates 810 
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Elementary column 
operations 454 
Elementary row 

operations 454 
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Elliptic functions 683 
Alternative forms 688 
Complete 684 
First and second kind 684, 
688 

Standard form 684 
Entire function 863 
Equivalent matrix 454, 467 
Error function 680 
Complementary error 
function 681 
Graph 681 
Errors 339 

Essential singularity 920 
Euler second-order 
method 355 

Euler-Cauchy method 345 
Euler's method 330 
Graphical 

interpretation 343 
Even function 201, 244 
Half-range Fourier 
series 213, 220 
Exact differential 578 
Independence of 
path 600 

Three dimensions 603 


Feasible domain 944 
Fill command 

(spreadsheet) 12 
Final value theorem 153 
Finite differences 25, 31, 33, 
518 

Backward difference 
formula 518 
Central difference 

formula 519, 520 
Computational 

molecules 525 
Consolidation 

equation 537 
Derivative boundary 
conditions 532 
Elliptic equations 536 
Forward difference 
formula 518 
Grid values 522 
Heat conduction 
equation 537 
Hyperbolic equations 537 
Laplace's equation 536 
Parabolic equations 537 
Poisson's equation 536 
Wave equation 537 
First approximations 19 
First shift theorem 55 
Z transform 150 
First-order differential 
equations 330 
Forced harmonic motion 135 
Steady-state 136 
Transient state 136 
Forcing function 138 
Forward finite differences 25 
Formula 518 

Fourier coefficients 183, 198 
Fourier cosine transform 261 
Fourier series 172, 183 
At a discontinuity 195 
Coefficients 183, 198 
Complex 232 
Dirichlet conditions 186 
Effect of harmonics 193 
Evaluation of 

coefficients 185 
Even function 205 
Gibbs' phenomenon 194 
Half-range series 212, 220 
Harmonics 174, 200 
Odd and even 

functions 201 
Odd function 207 
Only odd or even 

harmonics 216 
Orthogonal functions 183 
Periodic functions 173 
Significance of the constant 
term 219 

Fourier sine transform 261 
Fourier transform 231, 241 
Alternative forms 251 
Convolution 257 
Convolution theorem 258 
Cosine transform 261 
Differentiation 254 
Dirac delta 248 
Even function 244 
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Frequency shifting 252 
Imaginary 245 
Linearity 251 
Odd function 244 
Product of functions 258 
Properties 251 
Real 244 

Sine transform 261 
Symmetry 253 
Table of transforms 263 
Time scaling 253 
Time shifting 252 
Top-hat function 246 
Triangle function 250 
Unit step function 255 
Fourier's integral 
theorem 241 
Frequency shifting 252 
Frobenius' method 286 
Indicial equation 289 
Functions 
Bessel 307 
Beta function 670 
Complementary error 
function 681 
Complete elliptic 
functions 684 
Elliptic 683 
Error function 680 
Gamma function 662 
Integral functions 661 
Legendre 

polynomials 311 
Odd and even 201 
Orthogonal 183 
Products of odd and 
even 204 
Top-hat 246 
Functions of a complex 
variable 822 
Analytic function 863 
Cauchy's theorem 875 
Cauchy-Riemann 
equations 865 
Conjugate function 868 
Contour integration 872 
Derivative 862 
Entire function 863 
Harmonic functions 867 
Integration 872 
Regular function 863 
Singularities 863, 867 
Functions of two real 
variables 521 

Functions with period T 197 
Functions with three 
independent 
variables 405 

Fundamental harmonic 174 
Fundamental Theorem of 
Algebra 2 

Gamma function 662 
Applications 676 
Duplication formula 679 
Graph 666 
Related to beta 

function 674 

Gauss backward formula 31 
Gauss forward formula 31 


Gauss' theorem 770, 993 
Gaussian curve 682 
Gaussian elimination 471 
Gaussian probability 
distribution 682 
General curvilinear 
coordinates 808 
Generating function for 
Legendre 

polynomials 313 
Gibbs' phenomenon 194 
Grad 721 
Grad, div, curl 811 

Cartesian coordinates 815 
Curvilinear 

coordinates 811 
Cylindrical polar 

coordinates 815 
Spherical polar 

coordinates 815 
Gradient of a scalar field 721 
Gradient of sums and 
products 729 

Graph of Bessel function 311 
Graph of error function 681 
Graph of gamma 
function 666 
Graph of linear 

inequality 942 
Graphical interpolation 25 
Graphical interpretation of 
Euler's method 343 
Green's theorem 604, 785, 
989 

Gregory-Newton 

interpolation 25 
Backward difference 
formula 33 
Forward difference 
formula 27 
Grid values 522 

Half-range series 212, 220 
Harmonic functions 867 
Harmonic motion 131, 174 
Damped motion 132 
Forced 135 
Forcing function 138 
Resonance 138 
Steady-state 136 
Transient state 136 
Harmonics 174, 193, 200 
Heat conduction 428 
Equation 537, 542 
Heaviside unit step 

function 93, 255 
Hertz 197 

Higher derivatives 272 
Hyperbolic equations 537 
Wave equation 537 

Implicit functions 376 
Improved Euler method 345 
Impulse 122 
Indicial equation 289 
Inhomogeneous differential 
equation 138 
Initial conditions 417, 533 
Initial terms 158 
Initial value theorem 153 


Integral functions 661 
Integrals of periodic 
functions 179 
Integration 566 

Alternative form of a line 
integral 586 
Area enclosed by a 
curve 581 

Around a singularity 880 
Cauchy's theorem 875 
Change of variables 643 
Dependence on path 598 
Dirac delta 122 
Divergence theorem 770, 
993 

Double integrals 618 
Dummy variable 423 
Element of volume 633, 
653 

Exact differentials 579 
Gauss' theorem 770, 993 
Green's theorem 604, 785, 
989 

Independence of path 600 
Jacobian 650, 653 
Line integral around a 
closed curve 592 
Line integrals 585, 745, 
748 

Parametric equations 597 
Periodic functions 179 
Properties of a line 
integral 589 
Residue calculus 926 
Stokes' theorem 776, 995 
Surface integrals 623, 756 
Triple integrals 752 
Vectors 718 

Volume integrals 634, 752 
Interpolation 1, 24 
Central differences 31 
Forward finite 

differences 25 
Graphical 25 
Gregory-Newton 25 
Lagrange 35 
Linear 24 
Polynomial 35 
Inverse functions 382 
Inverse Laplace transform of a 
periodic function 118 
Inverse Laplace transforms 61 
Table 68 

Inverse matrix 463 
Inverse Z transforms 154 
Irrotational vector field 732 
Iteration 11 
Square root of a 
number 11 

Jacobian 649, 653 

Lagrange interpolation 35 
Lagrange undetermined 
multipliers 403 
Three independent 
variables 405 

Laplace transform 48, 93, 112 
Alternative notation 70 
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Laplace transform ( cont .) 
Damped oscillatory 
motion 132 
Delayed step function 97 
Derivatives 69 
Differential equations 128 
Dirac delta 122, 124 
Expression divided by t 58 
Expression multiplied by a 
constant 54 

Expression multiplied by t 
and t n 56 

First shift theorem 55 
Forced harmonic 
motion 135 

Harmonic oscillators 131 
Heaviside unit step 
function 93 

Inverse transforms 61, 68, 
118 

Periodic functions 112 
Resonance 138 
Second shift theorem 98 
Simultaneous differential 
equations 81 
Solution of differential 
equations 69 
Solution of first-order 
differential 
equations 71 
Solution of second-order 
differential 
equations 74 
Steady-state 136 
Sum 54 

Transient state 136 
Laplace's equation 434, 536, 
867 

Plane polar 

coordinates 439 
Laplacian 737 

Cartesian coordinates 815 
Curvilinear 

coordinates 813 
Cylindrical polar 

coordinates 815 
Spherical polar 

coordinates 815 
Laurent's series 919 
Laws of mathematics xxiv 
Legendre polynomials 311, 
313 

Finite series of 318 
Generating function 312 
Rodrigue's formula 312 
Legendre's equation 311, 317 
Leibnitz theorem 275 
Leibnitz-Maclaurin 
method 279 
Line integral 585 

Alternative form 586 
Arc length 596 
Around a closed 
curve 592 
Complex plane 872 
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